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Solution 1

The correct answers are:



Solution 2

(a) Any probability measure @) equivalent to P on F3 can be described by

Q[{(:Ul’ :U?)}] ‘= 4z19z1 295

where ¢u;, ¢z, 2, € (0,1) and 29516{1,2} Qey = 1, Zw2€{1,2,3} Qo = 1, Zx2€{1,2} 92,2, = 1.
Next, since Fo is trivial and F; = o(S}) (and S} only takes two values), S! is a Q-
martingale if and only if

E?[S] =100, E®[S3]S; =200] =200 and E®[S;|S; = 50] = 50.

Thus, ¢1,92,¢1,1,¢1,2: 91,3, 92,1, G2,2 € (0,1) define an equivalent martingale measure for S if
and only if they satisfy the three systems of equations

q1 + g2 = 17 (I)
5041 + 200g, = 100;
=1
q2.1 + q2,2 ) (II)
300q2.1 + 100g2s = 200;

it q2+ais =1, (I11)
30g1,1 + 50q1,2 + 70q1,3 = 50.

It is straightforward to check that the solution to (I) and (II) are given by

2] B
a1 = 3’ 42 = 3 and 421 =5, @227 5
Moreover, (III) is equivalent to
=1
@1t q2tqgs 5 (117
—q1+q13 = 0.

Recalling that 1,1, 41,2,4¢1,3 € (0,1) shows that the solution to (III’) is given by
q,1=p, 412 = 1- 2/)’ q1,3 = p, where p e (07 1/2)
Thus, Pc(S") = {Q” : p € (0,1/2)}, where Q?[{(z1,22)}] = 47, 4%, 2, With

2 1 1 1
1==, &= 3 @1 =p dBo=1-2p, ¢lg=p and g5, = 3 Gho = 3

q 3’

(b) The call option is attainable for K € [70,300) and not attainable for K € (30,70]. Indeed,
fix p € (0,1/2). Then,

2 X (300 — K) = 300K K € [100, 300),
B [CK] = Z’Z}‘z + % x 1(100 — Ki;jfo;f( - K € [70,100),

=5+ 5p(70 — K) = 5555 4 p=—57=, K € [50,70),

00K 4 pMOZ2K 1 2(1 — 2p)(50 — K) = 100 — K + p2E=50 K € [30,50).

For K € [70,300), the mapping (0,1/2) > p — E?"[CK] is constant, and for K € [30,70)
this mapping is non-constant. The claim follows from Theorem III.1.2 in the lecture notes.



(c) It follows from the solution of part (b) that the option C® is attainable and that its

arbitrage free price is given by VOC80 = 40. Thus, the traded price of 50 at time 0 is too
high. Therefore, we sell the option short and use the money to replicate it and put the rest
in the bank account, i.e., we choose ¢ = (0,9), where ¥ is such that 40 + Go(0) = C*.
With this choice, we have

Go(¥) — (C% —50) = €0 — 40 — C® + 50 = 10 > 0.

Thus, this is an arbitrage opportunity.



Solution 3

(a)

()

Let X,, be a simple random variable of the form

n
Xn - in,nlAi,n
=1

for some constants x1 4, ...,Zp, > 0 and some sets Ay, ..., Ay, € F. We compute that
n n n
E° [Xn] = in,nEQ[lAi,n] = Zman[A”J = Z ximEP D14,
i=1 i=1 i=1
= EP [D > winl An] = EP[DX,].

Let (Xn)neN be a nondecreasing sequence of simple random variables such that lim,, .. X, =
X, P-a.s. By the monotone convergence theorem, we immediately obtain that E? [Xn] 1
EQ[X], as n — oo. But since D > 0, we also clearly have that DX, + DX, P-as.,
and another application of the monotone convergence theorem thus gives that EX[DX,,] 1
EP[DX]. Therefore, taking the limit on both sides of the result in (a) gives EQ[X] =
EP[DX] as desired.

We compute
ERlY] = EP|DY]| = EY[EP|DY|F]] = EP[YE"[D|F)] = E¥[Z,Y].
The first equality uses the result in (b), the second one uses the tower property of the

conditional expectation, the third one the Fj-measurability and the nonnegativity of Y,
and the last one the definition of Zj.



Solution 4

(a) By applying Itd’s formula, we get
d(e ™ X;) = —ae” " Xydt + e~ “(ay Xedt + dW;) = e~ *dW;, P-a.s.

Or, equivalently,
t
e X, = / e”“*dWs, P-a.s., for any t > 0, (1)
0

where we have used the fact that Xy = 0, P-a.s. We conclude that (e*atXt)tZO is a
(P,T)-local martingale. Moreover, from (1) we get that

¢ t
X, = eat/ e AW, = / eo‘(tfs)dWs, P-a.s., for any t > 0.
0 0

(b) Let us fix some 7' > 0. It holds that

T T 1— eQO/T
E[/ 6_2asd[W]s] = E[/ e_2asds} = ——— < 00.
0 0 2

The equation (1) implies that (e~ X;)c(o 77 is a (P, F)-martingale in M. Moreover, from
the martingale property, we deduce that

T T
E[XT} — E|:/ ea(Ts)dW8:| _ 6ozTE|:/ eadeS:| —0.
0 0

1t6’s isometry implies that

T 2 T e2eT _ q
o] [ o] [ ]2

We can conclude that Var(Xr) = E[X2].

(c) It is straightforward to verify that Z, = £(—a fo XsdWy) for any ¢t > 0, P-a.s. It follows
that

dZt = Zt( — OéXtth), P-a.s.

We can conclude that Z is a (P, F)-local martingale.



Solution 5

(a) Let us define the process Y = (Y3),c10) by

t
Y, / A(s)dIW,.
0

By the assumption that A € L? (W), we see that Y is a continuous (P, F)-local martingale.

loc
Moreover, we could recall the Novikov’s condition that says that if ¥ = (Kf)te[o,T} is a

continuous (P,FF)-local martingale with Yy = 0 and E[e%<Y>T] < 00, then £(Y) is a true
(P, F)-martingale on [0,7]. In our case, we have that

E[e%wn] _ E[e%f(f A2<s>ds} _ b Jo Me)ds o o

so the result follows.

(b) We first compute the P-dynamics of the discounted price process S = §/5°. Direct
application of It6’s formula with the C? function R, > (z,y) — z/y yields

dS;

G = (m = r()dt + 1, Poas (2)

Define A : [0,T] — R by A(s) := (11 — r(s))/o1 and the process Z = (Zt)yejo 17 by

Z = € (- /0 )\(s)dWs>t.

Since A is left-continuous and bounded, (a) gives that Z is a positive (P,F)-martingale
with E[Z;] = 1 for all ¢t € [0,T], and thus the density process of some measure @ ~ P.
Girsanov’s theorem gives that

0 ' ! "1 —r(s)
W= i (W [ aam) =it [a@as=wir [0 pas,
0 t 0 0

01
is a (@, F)-Brownian motion. By (2), the @-dynamics of S is given by

t —
% = (p1 —r(®))dt — (p1 — r(t))dt + 01d <Wt +/ MT(S)ds) = crlthQ, P-as.
t 0 o1

In other words, S = £(oyW®), which is a (Q,F)-martingale.

(c) The arbitrage-free price at time ¢ of the discounted payoff H is given by

vi= 9 2] = (30) e (st = () s ()

;t]
— (P Jy 7(5)ds (g, )P pQ {em(Wq@—W?)—p‘ﬁ(T—t) ‘ ft}
_ o0 7 re)sp % (-0) (5,0 B [ (WR-WE))

2 2,2p_
_ e(p—l) fgr(s)ds—p%l(T—t)(St)pew

= ’U(t, St),



where we have used that the increment WTQ — WtQ is independent of F; under @ and
normally distributed with mean 0 and variance T — t. Consequently, the delta of H is
given by

ov

07| )15

9, _ pelo D [ re)s—p T (- g o1, EE=0

)

and the price at time 0 is

2 2 2
91 PToiT

Vo = (0, 8p) = P~ D Jo r(&)ds—pF T




