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Chapter 8.0

Preface

This notes are the continuation of ’Analysis I: One variable’ and follow the same format
and general spirit.

The text is partially based in some notes originally crafted in German for the academic year
2016/2017 by Manfred Einsiedler and Andreas Wieser, they were designed for the Analysis I
and II courses in the Interdisciplinary Natural Sciences, Physics, and Mathematics Bachelor
programs. In the academic year 2019/2020, a substantial revision was undertaken by Peter

Jossen.

For the academic year 2023/2024, Joaquim Serra wrote this English version. Although
some chapter build on German original, with changes, the new version is completely different
in several aspects: some chapters (such as the measure and integral, or most of global integral
theorem) have been completely rewritten. Also the parts that have been have been reorganized:
alternative proofs of some materials, rewriting and expansion in certain areas, and a more
concise presentation in others. This version strictly aligns with the material presented in

class, offering a streamlined educational experience.

The courses Analysis I/II and Linear Algebra I/II are fundamental to the mathematics
curriculum at ETH and other universities worldwide. They lay the groundwork upon which

most future studies in mathematics and physics are built.

Throughout Analysis I/II, we will delve into various aspects of differential and integral
calculus. Although some topics might be familiar from high school, our approach requires
minimal prior knowledge beyond an intuitive understanding of variables and basic algebraic
skills. Contrary to high-school methods, our lectures emphasize the development of mathemat-
ical theory over algorithmic practice. Understanding and exploring topics such as differential
equations and multidimensional integral theorems is our primary goal. However, students are
encouraged to engage with numerous exercises from these notes and other resources to deepen

their understanding and proficiency in these new mathematical concepts.
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Chapter 9
Metric spaces

In Analysis I, we focused primarily on functions that operate between real numbers, R to R.
Consequently, we deeply explored the real number line, R, and its properties.

Now, in Analysis II, we expand our scope to functions that map from R™ to R™, where n
and m are positive integers. In this context, we start by delving into the properties of R™ (or
R™ as we can use them interchangeably since n and m are arbitrary).

We'll discover that R™ follows the axioms of a metric space when equipped with the stan-
dard Euclidean distance, which we’ll define later. This means that R™ is a metric space.
Understanding this concept is vital because it lays the foundation for many fundamental def-
initions and results we want to establish for R™ and can be extended to a broader range of
metric spaces.

Additionally, this will allow us to revisit (and review) the crucial concept of convergence,
which we have seen in Analysis I for R, within the broader context of metric spaces. We’ll
emphasize the essential properties of metric spaces and their topology, particularly focusing
on compactness.

Furthermore, we’ll introduce and explore standard results related to normed vector spaces.
As we will see, these spaces are more general than Euclidean space R", but they possess a

higher degree of structure (i.e., more axioms) than metric spaces.




Chapter 9.1

9.1 Basics of Metric Spaces

In this class, our primary focus will be on R™, but we’ll find that certain definitions and proofs
become clearer when viewed within the broader context of metric spaces, which have fewer
axioms.

However, when we’re dealing with a general metric space X, it often helps to initially
visualize it as our familiar 2-dimensional or 3-dimensional spaces, R? or R?. This approach
can simplify the intuitive understanding of various arguments. If an argument relies on only
a limited set of fundamental properties of R (excluding aspects like angles and vector space

structure), it may be applicable to general metric spaces as well.

9.1.1 The Euclidean space R"

For some integer n > 1, we denote by R™ the set of all ordered n-tuples of real numbers. A
general element 2 € R” is thus of the form = = (z1,...,x,), where the z;’s are real numbers.
(Even more rigorously R” := {:U: {1,...,n} — R})

R™ is a vector space over the field of real numbers with the coordinate-wise addition and

multiplication by a scalar. Rigorously, given x,y € R” and A € R we have

x4y :=(T14+y1,- s Tn+ Yn), Ax = (A1, ..., Azy).

DEFINITION 9.1: EUCLIDEAN STRUCTURE OF R"

Given z,y € R™ we define the standard scalar product of x and y as

Toy=(z,y) = Y Ty

1<i<n

the Euclidean norm of z as

and the Euclidean distance of z and y as

d(z,y) =z =yl = | > (-2

1<i<n

We key property of the Euclidean distance that we want to abstract is

Version: May 11, 2024. 3



Chapter 9.1

PROPOSITION 9.2: TRIANGLE INEQUALITY IN R"”

For all x,y,z € R"
|z — 2]l < lz —yll + lly — 2|

Bquivalently, for all 2,y € R”, |l +y|| < [lz]] + ]| -

Proof. To prove the equivalence of the two statements consider a = x —y and b = y — z so

that a +b=x — z.

We will see later a more general proof that applies to all inner product spaces (see Corollary

9.101), based on the Cauchy-Schwarz inequality (see Proposition 9.100). Lets us give here a

hands-on argument.

Pick two points in R", x = (z1,...2,) and y = (y1, ..., yn) we would like to show
n 1/2 n 1/2 1/2
(o) <($55) " (35) "
i=1 i=1

Taking squares, this is equivalent to

n

- 2 2 S 2 S 2 1/2 2 1/2 - 2
Soa 2wy vy a4 2( Y at) T (Doe?) T+ D00
i=1 1=1 i=1

i=1 i=1

and, canceling terms, to

n 1/2 1/2
Ziﬂzyzﬁ(z ) (Zyz) . (9.1)
i=1 i=
Therefore, the Proposition will follow if we can establish the validity of (9.1), or (squaring
it) of:
n n
(S o) (Yms) = 32 mmnse 30 4
i—1 =1 ij=1 Q=1
But this last inequality is easily established summing over all pairs i,j € {1,...,n} the
inequalities
2wy < wiys +atys e (my; — ) > 0;
and observing that Z” |z y] = szzl x?y% O
Version: May 11, 2024. 4



Chapter 9.1

9.1.2 Definition of metric Space

DEFINITION 9.3: METRIC SPACE

A metric space (X,d) is a nonempty set X together with a nonnegative function
d: X x X —[0,00), called the distance (or metric) on X, which satisfies:

(1) For all z,y € X, d(z,y) = 0 if and only if = y (Definiteness).
(2) For all z,y € X, d(z,y) = d(y, z) (Symmetry).

(3) For all z,y,z € X, d(x, z) < d(x,y) + d(y, z) (Triangle inequality).

9.4. — A metric d on a set X assigns to each pair of points their distance. In this
interpretation, the definiteness condition states that the only point at zero distance from a
given point x € X is z itself. The symmetry condition states that the distance from x € X to
y € X is the same as from y to x. Interpreting the distance between two points as the length
of a shortest path from one point to the other, the triangle inequality states that the length
of a shortest path from x to y is at most the length of a path one takes by first going to y

and then from there to z.

EXERCISE 9.5. — Prove using induction over the number of points that N > 3 that if d

satisfies the triangle inequality then:
N-1
xlaxN dehxl+l
=1

9.6. — When there is no possible confusion, we will often say “Let X be a metric space...”,
leaving the distance function unspecified. This is a shorter version of the more precise sentence
“Let (X,d) be a metric space...”.

Furthermore, we may refer to the set X as a space and the elements of X as points.
This is because we have in mind that X is some sort of geometric space, like a subset of the
plane or the surface of a sphere. In this setting, “spaces” and “points” will be synonymous

with “sets” and “elements”.

9.7. — Notice that the Euclidean space (R",d), with d(z,y) := ||z — y/|, is a metric space.

In particular R, equipped with the absolute value distance |z — y| is a metric space.

EXERCISE 9.8. — Let (X, d) be a metric space and let ¢: [0,00) — [0, 00) a function which
is concave, increasing, ¢(0) = 0, and not identically zero. Show that (X, qu od) is again a
metric space. For example one can take ¢(t) = v/t, ¢(t) = arctant or ¢(t) = 1+t Notice that

the last two choices always give bounded distances.

Version: May 11, 2024. 5



Chapter 9.1

EXAMPLE 9.9. — When X C R, we can take the standard metric d defined by

d(z,y) = |z —y| for all z,y € X.

EXAMPLE 9.10. — Let X be a set, and d : X x X — R defined by

1 ifx#y
0 ifx=y

d(xa y) -

for x,y € X. Then, (X, d) is a metric space. Indeed, d is definite and symmetric by definition.
Furthermore, d satisfies the triangle inequality: Let x,y, z be points in X. If d(z, z) = 0, then
d(z,z) < d(x,y) + d(y, z) is trivially satisfied. If d(x,z) = 1, then & # z, and y is at least
different from one point in {z, z}, so the triangle inequality also holds. This metric d is called

the discrete metric on the set X.

EXAMPLE 9.11. — Let X = R?, and define the Manhattan metric on X by

dny (z,y) = |x1 — y1] + |x2 — 2|

where we put = (z1,22) and y = (y1,y2). It can be verified (exercise) that dny satisfies all
axioms of a metric. The reason why dyvy is called the Manhattan metric is that in grid-like
places such as Manhattan, one can reach from (x1,x2) to (y1,y2) in the following way: first
move ‘horizontaly’ (i.e., with constant second coordinate from = = (z1,x2) to (y1,72) and
then ‘vertically’ (with constant first coordinate) from (y1,z2) to y = (y1,92), or vice versa:
x = (x1,22) to (x1,y2), and then to y = (y1,y2). Since all streets in Manhattan run either
from west to east or from north to south, dyy measures the relevant distance between two

points.

EXERCISE 9.12. — Let X be the set of all continuous real-valued functions defined on
[0,1] C R. For f,g € X set

1
di(f,9) = max{|f(z) — g(x)] | z€[0,1]} and d(f,g) = /0 (@) — g(x)|da.

Show that (X,d;) and (X, ds2) are metric spaces.

EXAMPLE 9.13. — If (X, d) is a metric space and X¢ C X is some subset then X inherits
an structure of metric space from X. Indeed, one can easily verify that (Xo, dp), where dy the
restriction of d to Xg x Xg C X x X is a metric space.

For a more concrete instance of this take X = R3 with the Euclidean distance d and let
X be the sphere {x ER3 |z + 23+ ;v% = RQ}, for some R > 0. Then for any pair of points

Version: May 11, 2024. 6



Chapter 9.1

x,y in the sphere we have

do(z,y) = /(21 —y1)2 + (22 — )2 + (23— y3)2 = V(2 — ) - (x — )
=z x4y y—2z-y=+/2R2—2z-y

An arguably more natural metric d; on the sphere X can be define measuring the length

of the geodesic arc joining x and y. One can see that this metric is given by:

dy(z,y) = Rarccos (%) € [0,7R).

9.1.3 Sequences, limits, and completeness
The definition of sequence in a set was given in Analysis I. We recall it next:

DEFINITION 9.14: SEQUENCES IN A SET

Let X be a set, a sequence in X is a function z : N — X. The image z(n) of n € N
is also denoted as x,, and referred to as the n-th term of x.

Instead of x : N — X, one often writes (Zn)nen, (Zn)n>0, O (5)22,-

We introduce the following vocabulary, which is useful if used precisely.

DEFINITION 9.15: “EVENTUALLY”

Let (zp)n>0 C X be a sequence and let P : X — {true , false} be a property that an
element in X might have or not. Then one says that “x,, satisfies P eventually” there
exist N € N such that P(z,,) is true for all n > N. In other words, if P(z,) holds true

along the sequence with only finitely many exceptions.

DEFINITION 9.16: CONVERGENT SEQUENCE

Let (X,d) be a metric space, z € X and (z,)nen be a sequence in X. We say that

(Tn)nen converges to x, or that x is the limit of the sequence (z,)nen, if
lim d(zy,, z) = 0.
n
In other words, for any € > 0 eventually d(x,,z) < €.

9.17. — When the metric space (X, d) is clear from the context, we may write lim,, z,, = =

or even x, — x to express that (z,),en converges to x.

EXERCISE 9.18. — In the setting of Exercise 9.8, show that a sequence converges in (X, d)
if and only if it converges in (X, ¢ o d).

Version: May 11, 2024. 7



Chapter 9.2

LEMMA 9.19: UNIQUENESS OF THE LIMIT

In a metric space, a convergent sequence has only one limit.

o0

Proof. Let (X, d) be a metric space and let A, B € X be limits of some sequence (z,,)72,
mean to show that A = B. Take € > 0, then, we can find N4, Np € N such that d(z,, 4) <

we

£

2

for all n > N4, and d(z,, B) < § for all n > Np. Then, for N := max{N4, Np}, we have

that

d(A,B) < d(A,zy) + d(zn, B) < g + g —e,

where we used the triangular inequality. Since ¢ > 0 was arbitrary, it follows that d(A, B) = 0,

and thus A = B because of the definitness of d.

We recall the notions of subsequences and accumulation points

DEFINITION 9.20: SUBSEQUENCE

Let (z5,)52, be a sequence in a set X.

A subsequence of (7,);2 is a sequence of the form (z)),, where f: N — Nis a

strictly increasing function. It is standard to denote subsequences by
($nk)kEN7 (mnk)kZU’ (fEnk)ZO:o (ie., ng == f(k))

DEFINITION 9.21: ACCUMULATION POINTS

Let (X, d) be a metric space.

e Given Y C X, we say that that x € X is an accumulation point of Y if there

exists a sequence (yn)n>0 C Y converging to .

e Given a sequence (Z)n>0 in X, we say that z is an accumulation point of

(@n)n>0 if some subsequence converges to z.

LEMMA 9.22: ACCUMULATIONS POINTS OF A CONVERGING SEQUENCE

Let (xn)nen be a sequence in a metric space X, and let © € X. (xy)nen converges to

if and only if every subsequence of (xy)nen converges to x.

In other words: a sequence in a metric space is convergent if and only if it has a unique

accumulation point.

O

Proof. We first prove the “only if” part. Let (z(,))nen be a subsequence, i.e., f: N — N is
some strictly increasing map. Given € > 0 there is N such that d(z,,z) < ¢ for all n > N.

Hence, d(zf(n),r) <€ for alln > N, as f(n) > n.

We now prove the “if” part we can simply use that (x,,),>0 is a subsequence (i.e, f(n) = n)

and hence it converges to .

O
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Chapter 9.2

9.23. — A stronger version of the previous Lemma that is useful in some contexts asserts
the following: a sequence (xy)nen in a metric space converges to x if and only if every
partial sequence (7 ¢(,))nen (f increasing) has a sub-subsequence (xy(f(n)))nen (g increasing)
converging to x.

While the proof of the “only if” part is similar (g(f(n) > n) the “if” part is less trivial than
in the previous lemma. One can argue by contraposition: If z, does not converge to x then
we want to find a subsequence such that we cannot extract a sub-subsequence converging to
x.

To do so we start by the negation of “x, converges to z. Recall:
e & YVe>0 IAINeEN Vn>N d(xp,x) <e
The negation of this is:
de>0 VNeN dn>N d(xp,x) > €

In other words, the set of {n € N | d(xy,x) > €} and hence there is an increasing sequence
(ng)k>0 such that d(xy,,x) > €. Notice that any sub-subsequence will still remain at distance
> ¢ from = and hence will not converge to x.

This stronger version can be used, for example, to prove that a continuous function f :
[0,1] — R has a unique minimum point if and only if all sequences (z,)n>0 C [0, 1] such that

f(zy) — minp ;) converge to the same limit point.

LEMMA 9.24: CONVERGENCE: IN R™ VERSUS COORDINATE-WISE

A sequence in R™ converges (in the Fuclidean distance) if and only if it converges

coordinate-wise.

Proof. Let {xp}ren C R™ be a sequence. For j = 1,...,n, we denote with xj; the j-th
component of the vector xzy.

Assume that z — = € R™. By definition, given € > 0 and any j, it holds

n

1/2
|z, — 2] < <Z($Im - Zi)2> = |lzx — z|| < e eventually in k.
i=1

This proves that, for each j = 1,...,n, x}; — x; when k — oo (as sequences of real numbers,
with the standard absolute value distance).

Assume now that for each j =1,...,d it holds

Tgp; — x; as k — oo,

Version: May 11, 2024. 9



Chapter 9.2

for some numbers z; € R. We prove that z, — z in R? where z := (z1,...,2q4). Given € > 0,
for each j € {1,...,d}, there exists an N; € N such that

|z — 5] < % for all k£ > Nj.

This means that

n
(z:(:z:/w — xi)2)1/2 < \/ﬁE < ¢ for all k > max{Ny,...,N;},
n
=1

which proves that xp — x with respect to the Euclidean distance. O
We introduce the concept of completeness for metric spaces. This concept does not

conflict with the notion of completeness that we gave for R. We will soon show that R, as

well as C, is complete as a metric space. In contrast, the metric space Q is not complete.

DEFINITION 9.25: CAUCHY SEQUENCE

o0

o0 o in a metric space (X, d) is a Cauchy sequence if, for every ¢ > 0,

A sequence ()
there exists N € N such that d(x,,,z,) < ¢ for all pair of integers m,n with n > N
and m > N.

EXERCISE 9.26. — Prove the following elementary facts about Cauchy sequences in a metric
space (X, d):

e A Cauchy sequence is bounded (meaning that {d(x,,z¢)} C R is a bounded set)
e Every convergent sequence is a Cauchy sequence.
e A Cauchy sequence converges if and only if it has a converging subsequence.

DEFINITION 9.27: COMPLETE METRIC SPACE

A metric space (X, d) is called complete if every Cauchy sequence in (X, d) converges.

EXAMPLE 9.28. — The interval (0,1) C R, endowed with the standard distance d(z,y) =

|z — y|, is not complete. However, N C R is complete, as well as [0, c0).

EXERCISE 9.29. — Show that Q, with the distance inherited from the standard distance

on R, is not a complete metric space.

Version: May 11, 2024. 10



Chapter 9.2

EXERCISE 9.30. — Show that the space X of all bounded sequences (x,,),>0 of real numbers,
equipped with the distance

d((xn)nzo)» (yn)nZO) = Sg% |Zn — Ynl

is complete. Show also that the subspace Xg of sequences with limit 0 is complete.

THEOREM 9.31: COMPLETENESS OF R"

For allm > 1, R"™ (with the Euclidean distance) is complete. In particular, R and C

are complete.

Proof. Similar to the proof Lemma 9.24, a sequence (z,) in R™ is a Cauchy if and only if zy, ;,
j=1,...,n are Cauchy (in R). It then follows from Theorem 2.124 O

9.32. — Completion of metric space (extra material) Let (X, d) be a metric space. We

write Cx for the set of all Cauchy sequences in X and define an equivalence relation on Cx by
(@n)peo ~ (Un)peo = lim d(zn,y,) = 0.
n—oo

The quotient set X = Cx/~, equipped with the metric d given by

A([(en)3o), [(n)30]) = Timn (i, i),

is called the completion of (X,d). The injection ¢ : X — X, mapping z € X to the class of
the constant sequence with value z, is called the canonical embedding. For all z,y € X,

we have
d(z,y) = d(u(x), (),

which implies that ¢ is injective.

EXERCISE 9.33. — Show that the objects introduced in 9.32 are well-defined. In particular,

verify that d is indeed a metric on X.

EXERCISE 9.34. — As the name suggests, the completion (X, d) of a metric space is com-
plete, meaning that every Cauchy sequence in X converges. A sequence in X is essentially a

sequence of sequences, i.e.,

[(xm,n)zo:o] ﬁ:o .

Show that [(zp5)0%,] is a limit of this sequence.

Version: May 11, 2024. 11



Chapter 9.2

EXERCISE 9.35. — Let (X,d) be a metric space with completion (X,d). Let (Y, dy) be a
complete metric space, and let f : X — Y be a function such that

for all z,4 € X. Show that there exists a unique function f : X — Y such that f = fotx

and

for all Z,7 € X. This can be interpreted as: “X is the smallest complete metric space

containing X.”

9.1.4 *The Reals as the Completion of Rationals (extra material; cf. Grund-
strukturen)

In the first semester, we defined R as any complete ordered field, postulating its existence
(Definitions 2.18 and 2.19).The idea of completion of metric spaces allows one to easily con-
struct a model of R. This constructions shows, in particular, the existence of a complete
ordered field. One can also prove with a bit of patience (although it is not hard to do so) that
actually there is only one model of R, in the sense that any two complete ordered fields must
be isomorphic.

The completion of Q serves as a model for a field of real numbers. First, note that the
construction of the completion of @Q does not necessarily require a field of real numbers (as
the target space for the standard metric on Q). The set of all Cauchy sequences C in Q is the

set of all sequences of rational numbers (g, )5, such that
VeeNINeN:mn>N = |gu —qm| <27%
The set Cg is a vector space over Q with component-wise operations, and
N = {(@)ip €C | lim g, =0}

is a linear subspace. The equivalence relation (p, — ¢,)22, € N in 9.32 translates to (p, —
an)5 o € N. We define the set R as the quotient

R=C/.=C/N

in the sense of linear algebra. Thus, R is a vector space over Q. We denote the injective linear
map ¢ : Q = R by the canonical embedding, which assigns to ¢ € QQ the class of the constant
sequence with value ¢q. From now on, elements of R are called real numbers, and we consider

Q as a subset of R via the canonical embedding .
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We define a product on R by component-wise multiplication. That is, for elements z =

[(pn)22] and y = [(gn)52 0], we define

z -y = [(Pndn)peol-

It can be verified that this gives a well-defined commutative operation on R, satisfying the
distributive law with respect to addition, and compatible with the multiplication of rational
numbers via the canonical embedding. In particular, 1gr = ¢(1) = [(1)52] is the multiplicative
identity in R. If 2 = [(¢,)5] is non-zero, then (g,)52 is a Cauchy sequence in Q that does
not converge to zero. Therefore, ¢, # 0 for all but finitely many n € N. The class of the
sequence (pp)22, given by
1 if g, =0
Pn =

q,,} otherwise

serves as a multiplicative inverse for x. This shows that R is a field with the given operations.
We use the usual order relation on QQ to construct an order relation on R. For elements

z = [(pn)io] and y = [(¢n)5%] in R, we declare
x <y

if there exists a sequence (r,,)>%, € N such that p, —r, < ¢, for all n € N. It is left to
the diligent reader to verify that this indeed defines a well-defined order relation on R that
is compatible with the field structure on R. Thus, R is equipped with the structure of an
ordered field.

It remains to show that the ordered field R is complete in the sense of Definition 2.198.1t
is easy to see that R satisfies the Archimedean Principle: Let z = [(g,)52,] € R be positive.
Then, (g,)%, is not a null sequence. Thus, there exists a k& € N such that |g,| > 27% for
infinitely many n € N. However, (g,)52, is also a Cauchy sequence, so there exists N € N
such that m,n > N = |g, — ¢m| < 27%71. This shows that |g,| > 27! and even
¢n > 27%=1 for all but finitely many n € N, since z > 0. This demonstrates t(27%71) < z, or
simply 27%~1 < z as we consider Q as a subset of R. Thus, the Archimedean Principle holds,
as stated in Corollary 2.66. Now, let X, Y C R be non-empty subsets such that x < y for all
z € X and y € Y. We want to find a real number z = [(r,)72,] € R between X and Y. To
do this, we first choose arbitrary ag,by € Q such that [ag,bp] N X # 0 and [ag,bo] NY # 0,
and set rg = %(ao +by). ez <rg<Yforallz € X and y € Y, we set z = ry and we are

done. Otherwise, we define a; and by as

ay =rogand by = by  if [ag, 0] N X # 0 and [ag, o] VY #£ 0
a; = ap and by =g if [ro,bo) N X # (0 and [rg,bo] NY # 0

and set r; = %(al +b1). By continuing this process, we either find an r, such that  <r, <Y

for all z € X and y € Y, and we set z = 1, or we obtain sequences (a,)2, (bn)22,, and
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(Tn)pg with |by, — an| < 27"|ag — bo| and
[an, b)) N X # 0 and  [an, by] NY # 0.

As the diligent reader can verify, this implies that (a, )52, (bn)peq, and (,)5e are all Cauchy

n=0» n=0

sequences, and the real number

2 = [(an)nZo] = [(ra)nZol = [(bn)nZo]

satisfies the inequalities z < z <y forallz € X andy € Y.

9.2 Topology of Metric Spaces

9.2.1 Open and closed sets

DEFINITION 9.36: OPEN BALLS

Let (X, d) be a metric space, x € X, and r > 0 a real number. In this context, we write
Bz, r):={y € X [d(z,y) <r}

and refer to the set B(x,r) as the open ball with center z and radius r.

DEFINITION 9.37: OPEN AND CLOSED SETS

Let (X, d) be a metric space:
e A subset F C X is called open if, for every z € E, there exists » > 0 such that
B(z,r) C E.

e The collection of all open sets, 7y = {U C X | U open}, is called the topology
generated by d.

e A subset F C X is called closed if X \ E is open.

9.38. — In particular, ) and X are always both open and closed. In general, a subset U
needs not to be neither open nor closed.

It is not true in general that the only “clopen” sets in a space are the empty set () and the
space itself X. A set is termed “clopen” if it is both open and closed. For illustration, take the
space X = (0,1)U(2,3), equipped with the standard metric from R. Here, the intervals (0,1)
and (2, 3) are clopen: they are open and closed in X. This example underscores the presence
of other clopen sets beyond just ) and X. The significance of clopen sets will become more
apparent in our discussions on connectedness. As we will see, connected spaces are precisely

characterized by the absence of nontrivial (neither empty nor the whole space) clopen sets.
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9.39. — Consider the set X = [0,2], equipped with the standard metric inherited from
R. In this context, the subset [0,1) is open within X (an exercise worth verifying). However,
when considered as subset of the whole R, [0,1) is neither open nor closed. This example
illustrates that statements regarding the openness of a set like [0, 1) require clarity about the
ambient space (X, d) being considered. In practice, though, such nuances are often glossed
over when the context is clear, and delving into these subtleties is usually unnecessary for

typical discussions.

EXERCISE 9.40. — Let (X, d) be a metric space. Show that
e The open ball B(x,r) is an open set.
e Every finite subset of X is closed.

PROPOSITION 9.41: ARBITRARY UNIONS AND FINITE INTERSECTIONS

Let (Us)ier be any family of open subsets of X, then \J;c; U; is also open. If I is a finite

set, also (\;c; Ui is open.

Proof. Set

U:Um

1€l
and let z € U. Then there exists ¢ € I with « € U;, and since U; is open, there exists an
e > 0 such that B(z,e) C U;, implying B(x,e) C U. Thus, U is open. Finally, let (U;)ier be
a finite family of open subsets of X. Set

U:ﬂm
el

and let x € U. Then x € U; for all 7 € I, and for each ¢ € I, there exists €; > 0 such that
B(x,e;) C U;. For € := min{e; | i € I}, we have ¢ > 0 and B(z,e) C U; for all i € I. Thus,
B(x,e) C U, completing the proof. O

PROPOSITION 9.42: ARBITRARY INTERSECTIONS AND FINITE UNIONS

Let (Ai)ier be any family of closed subsets of X, then (\;c; Ai is also closed. If I is a
finite set, also | J;c; A; is closed.

Proof. Apply Proposition 9.41 to the (open) complements of the closed sets. O

ExXAMPLE 9.43. — The intersection of infinitely many open sets may not be open. Take

for example R with the standard metric. The intersection of the family of open sets

{(=1/n,1/n) | n € N}
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gives {0}, which is not open. Taking complements you obtain an example where an infinite

union of closed sets is not closed.

DEFINITION 9.44: INTERIOR, CLOSURE, AND BOUNDARY

Let X be a metric space and £ C X. We define:

e The interior E° := |J{U C FE | U is open}, which is the largest open set con-

tained in . We will also use the notation int(E) to refer to the interior of E.

e The closure E := ({A D E | A is closed}, which is the smallest closed set con-
taining F.

e The (topological) boundary OF := E \ E°.

EXERCISE 9.45. — Using Proposition 9.41, prove that E° is always open while E and 0F

are always closed.

EXERCISE 9.46. — For balls B(z,r) in R” (with the Euclidean distance) prove that B(x,r) =
{y e R" | d(z,y) < r} and deduce 0B(z,r) = {y € R" | d(z,y) = r}.

LEMMA 9.47: OPEN AND CLOSED TROUGH SEQUENCES

Let (X,d) be a metric space.

(1) A subset U C X is open if and only if, for every convergent sequence in X with a

limit in U, the sequence eventually lies in U.

(2) A subset A C X is closed if and only if, for every convergent sequence ()32 in
X with x,, € A for all n € N, the limit also lies in A. In other words, if and only

if A coincides with the set of all its accumulation points.

Proof. Let U C X be an open subset of X, and let (x,)52, be a sequence in X with a limit
in U. Then, there exists ¢ > 0 such that B(x,e¢) C U, and since (z,,)52, converges to z, there
exists an N € N such that x,, € B(x,¢) for all n > N. Conversely, let V' C X be a non-open
subset. Then there exists a point € V such that B(z,e) \ V # ) for every € > 0. For each
n € N, we can find z,, € B(z,27") \ V. The sequence (x,)22, in X \ V converges to x € V,
and satisfies z,, ¢ V for every n € N. This completes the proof of the first statement.

Let A C X be closed, and let (x,)°, be a convergent sequence in X with z,, € A for all
n € N. Let = be the limit of the sequence (z,,)72,. Then, U = X \ A is open and cannot
contain the limit = of ()72, as otherwise almost all elements of the sequence ()52, would
have to lie in U. Therefore, the limit x belongs to A. Finally, suppose A C X is not closed.
Then U = X \ A is not open, and according to the previous argument, there exists a sequence

(xn)2yin A= X\ U with a limit x € U. O
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EXERCISE 9.48. — Let (X,d) be a complete metric space and £ C X a closed subset.

Show that F is complete as well.

PROPOSITION 9.49: TOPOLOGICAL NOTION OF CONVERGENCE

Let (X,d) be a metric space a sequence (Tyn)n>0 converges to x if and only if for all

open sets U containing x, x, eventually lies in U.

Proof. Notice that we can rewrite the definition of convergence as follows: x, — x if and only
if for all € > 0, x,, eventually lies in B(x,¢). Now, if U is any open set containing 2 then by
definition of open set there exists € > 0 such that B(z,e) C U and hence z,, — x implies that
xy eventually lies in U, establishing the “only if” direction. For the “if” part, we observe that
for any given € > 0 we can take U = B(z,¢) (open balls are open) and hence x,, eventually
lies in B(x,¢). O

COROLLARY 9.50: DISTANCES WITH SAME CONVERGENT SEQUENCES

Let X be a set endowed with two different distances di and dy. Then (X, dy) and (X, d2)
have the same convergent sequences if and only if the topologies generated by di and ds

coincide.

Proof. By Corollary 9.49 the notion of convergent sequence only depends on the collection of
open sets. That is, it only depends on the distance through the topology it generate. Hence
distances generating the same open sets have the same convergent sequences. This proves the
“if” part of the statement.

We prove the “only if” part. Suppose that a set U C X is open with respect to di, but not
with respect to ds. This means that there is x € U such that we can find

T € By, (x,27F) N (X \ U) # 0 for all k> 0.

By construction, the sequence {z} is the convergent with respect to ds and then also with
respect to dy (they have the same convergent sequences by assumption). By Proposition 9.49

(U is open in d;!) we discover that x; € U eventually, which contradicts how we constructed

{zi}-
O
EXERCISE 9.51. — Let (X, d) be a metric space, and A C X a subset.
(i) Assume X is complete and A is closed. Show that the subspace A is also complete.

(ii) Assume A is complete. Show that A C X is closed.
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9.2.2 Continuity

We now aim to generalize the concept of continuity to functions defined between metric
spaces.

DEFINITION 9.52: CONTINUITY

Let (X,dx) and (Y, dy) be metric spaces, and let f : X — Y be a function. We say

that f is continuous if one of the following equivalent conditions hold:

(1) We say f is € — d continuous if, for all x € X and ¢ > 0, there exists a 6 > 0
such that if dx(z,2") < 9, 2’ € X = dy(f(z), f(2’)) < e. In other words,

f(B(z,8)) € B(f(y),¢)-

(2) We say f is sequentially continuous if, for every convergent sequence (x, ), in

X with limit z = lim x,, the sequence (f(z,)), converges in Y, with f(z) =
n—0o0

lim f(zy).

n—o0

(3) We say f is topologically continuous if, for every open subset U C Y, the
preimage f~1(U) = {z € X | f(z) € U} is open in X.

PROPOSITION 9.53: THE THREE FACES OF CONTINUITY

Let X and Y be metric spaces, and let f : X — Y be a function. The following
conditions are equivalent:

(1) The function f is e —§ continuous.
(2) The function f is sequentially continuous.

(3) The function f is topologically continuous.

Proof. (1) = (2): Let (z,)52, be a convergent sequence in X with limit z € X, and let
e > 0. There exists a § > 0 such that f(z') € B(f(x),¢) for all 2’ € B(x,d). Since (z,)5,
converges to x, there exists an N € N such that z,, € B(z,0) for all n > N. In particular, for
n> N, f(z,) € B(f(x),e). Since € > 0 was arbitrary, it follows that nlg)go f(zy) = f(x), and
thus f is sequentially continuous as claimed.

—(3) = —(2): Assume f is not topologically continuous. Then exists U C Y open such
that f~1(U) is not open. Therefore, there is z € f~1(U) and a sequence (x,,),>0 C X\ f~1(U)
with z,, — x. Then f(x) € U and f(x,) € Y\ U for all n, but U is open this gives that f(zy,)

cannot converge to f(z). In other words, we have found a sequence such that x,, — x, but

f(xy,) does not converge to f(x).

(3) = (1): Let * € X and € > 0. The preimage f~1(B(f(x),¢)) contains the point x
and is open by assumption, as B(f(z),e) C Y is open. Thus, there exists a > 0 such that
B(z,0) C f~YB(f(x),¢)). Therefore, f is e-6-continuous as claimed. O
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DEFINITION 9.54: UNIFORM AND LIPCHITZ CONTINUITY

Let (X,dx) and (Y, dy) be metric spaces. We say that f: X — Y is

e Uniformly continuous if for every ¢ > 0 there is § > 0 such that
dy (f(x), f(2')) < e whenever dx (z,z') < 4.

e Lipschitz continuous if there is a constant L > 0 such that
dy (f(z), f(2)) < Ldx(z,2/) for all 2, € X.

The constant L is called Lipschitz constant of f

EXAMPLE 9.55. — In any metric space (X,d) for any given z¢p € X the function f(x) =
d(x,x0) is Lipschitz (with constant 1). Indeed, the triangle inequality (using also symmetry)
yields:

—d(z,2") < d(z,z0) — d(2,20) < d(z,2").

EXERCISE 9.56. — Let (X,d) be a metric space, and let E C X be a non-empty subset.
For z € X, define
fe(z) =inf{d(z,2) | z € E}.

Show that the function fr : X — R is 1-Lipschitz continuous, and that £ C X is closed if
and only if £ = {x € X | fp(z) =0}.

EXERCISE 9.57. — Let (X,dx) and (Y, dy) be metric spaces. Assume that Y is complete.
Show that if £ C X and f: E — Y is a uniformly continuous function defined on a subset

then there is a unique continuous extension f: E — Y, which is also uniformly continuous.

9.2.3 Banach’s Fixed-Point Theorem

Fixed-point theorems investigate when a mapping f : X — X possess a fixed point, i.e.,
a point x € X for which f(z) = z. They can be rather powerful tools to prove existence
theorems.

We prove in this section Banach’s Fixed-Point Theorem, which will be used later to prove

the Implicit Function Theorem 7?7 and the existence of solutions to ODEs.
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THEOREM 9.58: BANACH’S FIXED-POINT THEOREM

Let (X,d) be a complete metric space and let T : X — X be a Lipschitz map with
Lipschitz constant X < 1. In other words, assume that for some A € (0,1) it holds

d(T(x),T(z')) < Ad(xz,2")  for all z,2’ € X.
Then, there exists a unique element a € X such that T(a) = a.

The function T is a Lipschitz contraction. A point z € X with T'(x) = z is called a
fixed point of the mapping 7', and the theorem states that a Lipschitz contraction has a

unique fixed point, provided the ambient space is complete (as in Definition 9.27).

Proof. First, we show uniqueness of a putative fixed point. Let a € X and o’ € X be fixed
points of T". Then,
d(a,a’) = d(T'(a), T(a")) < Ad(a,d’),

which, since A < 1, implies d(a,a’) = 0 and thus a = d'.
We turn to prove the existence of a fixed point. Choose any zg € X and define a sequence
(n)0% recursively by zp41 = T'(zy), for n > 0. We claim that the sequence (x,)52, is a

Cauchy sequence. Iterating the contractivity assumption we find that, for all integers p > 0,

d(l’n+1, xn) = d(T($n), T(ivnfl)) < Ad($n7 xnfl)
< 22 d(.%'n_l, xn_g)(xg)) <. <A d(xl, .%'0).

Pick now any integers m > n > N, then using this observation and the triangular inequality

we find

m—1 e
)\N
d(zm, zn) < pZ:; NPd(xy,x0) < d(:rl,:vo);v)\p = ﬁd(xo,xl).

We crucially used that A < 1 to sum the geometric series. Now given any € > 0 we can find
some N so large that %d($0, x1) < ¢, thus proving that (z,);2 is Cauchy (this estimate is
uniform in n, m as long as they are larger than N!).

Now we use the completeness assumption to infer that x,, — a for some a € X. Since T is

continuous, we have

n—oo
which shows that a is a fixed point of T O
9.59. — We remark that the proof is constructive and in concrete situation can be imple-

mented in a an algorithm to find approximate fixed points.
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EXERCISE 9.60. — Find examples for:

(1) A Lipschitz contraction 7" : X — X on a non-complete metric space X that has no fixed

point.

(2) A complete metric space (X,d) and an isometry (i.e., a mapping 7' : X — X with
d(T(z1),T(x2)) = d(z1,22)) that has no fixed point

9.2.4 Compactness

A closed and bounded interval of the real line is is called a compact interval, as we saw
in Analysis I. We proved some fundamental properties of continuous functions on compact
intervals: boundedness, existence of maxima and minima, and uniform continuity. We intend
to investigate these and other properties in the broader context of metric spaces. We start
giving a general definition of compactness that works in metric spaces.

Let us immediately clarify a possible source of confusion.

e In a general metric space, it is not necessarily true that a closed and bounded

set is compact.

e Nevertheless when considering R™ with its Euclidean structure, which is the main
focus of this course, it will turn out that a closed and bounded set is indeed

compact, and viceversa.

INTERLUDE: “COVER”’

Let E C X and let U = {U;}icr be a family of subsets of X, where I is some set of
indices. We say that U covers F if

Ec|Ju=Ju.

iel

Any family V C U that still covers X is called a subcover of U.
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DEFINITION 9.62: COMPACTNESS

Let (X, d) be a metric space. A subset K C X is called compact if one of the following

equivalent conditions hold:

(1) K is sequentially compact: every sequence (y),ecn in K has a subsequence that

is convergent in K.

(2) K is topologically compact: every family of open sets {U; };cs that cover K, has

a finite subcover.

(3) K is complete (i.e., every Cauchy sequence contained in K has a limit in K) and
totally bounded: for every r > 0, there exist finitely many z1,...,z, € K such
that the balls B(z1,r),..., B(zy,r) cover K.

9.63. — The definition of topological compactness does not explicitly use the distance
function d, but it is formulated only in terms of the collection of open sets (i.e., the topology).

For this reason it is called “topological”.

9.64. — The Bolzano-Weierstrass Theorem ensures that a closed and bounded interval of

R is sequentially compact.

EXAMPLE 9.65. — Q N [0,2], endowed with the standard distance, is not topologically

compact. Consider the covering

Qnp,2=@np,v2)u |J @np2).
peQ, p>V2

Any finite subcover will miss some rationals > V2.

EXERCISE 9.66. — Let X be a metric space. Show that if X is totally bounded, then it is

bounded, i.e., sup, .y d(z,z’) < 400.
EXAMPLE 9.67. — The half-open interval X = (0, 1] C R is not compact. Indeed, the open
cover U = {(27™,1] | n € N} has no finite subcover.
The main result of this section is Theorem 9.69, which shows that the definition of compact

metric space is indeed well-posed.

EXERCISE 9.68. — Show that a totally bounded metric space is bounded, and find an

example of a bounded metric space that is not totally bounded.
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THEOREM 9.69: THE THREE FACES OF COMPACTNESS

Let (X,d) be a metric space and K C X a subset, the following statements are equiva-

lent:
(1) K is sequentially compact.
(2) K is topologically compact.

(3) K is totally bounded and complete (in the sense of Cauchy sequences).

We will prove that (1) = (2) = (3) = (1).

Proof that (1) = (2). We start with a preliminary observation. Consider the function
r(z) = min{l,sup{r >0: B(x,r) C U for some U € Z/I}},

defined for all z € K.

Notice that r(x) > 0 since U is open cover. For each x € K we choose — once and for all
— some U(z) € U which is almost optimal in the sense that B(x,r(x)/2) C U(x).

Let us now proceed with the construction of our finite subcover. Pick any Uy € U. If
K C Uy then we are done, otherwise there is some x; € K\Up. In this case we set Uy := U(z1).

Now we check if K C Uy U Uy, in which case we have found our finite subcover. If not,
there is some x2 € K \ (Up UU;) and we set Uy := U(z2).

Now we check again if K C Uy U U; U Us, in which case we have found our finite subcover.
If not, there is some z3 € K \ (Up U Uy U Us) and we set Us := U(z3).

If this procedure stops at a certain point, it means that we have found our finite open
subcover. So let’s assume that it is goes on indefinitely, and find a contradiction. We obtain

a sequence (x,)nen With the property that
T € UgU ... UU, for all m >n > 0.

By assumption (1), we have z,, — z (as k — o0) for a suitable subsequence. On the other
hand, for each k¥ > 0 we have z ¢ U,, (the complement of a open set is closed, that is
sequentially closed), and in particular z ¢ B(xy,),7(zn,)/2). Combining this information

with z,,, — 2, we find r(z,,) — 0 and in particular
(2, ) = sup{r > 0: B(zy,,r) C U for some U € U} € (0, 1).
This is a contradiction as r(z) > 0, so for k large enough we would have
B(zp,,1007(zy, ) C B(z,7(2)/2) CU(2) € U,

which, by definition of r(zy, ), implies 1007 (2 f(,)) < 7(2f()), impossible.

Version: May 11, 2024. 23



Chapter 9.2

In order to prove (2) = (3) we single out a rephrasing of (2) which is useful to keep in

mind.

LEMMA 9.70: NESTING PRINCIPLE

Let X be a metric space, then K C X s topologically compact if and only if has the
following property, called the “Nesting property”. For every collection A = {A;}icr of
closed subsets of X, it holds:

“If every intersection of finitely many sets in A has a non-empty intersection
with K, then K N(,c; A is non-empty.”

Proof of Lemma 9.70. Assume K is compact, and let A be a collection of closed subsets of
X with empty intersection. The collection of complements U = {X \ A : A € A} is then an
open cover of K, so there exists a finite subcover K C U; U---UU, of it. Set A; := K \ U;.
Then K NA;N---NA, =0. Thus, K satisfies the Nesting property.

Now, assume K satisfies the Nesting property, and let U be an open cover of K. Then
A= {X\U :U € U} is a collection of closed subsets with an empty intersection with
K. According to the Nesting property, there must exist Ai,..., A4, € A with an empty
intersection. So if we consider U; = X \ A;, then X = U U---UU, is a finite subcover of K.

Since the cover U was arbitrary, this shows that K is compact. O

Proof that (2) = (3). We first prove that X is totally bounded. Pick any r > 0, consider the
open covering U := {B(z,r) : x € X} and extract a finite subcover {B(z1,7),...,B(znN,7)}.
Now we prove that X must be complete, hence we pick a Cauchy sequence (x,)nen and

show that it has a limit point. For each k£ > 0 there is n(k) so large that
nym > n(k) = d(zn, ) < 27"

For each k, consider the closed balls A := E(mn(k), 27%); any finite intersection of them is
nonempty, indeed for every ki,...,knx one has that x,, € Ay, N...N Ag,, provided m >
max{ky,...,kn}. Hence we can apply the Nesting Principle (see Lemma 9.70) and find some
2 € g0 Ak- We claim that z, — 2. Indeed if m > n(k) it holds

d($ma Z) < d(.%’m, xn(k)) + d(xn(k)¢ Z) < 21_k7

21—k

and is arbitrarily small. O

Before continuing the proof we need an auxiliary Lemma.

LEMMA 9.71: DIAGONAL ARGUMENT

LetN D Ng D N1 D Ny D ... be a an infinite family of nested sets. Assume further that

each Ny has infinite many elements. Then there exists f: N — N strictly increasing
such that f(k) € Ny for all k > 0.
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Proof of Lemma 9.71. Set f(0) equal to an arbitrary element of Ny. Then set inductively
f(k) := min{m € N : m > f(k — 1)}, this set is non-empty because each Ny is infinite. [

Proof that (3) = (1). We pick any sequence (2, )nen and show that admits a Cauchy sub-
sequence, by completeness, this will prove (1).

By assumption, we can cover K by a finite number of balls of radius 1; it follows that
(zn)nen will fall infinitely many times (at least) one of these balls. Let this ball be B(z1,1)
for some z; € X. Accordingly, we define the set of indices Ny := {j € N : z; € B(21,1)},
which is infinite.

Now we proceed to do same thing to the restricted sequence (zy,)nen,, but we shorten the
radius of from 1 to 1/2. Accordingly, we find a ball B(z2,1/2) such that the set Nj := {j €
Ny : xzj € B(z2,1/2)} is infinite.

We proceed inductively, halving the radius each time, and construct a descending family
of infinite sets N D Ny D N1 D Na D ... with the property that

Vk > 0,32 € X,j € N, = d(z, 1) < 27",

We apply to these sets Lemma 9.71 and find f: N — N strictly increasing such that f(k) € Ny
for all £ > 0. Then, the subsequence (7 f())ken is Cauchy: for n,m > k it holds

f(n) € Ny, f(m) € Ny = f(n), f(m) € Ny
— xf(n),mf(m) GB(zk,Q*k) _— d(xf(n)axf(m)) <2lfk.

We conclude the chain of implications thus proving Theorem 9.69.

Let us next give some simple consequences of the three faces of compactness result.

COROLLARY 9.72: CLOSED IN COMPACT IS COMPACT

Let X be a metric space, A C X a closed subset and K C X a compact subset. Then
AN K is compact.

Proof. We check that AN K is sequentially compact. Take any sequence (z,)peny C AN K,
by compactness of K, it has a converging subsequence () — , for some x € K. On the

other hand, since A is closed it contains its accumulation points, so we also have x € A. O

COROLLARY 9.73: COMPACT IS ALWAYS CLOSED

In a metric space, every compact subset is closed.

Proof. Take any sequence in F/ which is convergent to some x € X. By compactness a suitable
subsequence is converging to some x’ € E, by uniqueness of the limit x = 2/, so E is closed
(see (2) in Lemma 9.47). O
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We also easily get the following version of the Heine Borel theorem in the Euclidean space
R™. In its statement, a set £ C R" is called bounded if there there exist NV € N such that
E C [-2V 2N (prove that this is equivalent to sup {d(z,2’) | (z,2") € E x E} < o).

THEOREM 9.74: COMPACT SUBSETS OF R" (HEINE-BOREL)

A subset K C R"™ is compact if and only if it is closed and bounded.

Proof. If K is compact, then it is closed by Corollary 9.73; and bounded, because it is totally
bounded.

To show the converse, we show that K is complete and totally bounded. Since R" is
complete and K is closed, then K is complete as well (see Exercise 9.51).

On the other hand, by assumption K is bounded so there exist N € N such that K C
[—2N 2N, Given r > 0, take some large integer N’ € N large so that such that 2N < r/y/n.
Then the union of the balls B,(z) with z running in the finite grid

{TWEIyZ@LuymEZ"mm-QN“”SMS2MW}

covers K, proving that it is totally bounded.

EXAMPLE 9.75. — We stress that the Heine-Borel Theorem fails for general metric spaces:
take R with the bounded distance d(x,y) := arctan |x — y| (see Exercise 9.8). Then in this
metric space the set N would be closed and bounded, but it is trivial to construct sequences

that do not converge.

EXERCISE 9.76. — Show that an open set U C R" is complete if and only if U = R".

9.2.5 Compactness and continuity

THEOREM 9.77: CONTINUOUS IMAGE OF COMPACT IS COMPACT

Let X and Y be metric spaces, let f : X — 'Y be a continuous function, and let K C X
be a compact subset. Then, f(K) is a compact subset of Y.

Proof. We will give two proofs. The first one employs sequential compactness. Suppose that
(yn)n>0 1s a sequence of points in f(K). Then y, = f(x,) for some (zy),>0. Since K is
compact there is a convergent subsequence z,, — x € K. But then since f is continuous
Yn =y = f(2) € f(K).

The second one employs instead topological compactness. Let U be an open cover of f(A).
For each U € U, the set f~1(U) C X is open due to the continuity of f. The collection
{f~Y(U) | U € U} is an open cover of A. Since A is compact, there exist Uy, ..., U, € U such
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that {f~1(U;) | 1 <i < n} is a cover of K. This implies that {U; | 1 < i < n} is a cover of
f(K), and since U was arbitrary, it shows that f(K) is compact. O

PROPOSITION 9.78: CONTINUOUS IN A COMPACT IS UNIFORMLY CONTINUOUS

Let (X,dx) and (Y,dy) be metric spaces, and f: X —Y a continuous function. If X

is compact, then f is uniformly continuous.

Proof. Let ¢ > 0. Due to the continuity of f, for each x € X, there exists J, > 0 such
that f(B(z,0,)) C B(f(z),5). The collection {B(z,36,) | # € X} forms an open cover of
X. Since X is compact by assumption, there exists a finite subcover of this collection. This

implies the existence of x1,...,z, € X such that
X = B(x1, %(511) U---UB(zp, %(5%)

Let § = Fmin{d,,,...,0;,}. For z,2’ € X with dx(z,2') < 4, there exists k such that
x € B(zy, 56,). This implies 2’ € B(zy, 6, ), leading to

dy (f (@), f(2')) < dy (f(2), f(zx)) + dy (f(22), f(2)) <

which completes the proof. O

COROLLARY 9.79: WEIERSTRASS

Let X a metric space, f: X — R be a continuous function, and K C X a compact
subset. Then, f admits a mazimum point, i.e., there exist T € X such that f(Z) =
supi f = sup{f(z) |z € K}. An analogous statement holds for the minimum. In

particular, f must be bounded.

Proof. f(K) C R is compact by Theorem 9.77 and nonempty, so sup f(K) € f(K), any
element 7 € f~!(sup f(X)) works.

The fact that sup f(K) € f(K) is readily proved: by definition of supremum there is a
sequence (s,) C f(K) such that s, — sup f(K), but then sup f(K) € f(K), since f(K) is

closed and so it contains its accumulation points. O
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9.2.6 Connectedness

DEFINITION 9.80: CONNECTENEDESS

Let X be a metric space. A nonempty subset £ C X is called disconnected if there
exist two disjoint open sets Uy and Us such that ENU; # @ fori = 1,2 and £ C U;UUs.
Conversely, E is called connected if, for any pair open sets U; and Us such that
ENU; # @ fori=1,2 and E C Uy UUs it is required that Uy N Us is not empty.

A subset F' C F is called a connected component of E if F' is non-empty, connected,
and every G C E such that F' C G, G is disconnected.

EXERCISE 9.81. — Let X be a metric space, and let 7 and Es be connected subsets. If the
intersection F1 N Es is non-empty, then the union £y U E5 is connected. Can you generalize
this property to arbitrary unions? Use this property to define the connected component of a

point as the union of all connected sets that contain the point.

PROPOSITION 9.82: CONNECTED SUBSETS OF R

A non-empty subset E C R is connected in R if and only if X is an interval.

Proof. Assume E C R is not an interval. Then there exist real numbers z1 < y < z9 with

x1,22 € X and y ¢ X. Then the two disjoint open subset
Uy = (—o0,y) and Uj = (y,0)

cover F/, so F is not connected.

To prove the opposite implication we also argue by contraposition. Suppose that E is
disconnected and let Uy, Us disjoint open sets, both intersecting F, such that £ C Uy U Us.
Choose z1 € ENU;y and x9 € E N Us. Without loss of generality, assume x1 < xo.

Now let us define

ty :=sup{t > 1 : [x1,t] C U1}, (9.2)

since x9 € Uy we have t, € [x1,22). On the one hand ¢, is the supremum (and hence the
limit) of points in R\ Uy, a closed set, and hence t, € R\ Us

On the other hand let us show that ¢, ¢ Uy. If t, € U; then t, < x9 and, since U; is open,
we could enlarge a bit ¢, while still satisfying (9.2). This violates the very definition of ¢, in

(9.2).
Therefore we have found two points x1,x2 in F and third point t. € (x1,x2) with ¢, €
R\ (U;UUy) C R\ E. Hence, E cannot be an interval. O

PROPOSITION 9.83: CONTINUOUS IMAGE OF CONNECTED

Let X andY be metric spaces, and let f : X — Y be continuous. If E C X is connected,
then the image f(E) is a connected subspace of Y.
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Proof. Suppose f(F) is disconnected. There there exists two nonempty, disjoint, open sets
Ui, Us of Y such that f(FE) is covered by U; U Us. But then f~1(U;) and f~1(Us) are two

nonempty disjoint open sets covering F, contradicting its connectedness. O

COROLLARY 9.84: INTERMEDIATE VALUE THEOREM

Let I C R be an interval, f : I — R a continuous function, and a,b € 1. For every
y € R between f(a) and f(b), there exists an x € I between a and b such that f(z) =y.

Proof. Without loss of generality, we can assume a < b. Appling Propositions 9.82 and 9.83
f([a,b]) is connected. But then, using again Proposition 9.82, f([a,b]) C R must be an
interval. As f(a), f(b) € f([a,b]), all values between f(a) and f(b) lie in f([a,b]). O

EXERCISE 9.85. — Show the following generalization of the Intermediate Value Theorem:
Let X be a connected topological space, and f : X — R be a continuous function. Let
a,b € X. Then, for every y € R between f(a) and f(b), there exists + € X such that

flz)=y.
INTERLUDE: PATHS AND CURVES

Let X be a metric space. A path or curve in X is a continuous function v: [0, 1] — X.
We call v(0) the starting point and (1) the ending point. We also say that ~ is a
path from ~(0) to v(1). A path v with v(0) = (1) is called closed path or a loop.

If s: [a,b] — [0, 1] is a bijective continuous function with continuous inverse we say that

yos is a re-parametrization of v. Furthermore, exactly one of the following happens
e cither, s(a) = 0, s(b) = 1, then we say that s is orientation-preserving,

e or, s(a) =1,s(b) =0, then we say that s is orientation-reversing.

DEFINITION 9.86:

Let X be a metric space. We call E C X path-connected if, for every two points
x,y € E, there exists a path v : [0,1] — E from z = ~(0) to y = v(1).

LEMMA 9.87:
Let X be a metric space. If E C X is path-connected then it is connected.

Proof. Suppose that E is disconnected in the topological sense, then there exist non-empty,
disjoint, open sets U; and Uy such that £ C Uy UUsy. Let 1 € Uy and z9 € Uy. If E
were path-connected, there would exist a path v : [0,1] — E from z; to xo. However, this
implies that V3 = v~ 1(U;) and Vi = v~ }(Us) are non-empty, disjoint open subsets of [0, 1]
with V3 UV, D [0, 1]; a contradiction since [0, 1] is connected. O
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EXERCISE 9.88. — Sketch the subset £ C R? given by
E = {0} x [-1,1]U{(tsin(}) | ¢ > 0}

and show that F is connected but not path-connected.

PROPOSITION 9.89:

Let U C R™ be an open subset. Then U is path-connected if and only if U is connected.

Proof. If U is path-connected, then U is also connected according to Lemma 9.87. Now,

assume U is connected, non-empty, and xg € U is a fixed point. We define the set
G = {z € U | there exists a path in U from x( to z}

and want to show that G = U. Since U is connected and G is non-empty, it suffices to show
that both G and U \ G are open.

Let x € G and ~ : [0,1] — U be a path from z( to . Since U is open, there exists r > 0
such that B(z,r) C U. For any y € B(x, ), the straight path ¢t — (1 — ¢)z + ty, connecting
x and y, lies in U. Concatenating these paths yields the path

v(2t) if0<t<
(2-2t)x+ (2t —1)y if§<t<

from xo to y. Thus, y € G, and since y was arbitrary, we have B(z,r) C G. This shows that
G is open. Using a similar argument, we can show that U \ G is open. If x €¢ U\ G and r > 0
with B(x,r) C U, then all points in B(z,r) are not in G. If y € GN B(z, ), a concatenation
of paths as above would connect x to xg. Therefore, B(z,7) C U \ G, and U \ G is open.
Thus, G is closed.

O

COROLLARY 9.90: R™ AND ITS BALLS ARE CONNECTED

For alln > 1 and v > 0, the metric space R"™ (with the standard distance) and the

subsets B(x,r) and B(z,r) of R"™ are connected.
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9.3 Normed vector spaces

9.3.1 Definition of Normed Vector spaces

A norm on a real vector space V is a function from V to R that assigns to each vector a
non-negative number, informally its length. In general there are many different norms on a
vector space, and we can use any of them to construct a distance and turn V into a metric
space. A particularly interesting class of norms is obtained from scalar products. Many
notions of this sections would carry out to vector spaces over C with little modifications, but

we will stick to real vector spaces.

DEFINITION 9.91: NORMED VECTOR SPACE

Let V' be a vector space over R. A norm on V is a mapping || - || : V' — [0,00) that

satisfies the following three properties.
(1) (Definiteness) For allv € V, [[v|| =0 < v =0.
(2) (Homogeneity) For all v € V and all o € R, |Jaw| = |af||v]l-

(3) (Triangle Inequality) For all v,w € V, |Jv + w| < ||v|| + [Jw]|.

The pair (V, || - ||) is called a normed vector space.
EXAMPLE 9.92. — Let n € N. The maximum norm or infinity norm || - ||o, and the
1-norm || - ||; on R™ are defined by
n
lolloc = max{Jorl, vzl |oal} and [lolli =) |vj]
j=1
for v = (v1,...,v,) € R™. The properties of definiteness and homogeneity, as well as the
triangle inequality, can be verified by exercise.
EXAMPLE 9.93. — If V' is the vector space of continuous R-valued functions on [0, 1], we

define analogously the 1-norm and the infinity norm as
1
1f 11 :/o |fldz and || flloc = sup{|f(z)| = € [0,1]}.

9.94. — From now on, in order to keep the notation, simple, we will denote the Euclidean
norm of a vector  in R™ by |z|, instead of ||z, that we will reserve for (less standard) norms.
Notice that this notation does not create any ambiguity or collision with previously introduced

notations. Indeed:

Version: May 11, 2024. 31



Chapter 9.3

o If n =1 the Euclidean norm coincides with the absolute value.

e If n = 2 and we are identifying the R? and C via the usual map (x1,z2) — o1 + iz2,

then Euclidean norm coincides with the complex absolute value.

9.95. — The Euclidean norm on R” holds a special position among all norms on R”. On
or R”, it measures the “physical” length of vectors. However, many other norms || -|| confer
R? or R3, it the “physical” length of vect H y oth f

R™ the structure of normed vector space. A standard family of norms is given by

n 1/p
lall, := (Z mwp) |
=1

where p € [1,+00) is a given number. Notice that the Euclidean norm |z| corresponds to the
p = 2 case.

One can check (exercise) that for any given z € R"

lim |lz]|, = max |z
p—+o00 1<i<n

is also a norm. That is why the maximum norm is commontly called infinity norm and denoted

|+ Mloo-
We immediately observe that Normed Vector Spaces are “automatically” Metric Spaces.
LEMMA 9.96: NORMED VECTOR SPACES ARE METRIC SPACES
Let V' be a vector space over R and || - || be a norm on V. Define the function
d: VxV —10,00), d(v,w) = |jv — w|,

then (V,d) is a metric space.

Proof. We check definiteness, symmetry, and the triangle inequality in the definition of a
metric 9.3. For v,w € V, we have d(v,w) = ||lv —w|| > 0, and

dv,w) =0 <= |[v—w|=0 <= v-—w=0 <= v=w

by the definiteness of the norm. Using homogeneity of the norm for « = —1, we have for
v,w eV,
d(v,w) = [[v = w| = [(=1)(v = w)[| = lw = v]| = d(w,v)

thus establishing the symmetry of d. Finally, using the triangle inequality of the norm, we

obtain

d(u, w) = [Ju —w| = [[(u = v) + (v = w)[| < [lu =l +[Jv = w[| = d(u, v) + d(v, w)
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for all u,v,w € V. This shows the triangle inequality for d, so d is indeed a metric on V. O

We have seen that a normed space is naturally a metric space, now we check that the norm

is indeed continuous. We show sequential continuity.

LEMMA 9.97: THE NORM IS CONTINUOUS WITH RESPECT TO ITS OWN DISTANCE

Let V' be a R-vector space, and let || - || be a norm on V. Let (v,)52 be a sequence in
V' converging with respect to the norm || - || to a limit v € V.. Then,
lim_{jv, || = [|v]]-
n—o0
Proof. By definition, (vy)52, converges to v, if and only if d(vy,v) = ||v, — v||) converges to

0. But using the triangle inequality:
—llon = oll < floall = [lol] < flon —ol|.
Thus, if ||v, —w]|| — 0, then necessarily ||v,| — ||v]|. O

9.3.2 Inner Product Spaces are Normed Vector Spaces
DEFINITION 9.98: INNER PRODUCT SPACE
Let V be a vector space over R. An inner product on V is a map
(—,—):VxV =R
that satisfies the following properties for all u,v,w € V and «, 5 € R:
(1) (Bilinearity) (au + Bv, w) = alu, w) + 5{v, w).
(2) (Symmetry) (v,w) = (w,v).

(3) (Definiteness) (v,v) > 0 and (v,v) =0 <= v =0.

9.99. — An important example of an inner product is the Euclidean inner product or

standard inner product on R™. It is given by

n

(—,—):VxV =R <v,w>=2vkwk
k=1
for v = (v1,...,v,) and w = (w1, ..., w,). The proof of bilinearity and symmetry is left as
an exercise. We verify definiteness. Let v = (v1,...,v4) € R™. Then,

d n
(v,v) = kavk = ZU% >0
k=1 k=1
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is a non-negative real number. If v = 0, then (v,v) = 0. If (v,v) = 0, then each term |vj|?

must be zero, and thus v, = 0 for all k, implying v = 0.

PROPOSITION 9.100: CAUCHY-SCHWARZ INEQUALITY

Let V' be a vector space over R, let (-,-) be an inner product on V', and let ||-]|: V — R
be given by ||v|| = \/(v,v). Then the inequality holds

[{v, w)| < [lv]|[|w] (9:3)

for allv,w € V. Furthermore, equality in (9.3) holds if and only if v and w are linearly

dependent.

Proof. Notice first that for all a, § positive real numbers (9.3) holds iff and only if

[{aw, Bw)| < [|ew]]]| fw] (9:4)

Now v = 0 or w = 0, then both sides of (9.3) are zero. So, putting @ = 1/||v|| and

B = 1/]|w|| we may assume without loss of generality that ||v|| = |Jw|| = 1. Then:

0<||v—wl|?=(w-—wnv—w) = (v,v—w) — (w,v—w)
= (v,0) = (v,w) — (w,v) + (w,w) = ||v]* = 2(v, w) + [[w]®
=2 = 2[{v,w)| = 2([Jol[[w]] = (v, w)).

O
We prove that the norm induced by an inner product is indeed a norm on V.
COROLLARY 9.101:
Let V' be a vector space over R, let (—, —) be an inner product on V. The map defined

by (9.5)
-1V =R, loll = v/{v,v)

satisfies the triangular inequality and is a norm.
Proof. Definiteness and homogeneity follow directly from the definiteness and bilinearity of

the inner product. We only need to prove the triangle inequality. Let v,w, € V. Using the
Cauchy-Schwarz inequality, we have the estimate

lo +wl® = (v +w,v+w) = ol* + (v,0) + (w,v) + w]®
= [lvll® + 2((v, w)) + w]* < [lo]* + 2|, w)] + [w]]*
< [lol* + 2llvll[lwll + [lwl® = (o]l + [lwl)?,

which implies the desired result after taking the square root. O
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9.102. — Let V be a vector space over R. If (-,-) is an inner product on V, we call the

norm treated in Corollary 9.101
-1V =R, [oll = v/ (v, v) (9.5)

the induced norm by (-,-). In particular, from the Euclidean inner product on V" = R", we

can define a norm on V = R"™. The Euclidean norm on V = R" is given by

for all v = (vy,...,v,) € R™.

9.3.3 Equivalence of norms in finite dimensional normed spaces

INTERLUDE: FINITE AND INFINITE DIMENSIONAL VECTOR SPACES

A basis for a vector space V' is a subset B = {e; };er C V such that

e every v € V can be written as v = ), ; v;e; for some coefficients {v;}ic;r C R,
only finitely many of which are nonzero (so that the previous sum always makes

sense, it is not a series!)

o the coefficients {v;};c; are uniquely determined, in other words the following

implication holds:

Z vie; = 0, with finitely many non-zero v; € R — v; =0, Vi€ I
el

For every vector space we can obtain a sequence of linearly independent vectors
e1,€2,€3,.... If this sequence necessarily stops, we obtain a finite basis and we say
that the vector space is finite dimensional. If the sequence can be continued indefi-
nitely we say that the vector space is infinite dimensional.

All bases of a finite dimensional vector space have the same number of vectors. This

number is called the dimension of V.

EXERCISE 9.103. — Show that the space of polynomials with real coefficients R[x] is an

infinite dimensional vector space and find a basis.

9.104. — If V has finite dimension n € N and we fix a basis B = {e;}1<;<, then map

1B(x1, ..., xn) = x1e1 + ..+ Tpey
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is a (vector space) isomorphism and allows to treat V as R™ for most practical tasks. In

particular, if (V.|| - ||) is a normed space then 25 induces a norm in R™ defined as

]l = lles(2)]]-

This is a motivation to prove results for R™ equipped with norms different from the Eu-
clidean one. Indeed, all the concepts and results that can be stated for general norms will
automatically hold in “abstract” finite dimensional normed vector space. We see next an

important instance of this.

DEFINITION 9.105: EQUIVALENT (I.E., COMPARABLE) NORMS

Let V be a vector space over R and || - ||; and || - |2 be two norms on V. We call || - ||

and | - |2 equivalent if there are constants A > 0 and B > 0 such that

lvllh < Allvllz and |v|l2 < Bljv||1 for all v € V.

EXAMPLE 9.106. — Let n € N. The 1-norm || - ||; and the maximum norm || - ||oc given in

Example 9.92 are equivalent, as the inequalities
[vlloe < lvlli and  [lofi < nflvfle

hold for all v € R™. As we will show in Theorem 9.107, all norms on a finite-dimensional
vector space over R are equivalent to each other. This is not the case for infinite-dimensional
vector spaces. For example, the norms given in 9.92 on the space of continuous functions on

[0, 1] are not equivalent.

THEOREM 9.107: ALL NORMS ARE EQUIVALENT

All norms on R™ are equivalent (i.e., comparable).

Proof. Let || - || be the Euclidean norm on R", and let || - || denote another norm on R™. We
show that || - || and || - || are equivalent, which proves the Theorem.
Let eq,..., e, denote the standard basis of R™, and let A = max{|le1|’, |le2|’, .-, [lenll'}

For any vector v = x1e1 4+ -+ + zpe, € V, we have

n n n
[l <> ol - el < A okl < AV | Y 2wl = Ayl
k=1 k=1 k=1

which already shows one of the two required inequalities. For the second one, consider unit

sphere (with respect to the Euclidean norm)

S:={veR":|v| =1}
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and the real number B = inf{||v|’ | v € S}. Let us show that B > 0. Indeed, by defini-
tion of “inf” there exists a sequence (v,)2%, in S such that the sequence ||v,|| — B. Since
(vn)92, belongs to a closed a bounded set, it contains a convergent subsequence by the Heine-
Borel theorem, so by replacing (vy,)5, with such a subsequence, we can ensure that (v,)5,

converges to some v € S with respect to the Euclidean norm. But since
Jw = vp]” < Avn|jw — vn||

we deduce that the sequence (v,,)22  also converges to v with respect to the norm || -||’. Thus,
by Lemma 9.97,
lo[l=1 and [o"=B

and, in particular, v # 0 and B > 0, otherwise | - ||” would not be a norm, giving zero length
to a nonzero vector.

Finally any vector x # 0 in R", ﬁ is an element of .S, and it satisfies

!/

]

" _ ‘

[E.

Thus, ||z| < B~!|z|/’ for all z # 0 in R™. Since this inequality is also trivially true for x = 0,

it is shown that the norms || - || and || - ||" are equivalent. O
9.108. — Notice that as a simple consequence of Theorem 9.107, in every finite dimensional
vector space V all normed are equivalent. Indeed, we can fix a basis B = {e1,...,e,} of V

use the inclusion map 15 defined in 9.104 to export the result for R™ to V.

COROLLARY 9.109: ALL NORMS LEAD TO SAME TOPOLOGICAL PROPERTIES

Topological properties, such as compactness or connectedness, of a subset E C R",

remain unchanged regardless of the norm chosen to define the metric in R™.

Proof. Since any two given norms in R" are equivalent the associated distances dj,dy satisfy,
for some constant C', C~1dy(x,y) < do(z,y) < Cdy(x,y) for all z,y € R™. Hence, it is readily
shown that U is open with respect to d; if and only if it is open with respect to ds.

As a consequence, (R",d;) and (R",d2) have the same open sets and thus identical topo-
logical properties (all properties that we could define only in terms of the topologies, i.e., the

collections of open sets) 0
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Multidimensional Differentiation

In this chapter, we extend the concept of derivatives to functions defined on open subsets
U C R" and taking values in R™, for general positive integers n, m.

From now on, we consider always consider R™ to be equipped with the Euclidean norm (as
in Definition 9.1). To keep the notation lighter we will write |x| instead of ||z, to refer to the
Euclidean norm of x € R™. Notice that this does not create any ambiguity with the complex
absolute value in R or the complex absolute value in C because they both coincide with the
Euclidean norm. Therefore the notion of convergence for sequences (z)r>0 in R™ is the one

given by the Euclidean distance
Tp =Y = lim |z, —y| =0
k—o00

In this section, vectors will be regarded as column vectors to adhere to the standard linear
algebra conventions on matrix multiplication. That is vectors x in R™ and y in R™ will be

regarded as:

4o U1
x2 Y2

T = eR", Yy = ] e R™
Tn Ym

Similarly, if U C R”™ is an open set and f : U — R™ a function, its components will be

denoted always in column form

Notice that for i = 1,...m we have f; : U — R.

38



Chapter 10.1

DEFINITION 10.1: LIMITS OF FUNCTIONS

If f:U — R™ is some function and z, € U, we say that the limit of f(x), as z

converges to o, is Yo € R™ and write

lim f(z) =y,

T—To

if for every sequence (xy)r>0 C U converging to z, we have
f(zr) = yo, or, in other words, |f(zr)—yo| — 0
as k — oo.

We will also make use the “little o and big O notations”, updated to the context of R™. If
U C R"is an open set, 2o € U, and f: U — R and g : U — R are two functions, we write

F@) = ollg(z)]) as = =z i
@)
w12 Jg(2)]

Also,we write f(z) = O(|g(x)|)

lim sup @)l < 00

zwo |9(2)]

We remark that this useful notation has to be used with care, since it is not symmetric:
f(z) = O(lz1]) = f(z) = O(|z|), but f(z) = O(|z]) # f(z) = O(|21])!
In other words

f(z) = O(|21]) and f(z) = O(|z[), but O(|z1]) # O(|z)-

10.1 The Differential

10.1.1 The derivative for real valued functions

The derivative of a real-variable function f : R — R at some point z, € R has various
equivalent interpretations. Of course each of these interpretations provides the same number

f'(x5), but the “meaning” we attach to this number is slightly different in each case:

e Slope of tangent line to the graph. We look at the graph of f, i.e. the curve
{y = f(z)} C R? and write the tangent line to the graph at (o, f(z,)) in the form
y = ax + b. Then we have a = f'(x,).

e Zoom-in limit. When we zoom-in more and more to inspect the graph of f around a

point (2o, ¥o = f(,)) € R? we see in the limit the line y = f'(x,)x. More precisely, in
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each compact interval [—C, C], the functions

by Haotra) — flr)
r b

converge uniformly, as r | 0, to the linear function z — f/(z,)z.

e Coefficient in infinitesimal linear approximation. The linear function that best
approximates f in tiny intervals x,. More precisely, assume we want to approximate
f(z) ~ a+ bx around = ~ x,, for some real numbers a,b. Then, choosing b = f'(z,),

we get approximation error of size o(|z — x|) as * — xo;

e Stretching Factor. Look at a short interval I around z, and the corresponding interval
f(I) around f(zo). These two intervals are related trough a “stretching factor” which

tends to be f/(z,) as I is taken shorter. Look here for an animation.

To generalize derivatives to functions f: R — R™ we will start from the third point of
view. As it will be clear later on, all these viewpoints (conveniently reinterpreted) are valid

also in the several variables case.

10.1.2 Definition of differential

DEFINITION 10.2: DIFFERENTIAL OF A FUNCTION
Let U C R™ be open and f : U — R™ be a function. Then f is called differentiable
at z, € U if there exists a linear map L : R™ — R" such that

o W (@e +2) = f(z0) = L)

z—0 |l‘|

=0

holds. If such L exists it is unique (exercise) and it is called the differential of f at

the point z,, and we denote it as

L=Df,,.

The function f is called differentiable in U if it is differentiable at every point in U.

EXERCISE 10.3 (Uniqueness of the differential). — Suppose that L and L' are two differ-
entials of f at x,. Show that lim,_,o L(x)/|z| = 0 for all z and deduce that (L — L")v = 0 for
all v, and hence (L — L') = 0.

10.4. — If f : U — R™ is differentiable at the point z, € U, with differential L = Df,_,
we can express f as

f(@o+ ) = flzo) + L(x) + R(x)

Here we recognize the affine-linear approximation x — f(x,) + L(z) to f, and a remainder
term R(x), for which, according to the definition of the total derivative, R(x) = o(|z|) holds
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for x — 0. Another notation often found in the literature for differential of f at the point x,
is dflvo

10.5. — For functions f : R — R the derivative f’(z,) is a real number. Notice that in
this case L(y) = D fao (y) = f'(z0)y.

Figure 10.1: For a function f : R? — R, the best infinitesimal linear approximation corre-
sponds to the tangent plane of the graph in R3.

Applet 10.6 (Tangent Plane). As shown in the above image, we depict the tangent planes
for the graphs of two functions f : R? — R. Additionally, we visualize the partial derivatives

and directional derivatives in Definition 10.8. Is there a directional derivative that vanishes
at every point?

LEMMA 10.7: DIFFERENTIAL COMPONENT-WISE

Let U C R™ be open, and let f : U — R™ be a function and let f; : U — R denote j-th
component of f. Then, f is differentiable at xo € U if and only if, for all 1 < j < n,

the component f; is differentiable at xo. In this case, we have, for all v € R",
(Dfa(©)); = (Df)e ().

Proof. Assume that f; is differentiable at z, for every j. There exists a linear function
L; : R" — R and a remainder term R; : R"™ — R such that

fi(xo + ) = fj(xo) + Lj(x) + Rj(x)

Version: May 11, 2024. 41


https://ggbm.at/XGBrdX2q

Chapter 10.1

with R;(x) = o(|z|) for £ — 0. We can summarize

fi(zo +2) Ji(zo) Ly(x) Ry(z)
f(zo+2) = : = : + : + :
fm(zo + ) fm (o) L (z) Ry ()

In summary, it can be written as f(zo+x) = f(2o) + L(z) + R(z). In this expression, L is
linear, and it holds that Rj(x) = o(|z|) for # — 0 and we conclude using Lemma 9.24. Thus,
f is differentiable, and the claimed formula for D f(x,) holds. Similarly, if f is differentiable
at the point z,, then each component is differentiable and the claimed formula follows. O

DEFINITION 10.8: DIRECTIONAL DERIVATIVE

Let U C R™ be an open subset, x, € U, v € R” and and f : U — R™. The directional
derivative of f in the direction v at x, is

f(zo + sv) = f(xo)

Oy f(xo) := 4 f(xo + sv) = lim

ds|,_q 50 s S5
provided that the limit exists. If v = e;, for some j € {1,...,n}, we denote:
0 f1(o)
0., 1(ax) = Do) = &y (e) = 202 — | P
0} frls)

Of course, if the partial derivative in the j-th coordinate exists at every point in U, we

obtain a function 9;f : U — R™, which we call the 4" directional derivative of f.

10.9. — The partial derivative and the directional derivative along any vector are the
derivatives with respect to one of the independent variables, considering all other variables as
constants (they are ‘frozen’). For example, for the function f : R3 — R given by f(z,y,2) =

z(y? + sin(2)), the partial derivatives with respect to all coordinate directions are given by

Ouf(2,y,2) = y* + sin(z)
Oyf(x,y,2) = 2xy
0.f(x,y,z) = xcos(z)

for all (x,y,2) € R3, as we can apply all known rules from Analysis I. If the total derivative
exists, we can connect it with partial derivatives and derivatives along arbitrary vectors using

the following proposition.
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PROPOSITION 10.10: DIFFERENTIABLE IMPLIES LINEAR DIRECTIONAL DERIVATIVES

Let U C R™ be open and let f: U — R™ be differentiable at xo € U. Then, for each

v € R", the derivative of f in the direction v exists, and we have
O f(xo) = Dfy, (v) € R™.

In particular, Ony+pwf(To) = @0y f(2o) + BOwf (o), for all a, 8 € R and v,w € R™.

Proof. Assuming the total derivative D f(x,) exists, according to the definition of the deriva-
tive, f(xo +h) = f(xo) + Df(xo)(h)+ o(|h|) holds for h — 0. Choosing h = sv for s — 0 and
v € R", we get

00 (20) = lim LZe TN =) _ s (D () (0) + 0(1)) = Df(20) ()

s—0 S s—0

which concludes the proof. O

EXERCISE 10.11. — Let U C R™ be open, and let fi, fo : U — R be functions. Assume
that fi and fo are differentiable at o € U. Show that the functions f; + fo and fifs are
differentiable at z, and that

D(fi+ f2)(ws) = Dfi(xo) + D fa(xo)
D(fif2)(@o) = fi(we)Dfo(zo) + fo(xo)D fi(xs)

Formulate and prove analogous statements for directional derivatives in the direction of a
fixed vector v € R™.

THEOREM 10.12: SUFFICIENT CONDITION FOR DIFFERENTIABILITY

Let U C R™ be open, and f : U — R™ be a function. If for every j € {1,...,n} the
partial deriwative 0;f exists on the entire U and defines a continuous function, then f

1s differentiable on the entire U.

Proof. Due to Lemma 10.7, we can assume m = 1. Let’s fix o, € U, and we need to show
that f is differentiable at z,. By replacing f with = — f(z+x,) — f(x,), we can also assume
that 2o = 0 and f(0) = 0. For x = (x1,...,zy) € U, we then have

flx) = f(z1,22,23,...,2n) —f(0,22,253...,2p)
+f(0,z9,23,...,2,) —f(0,0,23,...,2,)
+f(0,0,23,...,2,) —
+ —f(0,0,...,0,2,)
+£(0,0,...,0,2,) —f(0,0,...,0,0).
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The function [0, z;] — R defined by ¢ — f(0,0,...,0,t,2j41,...,2y) is continuously differen-
tiable by hypothesis. Its derivative is given by the j-th partial derivative of f. Therefore, by

the Mean Value Theorem, there exists an intermediate point &; € [0, z;] such that

8jf(0,...,O,fj,xj+1,...,xn):vj :f(O,...,O,xjjxjH,...,xn)—f(O,...,O,O,xj+1,...,xn)

holds. For any choice of such intermediate points §; € [0, z;], we obtain

flx) = of(&,z2,x3,...,2n)T1
+02f (0,82, 3, ..., Tpn)T2
+
40,£(0,0,...,0,60)n.

To show that the linear function L : (v1,...,v,) = 91 f(0)vy + -+ 9, f(0)v, is the derivative
Df(0), we need to estimate the difference R(z) := f(xz) — L(x) = f(0 +z) — f(0) — L(z).

R(z) = (Olf(&,ajg,mg,...,xn)—81f(0)):n1
—|—(82f(0,£2,:r3, R a2f(0))x2
+
+(0nf(0,0,...,0,&,) — Onf(0)) 2y,

|z ]

According to the assumptions of the theorem and because Tl < 1 for all x € R", the
asymptotics
R
lim 7 _
z—0 ‘CL’|

holds, demonstrating that f is differentiable at x, = 0 with the derivative D f(0) = L. O

The following exercise shows that the mere existence of partial derivatives of a function f,
without the continuity assumption, does not necessarily imply that the function is differen-
tiable.

EXERCISE 10.13. — Consider the function f : R> — R defined by

Y if (z, 0,0),
0 if (z,y) = (0,0),

for (x,y) € R?. Show that the partial derivatives 9, f and Oy f exist everywhere in R?, but f
is not differentiable at (0,0).

Version: May 11, 2024. 44



Chapter 10.1

DEFINITION 10.14: C! FUNCTIONS

We call a function f : U — R™ on an open subset U C R" continuously differen-
tiable if all the partial derivatives 0;f, i = 1,...,n exist and continous in U. We will
write in this case f € C*(U,R™) and often f € C*(U) when m = 1.

10.15. — Notice that f € C*(U,R™) if and only if the map Df: U — Hom(R",R™)

mapping x — D f, is continuous.

10.16. — From Proposition 10.10, it follows in particular that the total derivative (when
it exists) Df(z,) is uniquely determined by the partial derivatives. Specifically, for v =
arer + -+ ape, € R”,

n

Dfe,(v) =Y aiDfr(ei) = Y aidif (o).
1=0

1=0

The m x n matrix of the linear map Df, : R™ — R™ is thus given with respect to the

canonical bases by the matrix n x m matrix

§§1<xo> §§;<xo> %;(xo)

Oh(z) W(w) - L(a)
(01 f (20, (w0) .-, fla)) = | P07 P o

On(ay) Yn(o) - Un(ao)

This matrix is referred to as the Jacobian matrix of f evaluated at the point x,, commonly
denoted by Jf(zo). It also is standard to denote the Jacobian matrix as D f(x,); however, to
prevent confusion with D f, —Ilinear map versus its matrix representation—, by now we will
use the notation Jf(z,). While the difference between linear map and a matrix in canonical
basis might appear to be a minor detail, it will become more significant in future applications
such as in Differential Geometry or Physics.

Notice that, given U C R™ open, f € C'(U,R") if and only if the maps

Jf : U = Maty, ,(R) = R™*"

defined by = — J f(x) is a continuous .

EXAMPLE 10.17. — The Jacobian matrix J f(x,y, z) of the function f : R?® — R* given by
f(z,y,2) = (2% +y,y? + 2,2 + 22, 2y2) is computed as follows:
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g g g 2 1 0
2 2 2
Dx 9y 0z ©
%J;l %J;Al %le yz Tz XY

Where each entry of the matrix is the partial derivative of the function’s output component
with respect to an input variable.

EXAMPLE 10.18. — Let f : R? — R? be defined by f(z,y) = (2% — cos(zy), y* — exp(z)).
The Jacobian matrix of f at (x,y) is then

<2m + sin(zy)y sin(xy)a:)

— exp() 4y?

which is continuous as a function of (z,y) € R2.

10.1.3 The Chain Rule

INTERLUDE: THE HILBERT-SCHMIDT NORM OF A LINEAR MAP (OR MATRIX)

Let M : R™ — R™ is be linear map. We define the Hilbert-Schmidt norm of M (or of
the matrix (M;) as

1M]]2 = \/trace(MTAL) = /S0, | Meif2
Notice that
|My| < [[M]l2ly| forally € R"

Writing y = > ; y;e; we obtain:
[Myl® = |M Y7, yieil® = | i, yiMe|?

n n
2
< (O lwillMe])” < [y [Me? = | M]3y
i=1 1=1
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Similarly, the Hilbert-Schmidt norm of the matrix in Mat,, »(R)) is defined as the norm

of the associated linar map R™ — R™.

THEOREM 10.19: CHAIN RULE (POINTWISE VERSION)

Let k,m,n > 1, and let U C R™ and V C R™ be open. If f : U — V is differentiable
at xo and g : V — R* is differentiable at f(x.), then go f is differentiable at ., and
the differential of (g o f) at x is given by

D(g © f)xo = Dgf($o) © Dfxo (101)
In other words, at the level of matrices
J(go f)(@o) = Jg(f(xo)) - Jf (o)

or equivalently (components):

Intuitive idea of proof. Since f is differentiable at x, we have
f(x) = f(wo) = L(x — o),
for some L linear. Also, if g is differentiable at y, = f(z,) we have
9(y) = 9(yo) = M(y = yo),
for some M linear. Therefore, putting y = f(x) we obtain
9(f(2)) = g(f(xo)) = 9(y) = 9(yo) = M(y —yo) = M(f(x) = f(z0)) = M(L(x — z,)).

Since the composition of linear maps is linear this suggests that go f is differentiable at z, and
that the differential of the composition is the composition of differentials In the next proof we

will make such argument work rigorously. O

Proof. By the definition of differentiability of f at z, and g at yo = f(x,), we have

f(zo +2) = f(zo) + L(z) + R(z) and  g(yo +y) = g(yo) + M(y) + S(y)

with L = Df,,, R(z) = o(|z|) as + = 0, M = Dg,,, and S(y) = o(|y|) as y — 0.
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Now, for x € R™ with z sufficiently close to 0 (i.e., with |z| small enough), put y =
f(zo + ) — f(xo) = Dfy, () + R(xz). We obtain the equation

g(f(zo +2)) = g(yo +y) = g(vo) + M(y) + S(y)
9(f (o)) + M(L(z)) + M(R(z)) + S(L(x) + R(z))
T(x)

and we want to show that T'(z) = o(|z|) as z — 0. Since R(z) = o(|z|) as © — 0, and M is
linear |M(R(x))| < [|M||]2|R(z)| = o(|z|) as x — 0.

It remains to show that S(L(z) + R(x)) = o(|z|) as * — 0. For this, notice that |L(z) +
R(x)| < ||L||2|z| + |R(z)| < Clz| for C = ||L||2 + 1 for all x sufficiently close to zero (since
|R(z)| = o(|z|) < |x| as x — 0). Hence, using |S(y)| = o(|y|) as y — 0,
. S(L(z) + R(x)) | L(z) + R(x)]

: )
1 = <Cl1
250 7] w50 |L(z) + R(2)| 7] =250 e

=0.

The previous computation implicitly assumes that, along the sequence z; — 0 chosen to
test the limit as x — 0, S(L(zx) + R(x)) does not vanish. However, the argument is easily
adapted to the case that it could possibly vanish. The details are left as an exercise to the

reader.

Thus, we conclude the differentiability of g o f at x, and the equation (10.1). O

COROLLARY 10.20: CHAIN RULE

Let k,m,n > 1, and let U C R™ and V C R™ be open. If f € CL(U,R™), g € C}(V)
and f(U) CV, then go f € CY(U) and

di(go f) = _(9j9) f Oif;. (10.2)
j=1
EXAMPLE 10.21. — (How to use in practice the chain rule). Consider the functions

g(z,y) =", f(z,y) = (sin(z),In(1 +y))".

We aim to compute 8(ng) and 6(g2f). In practice, we can operate in this way:

1. We call the two real variables of the map ¢ with different names, so g(u,v) = e**?" and

we set

u= fi(z,y) =sin(z), v=fo(z,y) =In(y+1).
2. Compute the necessary partial derivatives:

g wize 09 wize Ou ou ov ov 1
99 _ Y9 _ 9 e == - = - )
du  © T Qv ¢ " Oz cos(e), oy T Oz 0, dy y+1
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3. Apply the chain rule, and replace u, v with their expression in terms of x, y:

ag o ag ou 89 v _ ut2v utv __ _sin(z) 2
% 9u 9a + 9 9z € cos(zx) + 2e 0=e cos(z)(1+y)=,
dg 0Og Ou 0Og Ov 2 ewt2v in(z)
Y = 7'7:’11 v, 2 :21 blnaf:‘
dy Ou Oy * ov Oy c 0+ 14y (1+g)e

Notice that in this particular example the chain rule is not clearly more “economic” than

differentiate directly
(9o f)(z,y) = (1+y)*e@,

double check that the result is the same.

EXERCISE 10.22 (Euler’s identity for homogeneous functions ). — Assume f € C*(R™\{0})

is positively homogeneous of degree A € R, that is to say
f(rz) = f(z) for all 7 > 0,z # 0.

Show that Y ", z;0; f(z) = A f(x).

ExXAMPLE 10.23. — Let’s consider the special case n = 1 for the chain rule. Suppose I C R
is an open interval, and v : I — V C R™ is a differentiable function with values in an open
subset V' C R™. Further, let f : V — R* be differentiable. Then, the chain rule implies that
f o~y is differentiable, and the formula

(f o7)'(t) = Dfyry(Y' (1))

holds for all t € I.

10.1.4 The Mean Value Theorem

We formulate a generalization of the Mean Value Theorem for real-valued differentiable func-
tions on an open set U C R™. To do this, we consider a given function f along a straight

segment in the open set.

THEOREM 10.24: MEAN VALUE THEOREM

Let U C R™ be open, and f : U — R be differentiable. Let xo € U and h € R™ such that
To+th € U for allt € [0,1]. Then, there exists t € (0,1) such that for & = xo +th, the

equation
f(@o+ h) = f(zo) = Dfe(h) = Onf(£)

1s satisfied.
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Proof. The derivative of the straight path v : ¢t — x, + th for fixed z,,h € R" is given by
v/(t) = h. Therefore, the function ¢ = f o~ : [0,1] — R satisfies all the conditions of the
one-dimensional Mean Value Theorem due to the chain rule in Theorem 10.19. Hence, there
exists t € (0,1) with g(1) — g(0) = ¢'(t) = Df(xo + th)(h) according to the chain rule, and
thus

f(zo +h) — f(z) = g(1) — g(0) = ¢'(t) = Df(&)(h)
for £ =z, + th. O

DEFINITION 10.25: LOCAL LIPSCHITZ CONTINUITY

A function f : X — Y between metric spaces X,Y is called locally Lipschitz contin-

uous if, for every z, € X, there exists € > 0 such that f|p(,, ) is Lipschitz continuous.

COROLLARY 10.26: DIFFERENTIABILITY VS LIPSCHITZ CONTINUITY

Let U C R™ be open and let f € CY(U,R™). Then, f is locally Lipschitz continuous.
If U is additionally convex (i.e., for every two points x,y € U the segment
{tx+ (1 —t)y |t €[0,1]} joining them is contained in U), and the Jacobi matriz Jf

1s bounded in the whole U, then f is Lipschitz continuous.

Proof. It suffices to consider the case m = 1. First, assume first that U is convex and the
Jacobi matrix is bounded in U. That is there exists M > 0 such that || D fello = || Jf(§)|2 < M
for all £ € U. From the mean value Theorem 10.24, it follows for x,y € U

[f(z) = f(y)| = [Df(E)(z —y) < M|z —y|

for some £ € U, since U is convex and thus contains the straight segment between x and y.
This proves the second statement in the corollary.

The first statement follows from the second applied to the ball Uy = B(xo, €) where € > 0
is chosen such that m C U. Indeed, Up is convex, and the mapping & — Df(§) is a
continuous function on the compact set Uy C U, implying the boundedness of the differential
on Up. O

COROLLARY 10.27: SOLUTIONS OF Df =0

Let U C R™ be open and let f : U — R™ be differentiable with D f(xz) =0 for all z € U.
Then, f is constant on each connected component of U.

In particular, if U is connected then f is constant.

Proof. 1t suffices to consider the case m = 1. Assuming that U is non-empty, we choose

T, € U and consider the subset

U={zecU]| f(z)= f(z.,)}
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of U.

On the one hand, since f is continuous,

UNU" = f7H{(—00, f(20)) U (f(25),00))

is open (it is the pre-image of an open set by a continuous function).

On other hand by the mean value theorem, it follows that U’ is open: Indeed, for x € U’,
there exists € > 0 such that B(z,¢) C U, and since every point y € B(z,€) can be connected
by a straight path to x, it follows from Theorem 10.24 that f(y) = f(x) = f(x.). Thus,
y € U', and since y € B(x,€) was arbitrary, B(x,¢) C U’.

Finally, since U is connected, and U" and U \ U’ are two disnoint open sets covering U we

have U' = U (as z, € U’ so it can not be empty). Hence, the corollary follows. O
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10.2 Higher Derivatives

10.2.1 Definition and basic properties

Recall that for functions f : R — R we defined second and higher order derivatives recursively
as follows f*+1) = (f(k))’, k > 0, where f(O = f. Next we will introduce higher order
derivatives for function f : R™ — R".

DEFINITION 10.28: C* FUNCTIONS

Let U C R™ be open, f : U — R™ be a function, and k£ > 1. We say that f belongs
to CF(U,R™) if for all i = 1,...,n the partial derivative 9;f exists and belongs to
Crk=1(U,R™).

Notice that this recursive definition makes sense because C1(U, R™) have been previ-
ously defined.

When f € C¥(U,R™) we say that f is ‘k-times continuously differentiable’ or that ‘f
is of class C*’.

Given iy,...,i, in {1,...,n}, the k-th partial derivative 0;,0;, - - - 0;, f is recursively
defined as 0;, (0;, - - - 0;, f) and it is a continuous function on U.

Consistently with the previous definition, it is convenient to define CO(U, R™) as the
class of continuous functions U — R"™.

We define C*°(U, R™) as the class of functions that belongs to C*(U, R™) for all k > 1.
Similarly to the k = 1 case, C*(U,R) is denoted C*(U) (also when £ is replaced by oc)

PROPOSITION 10.29: HIGHER REGULARITY OF SUMS, PRODUCTS AND COMPOSITIONS

Let U C R™ open, f,g € CF(U,R), h € C*(V,R") with V.C R™ open with h(V) C U,
then

(1) f+g,f-g are of class C*

(2) foh is of class C*

Proof. Property (1) easily follows by the recursive (i.e., inductive) definition of C* functions.
Indeed, if f, g are of class C¥, for some k > 1 then, for all i

Oi(f+9)=0if + 0ig and 0i(fg)=20if - g + [ -0 (10.3)
~—~ =~ ~~ N N N
ck-1 k-1 ck-1  Ck ck  Ck-1

This establishes first the case £k = 1 and then & > 1 by induction over k.
To establish (2) we proceed by induction over k. On the one hand, since the composition

of continuous is continuous the case k = 0 follows. On the other hand, if £k > 1 by the chain
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rule (Corollary 10.20) we have that f o h is differentiable and

0j(foh)=> 0ufohdihy.

~—~—
=1 Ck=1 k-1

Thus, using (1) we obtain that 9;(h o f) is of class C*¥~1, for 1 < j <n, so foh € C*. O

10.2.2 Schwartz’s Theorem and Multi-indexes notation

THEOREM 10.30: SCHWARZ’S THEOREM

Let U C R™ be open and let f € C%(U,R™), then

8j82-f = 8¢8jf, f07" all 1,7 € {17 000 ,n}.

Intuitive idea of proof. For a smooth enough function f : R? — R we should have, for h € R

with very small modulus,

f(x1+ h,x2) — f(w1,72)

alf(l‘l,:tz) =~ h

and then

Oa(01 f (w1, 22)) = Orf (21,22 + h) — 01 f (21, 22)

h
Ll (f@ithath) = flan,aa+h)  flor+hz) = fa,2)
~ ) )
fler+h,zo+h) — f(x1, 22+ h) — f(x1 + h,x2) + f(21,22)
— &
Similarly,
O f g, 19) o LELT2E h})z ~ f(a,22)
and then

(01 (a1, 2)) m 2PN = Dol )

- 1 <f(:v1+h,x2+h) — f(x1 + h,x2) B f(x1,22 + h) —f(xl,azg)>

h h h

flx1+ h,zo+h) — f(x1,22 + h) — f(z1 + h,x2) + f(x1,22)
2

Therefore,
0201 f (21, 22) = 0102 f (21, 2)

and we need to show that the approximation errors in the previous infinitessimally small as h
goes to zero. Notice that this is nontrivial as we are dividing by h?, which is ‘doubly small’.
The proof below will make thisheuristic rigurous.

O
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Proof. If i = j there is nothing to prove, so by symmetry of the statement with respect
to i,7 we may assume ¢ < j. We want to show that for all y = (y1,%2,...,yn) € U ,
9;0,f(y) = 0;0:f (y).

It suffices to consider the case n =2, m =1 and ¢ = 1, j = 2. Indeed, for general n > 2

and m and fixed i1,i9 € {1,...,n} with iy # i2 we may apply the considered special case to
= o~ A
flz1,22) = felyr, ..., 21 ..., @2 .. yy) for fixed k € {1,...,m}.

Thus, we assume without loss of generality n = 2 and m = 1. For z = (z1,22) € U and a

sufficiently small h > 0, we define a function F' by
F(h) = f(x1+h,z2 + h) — f(z1 + h,22) — f(21, 22 + h) + f(21, 72).

Furthermore, for a sufficiently small but fixed h > 0, we consider the differentiable function
¢ :[0,1] — R given by ¢(t) = f(x1 + th,za + h) — f(x1 + th,z2) and obtain

F(h) = (1) — 0(0) = ¢'(&1) = (01 f (21 + E1h, 22 + h) — O1f (21 4 £1h, 22) ) h

for some &; € (0,1) by the one-dimensional Mean Value Theorem ?7.

(z1,22+ h) (x1+th,za+h)  (x1+h,x2+h)
. * ®
[T +
i
i
I
i
i
i
i
i
i

0+ ® ®

(21, x2) (21 + th,z2) (14 h, x9)

Figure 10.2: The function h +— F'(h) is a signed sum of function values of f at the corners of
a square (here marked by a solid line). The function t — ¢(¢) corresponds to the difference
of function values on a vertical segment through the square.

Applying the one-dimensional Mean Value Theorem again to ¢ : [0,1] — R given by
Y(t) = o1 f(x1 + &1h, x2 + th) along with the chain rule, we obtain

F(h) = (01f(z1 + &hyxa + h) — O1f (21 + &hy22) ) h = 0201 f (21 + E1h, T2 + Eoh)h?

for some intermediate point & € (0, 1).
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Similarly, now defining @(t) = f(x1 + h,za + th) — f(z1, 29 + th) and P(t) = 8 f(z1 +
th, zy + &h) we obtain

F(h) = 010 f (1 + E1h, 22 + ER)R2.

for suitable &1, & € (0,1). Dividing by h? > 0, we obtain
0201 f (w1 + E1h, w2 + E2h) = 0192 f (w1 + Exh, x2 + E2h).

Since &1,60, 61,6 € (0,1), the points (£1h,&2h) and (Elh,é}h) tend to (0,0) as h tends to
0. Therefore, due to the continuity of both partial derivatives, we conclude 020 f(z) =
8132f(:1)) O

As a consequence of Schwartz’s Theorem higher order derivatives are also independent of

the order in which we take the partial derivatives

COROLLARY 10.31: SCHWARZ IN CF

Let U C R™ open and f € C*(U). Then for every iy, ia,. .., i, € {1,...,n} and for
every permutation o : {1,2,..., k} — {1,2,...,k} the derivative we have
8’i az o azkf = 8i0(1)ai0(2) ot 8ia(k) f7
Proof. 1t is a straightfoward consequence form Schwartz’s Theorem, e.g. wusing that any

permutation of {1,2,...,k} can be obtained as a suitable composition the k— 1 transpositions

{(1,2),(2,3),...(k—1,k)}. It is left as an exercise to the reader to give a proof by induction
over k. O

Thanks to Schwartz’s Theorem, multi-indexes are useful to express higher order derivatives.
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INTERLUDE: MULTI-INDECES AND POLYNOMIALS OF SEVERAL VARIABLES

Any a € N" is called a multi-index, the length of a multi-index « is defined as
lo| == a1+ ...+ an.
We say that 8 < aif 6; < «; for all i = 1,...,n, and define the factorial
al:=ai!...a,! (recall that 0! =1).

A polynomial of n variables X1, ..., X, of degree k with real coefficients can be uniquely

(and compactly) expressed as

Z CuX® = Z C(al,...,an)X?I L XOn

aeN” |a|<k || <K

where ¢(q,,.an) € R.

Many combinatorial formulas are simple when expressed in multi-index notation, such
as the multinomial formula:

H o

X1+ X+ + X)) = D0~

laf=k

Thanks to Corollary 10.31 multiindex notation is also very useful to express partial
derivatives. Indeed, if f € C* and |a| < k we define

0%f == 071057 ...05" f.
EXERCISE 10.32. — Prove the identity

n 1
o2 ar

a€eN” |a|=k
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10.2.3 Multidimensional Taylor Approximation

THEOREM 10.33: TAYLOR'S THEOREM

Let U C R™ be open and let f € C**Y(U),k > 0. Let xg € U and h € R™ such that
xzo +th € U for allt € [0,1]. Then, we have

flao+h)= Y 8 f(xo) % + Ri41f (20, h)

a€eN", |a|<k
where the reminder is given by

1 he
Runf(oo )= [ (R4 DU=0F Y o%(o+ th)eyde = O(h*H),
J a€eN" |a|=k+1 a:

Proof. Since U is open, there exists € > 0 such that x+th € U for all t € (—¢,14¢). We apply
the one-dimensional Taylor approximation to ¢ : (—&,1+¢) — R given by ¢(t) = f(z + th).

According to Taylor’s Theorem, we obtain the Taylor approximation around 0 at 1

k m
p1)=>" ‘P(ni'((]) + /01<p<k+1)(t)(1;>kdt. (10.4)
2ol !

Applying the chain rule in Theorem 10.19 to ¢, we get for t € (—¢, 1 + €) the derivatives

P(t) =3 0if(wo+th)h = Y 0°f(xo + th)h®.
=1

la|=1

Let us show that, for all m < k + 1:

m (0% ha
P (t) =ml Y 0% flao+th)
|a)=m

Indeed, using the chain rule and induction over m > 1, we have

d d he
1y = L omeny = 4 o h
() = o) dt( LY 0% f(wo + th) a!)

laj=m

(5 500 st

laj=m i=1

:m!< > fo+th)n® > §|>

|Bl=m+1 1<i<n, §;>1

For the last equality we have used the following counting argument: If « is a multiindex
with || = m then 8;0%f = 9°f and h;h® = hP, where 3 is a multiindex with |3| = m + 1.
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Namely:
(61,...,52‘,...,ﬁn) = (041,...,041‘—}—1,...,0(”). (105)

In particular we have
1 a; + 1 _ B
o arl (D ay! B
Notice that different o’s will give the same g for different i’'s. More precisely, for all 5 with
Bl = m +1and i € {1,2,...n} such that §; > 1 we have 9;0*f = d°f and h;h® = h? for

exactly one i: with a and g satisfying (10.5) and (10.6). Hence,

"L ;0% fhihe Bi0° fn?
DI D M L]

la|=m i=1 |B|l=m+11<i<n, B;>1

(10.6)

Substituting this into (10.4), we obtain the theorem. O

COROLLARY 10.34: POLYNOMIAL EXPANSIONS DETERMINE HIGHER DERIVATIVES

Let xg € U, f € C*L(U) and P(z) a polynomial of degree k > 0. Assume that
|f(zo + k) — P(h)| = o(Jh|*) as h — 0.
Then for all |a| < k, 0% f(xo) = 0“P(0).
Proof. By Taylor’s theorem we immediately get

'P(h)— S 0 ao) | = o(inph),

(6%
al
a€Nn |a|<k

but two polynomials of degree k whose difference is o(|h|*) must have exactly the same coef-

ficients (exercise). O

This Corollary can be useful to compute Taylor polynomials for explicit functions, without

having to care about factorials etc.

EXAMPLE 10.35. — Let us compute the Taylor polynomial of degree 2 of /1 + x — 32
around the origin. From Analysis I, you known that

Vitt=1+L-2 100, t—o0.

Plugging in t = 2 — y? we find

— 2 _2)2
Ito—y? =14+ @ Sy) +O0((z — ¢*)*)
1 1 1 1 1
— 1ty — —p? T2 T — A —2)3).
T RT3V + %y Y +O((x —y?)°)
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Now we want (x,%) — (0,0), and a reminder which is o(r?) where r := /22 + 32. Observing
that

T =00, Wt =00Y), O -y =06, asrlo,

we find out expansion

1 1 1
Vidtr—y2 =14 -z — -2* — —¢y*> + 0(r?), asr 0.

2 8 2

EXERCISE 10.36. — Compute the Taylor polynomials up to the quadratic order at (0,0)

of the following functions in two variables

1
sin(ry), V1+z+y?, exparctan(z —y), ——5 5,

1—22—y

Don’t use the general formula!

EXERCISE 10.37. — Prove the Taylor expansion of the determinant close to the identity is

det(I +tX)=1+ttr(X)+ 7522(@()()2 —tr(X?)) + O(t%),

and that the one of the inverse matrix function is
(I+tX)'=1—-tX +2X2 4+ O(?).

Applet 10.38 (Taylor Approximation). We observe how the first, second, or third-order

Taylor approximations approximate the function f(x,y) = sin(zx) cos(y) + 2.

10.2.4 Real analytic functions of several variables

DEFINITION 10.39: REAL ANALYTIC FUNCTIONS

Let U C R™ be an open set. We say that f € C*°(U) is analytic if for every zp € U
there exist ¢ > 0 and C' such that

sup |9°f] < Clal! (ng)~1* (10.7)
Bg(zo)

holds for every multiindex « (of arbitrarily large order).

Thanks to Taylor’s theorem, a function is analytic if and only if it can be written as power

series around any point in its domain of definition.
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THEOREM 10.40: ANALYTIC EXPANSION

Let U C R™ be an open set and f: U — R be analytic.
Given xg € U, let p and C' be as in Definition 10.39. Consider the power series:

foo(h) = > 9*f(xo0) g

aeN? |a<k|

with k — oo.

Then, for all v € (0, ) the series is absolutely convergent the following sense: for all

k</t
[

0% f (x0) — Clr/o)" (10.8)

“1-(r/o)

In particular the series converges for h € Bp(0): fyo(h) := limy o0 frok(h) is well-
defined for all h € B, (0) and

sup
heBr(0) o<

_ C(r/o)*
hES;TIEO) ‘fzo,k(h’) fxo ‘ =1 _ (r/g)

Moreover the series represents f around zq:
f(zo+ h) = fzo(h) for all h € B,(0).

Proof. Noticing |h®| = h$* --- hén < |h|ll and using (10.7) we obtain, for all k& > 0:

Z ZC|h| no)~ ’];!’.

laf=Fk |al=k

aOé

Using the multinomial type identity

k!
=141+ Z| |

|a|=F

we obtain then that for |h| < r

< C(r/o)".

>

laf=Fk

0" (o)

From here (10.8) follows summing the geometric series.
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To prove the representation formula we estimate similarly the reminder in Taylor’s theorem.

For |h| < r we have:

o

1 h
|Rk+1f(x0,h)\:‘/ (k+ 1)1 -t Y 8af(x0+th)'dt‘
0 la|=k+1 o
g/l CESITELEY 8"‘f(mo+th)h—o: dt
0 |a|=k+1 o
< /1 (k+ 1)1 —t)*C(r/o)kdt
0

=C(r/o)".
Therefore, for h € B,(0)

C(r/o)*
1—(r/o)

Sending k — oo we conclude f(zg + h) = fz,(h) in B,(0). O

|f($0 + h) - fxo(h)| < |f(ZL‘0 + h) - fxo,k’(h)| + ’fxo,k(h) - fwo(h)| < C(T/Q)k +

COROLLARY 10.41: UNIQUE CONTINUATION PRINCIPLE

Assume that U C R™ is a connected open set and f and g are two real analytic functions
in U. If at some point zog € U we have 0% f(xg) = 0%g(xo) for every multi-index o then
f =g in the whole U.

In particular, if f and g coincide in a nonempty open subset V. C U then they must

coincide in the whole U.

Proof. Let
U .= {x cU ‘ aaf(gjo) = 8ag($0) for all a € Nn}

The complement of U’ in U can be written as

UNU'= [ (0*(f = 9)) " ((=00,0) U (0, +00)).

aeNn

Since each 0%(f — ¢) is a continuous function the previous set is a union of open sets, hence
an open set.

Let us now show that U’ is open. Indeed if z € U then since both f and g are analytic there
exist p > 0 (the minimum of the two p’s for f and g at ) and C' > 1 (the maximum of the
two p’s for f and g at ) such that f(xo+ h) = fz(h) for |h| < ¢/2 and g(x¢ + h) = g (h) for
|h| < 0/2. But since by assumption x € U’ we have f,(h) = g,(h). It follows that f —g =0
coincide in B,/5(20) and hence B, y(wo) C U’

Since U is connected and U’ nonnepty (it contains zp) we obtain that U \ U’ must be
empty. Thus, f —g=01in all of U. O
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Optimization and applications,

Convexity

Differential calculus is crucial for solving optimization problems encountered in fields such
as engineering, economics, and physics. These problems typically involve identifying the
maximum or minimum values of a function subject to certain constraints. The Weierstrass
theorem assures the existence of these optimal values for continuous functions defined over
closed and bounded subsets of R™, but it does not provide a method for locating them. Thus,
finding these optimal points necessitates additional techniques.

For a function like f(t) = t3 — 2t + 1 defined on the compact interval [0,1], the search
for minima (or maxima) involves checking critical points where f’(tp) = 0. For this function,
solving f'(t) = 3t?> — 2 = 0 yields a single solution ¢y = \/% within (0,1). At this point,
f(1/2/3) = —0.089. However, the extremum could also be at the boundary points ¢ = 0 and
t =1, with f(0) =1 and f(1) = 0. The minimum of these three values is approximately
—0.089, indicating that the minimum occurs at the interior point \/2/73

What about multi-variable optimization? Consider, for example, minimizing f(x,y,z) =
ry — y?z + 623 within the closed unit ball B; C R3. To find potential interior points for
minimal values, we extend the condition f’(¢) = 0 to higher dimensions. We must also consider
potential minimum points on the domain’s boundary, in this case, the sphere 9B1(0), defined

by the equation:
0B1(0) = {(z,y,2) € R* : g(w,y,2) = 2] + 25 + 23 — 1 =0}.

This naturally leads to a ‘constrained minimization problem’: finding (x,y, z) that minimize
f(z,y, z) among all points satisfying g(z,y, z) = 0.
This section will delve into techniques for tackling both unconstrained and constrained

optimization problems in multiple variables.
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11.1 First order optimality condition for interior points

DEFINITION 11.1: GRADIENT

Let U C R™ be an open set and f : U — R a C! function. We define the gradient
of f at x € U, denoted V f(z) as the (column) vector (9; f(z), daf (z),...,0nf(x))T In
other words, Vf(z) = Jf(x)T. Hence Vf : U — R™ is continuous map associating a

vector to each point in U (i.e., a so-called ‘vector field’).

11.2. — For f € CY(U), zo € U is called a critical point of f if the gradient of f vanishes
at xo (equivalently D f;, is the zero map).

Let U C R™ be open and non-empty. We discuss the relationship between derivatives and
extrema of real-valued functions f : U — R. As with functions in one variable, the vanishing

of the derivative is a necessary, but not sufficient, condition for the presence of an extremum.

11.3. — Recall that an element x¢ € U is called a local maximum of f if there exists
r > 0 such that f(z) < f(z¢) for all x € B(zp,r). We say ¢ is an isolated local maximum
or strict local maximum if there exists r > 0 such that f(z) < f(zo) for all x € B(xzg,r)
with & # x9. The definition of a local minimum is analogous, and collectively, we refer to

them as local extrema.

PROPOSITION 11.4: THE GRADIENT VANISHES AT A LOCAL EXTREMUM

Let U C R™ be open, f:U — R be a C! function, and let zg € U be a point where f is
differentiable and assumes a local extremum. Then O;f(xg) =0 for alli=1,...,n. In

other words, V f(x9) = 0 and x is a critical point of f.

Proof. Without loss of generality, assume that f attains a local minimum at xp. For all

i € {1l,...,n} and sufficiently small h > 0, we have, by assumption,
f(zo + he;) — f(xo) >0 and f(xo— he;)) — f(xg) >0

and thus0; f(zo) = 0, due to

i f (z0) = hhj& flao ¥ hefi) ~ J(zo) >0, 0if(z0) = hhﬂ%i —
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11.2 First order optimality condition with constraints: Lagrange

multipliers

In this section we discuss the method of Lagrange multipliers, a useful method to tackle

constrained minimization problems of the type

min{f(z) | g1(z) = ... = gx(x) = 0}. (11.1)
PROPOSITION 11.5: LAGRANGE MULTIPLIERS
Let U C R™ be open, B.(z0) CU, k <n and f,q1,...gx functions in C*(U,R). Let
M:={zeU:g(z)=...=gr(x) =0}#0,
and suppose that f|pyr has a local minimum at xo € M :
f(z) > f(zo) for all x € M N By (xp).
Then there are real numbers g, ..., A\ such that

)\()Vf(x()) I /\1Vgl(x0) + ...+ )\ngk(xo) =0, )\g + ...+ A2 =1. (11.2)

Proof “a la De Giorgi”. Possibly replacing f(z) with f(z) := f(z) + |# — xo|?> (notice that
Vf(zo) = Vf(z0)) and taking a smaller r (e.g., 7 := 7/2), we may assume without loss of
generality that z is the only local local minimum in M N B, (zg) (in other words, it is a strict
local minimum).

Step 1. For given € > 0, consider the penalized function

fe(@) = f(x) + 52 (g1 (x) + ... + gu(2)?),

defined for € B,(z¢). Take some sequence &, — 0 as £ — oo and let x, be a point of
minimum of f;, in the compact set B, (z).

Step 2. We claim that f;, (x¢) = f(z0) and z; — zo, as ¢ = 0. Indeed, by minimality

feo(x0) < fe (o) = f(w0). (11.3)

Hence
g%(xg) 4.+ gk(:z:g)Q < 2e¢fe,(xp) < 2e0f(x0) = 0.

So, whenever a subsequence (xy,, )m>1 converges to T € B(z¢) then € M N B,(zp). Hence,

we have
f(xo) < f(z) = lim f(zg,,) < limgsup Jeo () < flxo),
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where we have used again (11.3). This implies implies Z = xo (recall that z is a strict local
minimum). This proves that f;,(z¢) — f(z0) and that (z)r>0 can only accumulate at x.
On the other hand {z}} C B, () is bounded so it must have accumulation points. Hence we
must have xp — x¢ as g¢ J 0 (there is not even need to pass a sub-sequence).

Step 3. In particular xy € B, (xg) eventually, will be an interior critical point of f;,, so

by Proposition 11.4,

0= e,V fe(zp) = eV f(xe) + 91(x0)Vgr(xe) + ... + gr(20) Vgr(e),

where we used that 9;(g;)? = gj0;g; for i =1,...,n and so V(g;)* = ¢g;Vg;.
This means that the k + 1 vectors {V f(x¢), Vgi(xp), ..., Vgr(x¢)} are linearly dependent,
hence there is a unit vector A € R¥*1 such that

0= XV f(20) + XiVgi(x0) + ... + Ao Ve (z). (11.4)

Step 4. Since the unit k-sphere {y € RFL | |y2 = 1} is compact (it is a closed bounded
subset of Rk+1) the sequence A’ has a converging subsequence to a limit point X in the unit

k-sphere. But then passing (11.4) to the limit along this convergent subsequence we obtain
(11.2). O

11.6. — Often Proposition 11.5 is used in practice in the following way, under the extra

assumption that
For all z € U, the vectors Vg;(x), 1 < j <k, lare linearly independent.

In this situation we consider the so-called Lagrangian function
k
L:UxRF SR L(z,\) = f(z) = > Ajgi(x).
j=1

The components of A € R¥ are called Lagrange multipliers, then Proposition 11.5 says
that if zo is a local minimum for the constrained problem there exists A € R¥ such that the
equations

Oz; L(20,\) =0 and 9y, L(wg,\) =0

are satisfied for all i € {1,...,n} and j € {1,...,k}.

EXAMPLE 11.7. — Consider the function F : R? — R given by F(z,y) = y> — 22, and the
compact set
K ={(z,y) € [-1,1]* | F(z,y) = 0}

and aim to find the minimum of the function f(z,y) =4y — 3z on K.
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Put M = KN (-1,1)2 = K\ {(0,0),(1,1),(=1,1)}. On the one hand,

f(0,0)=0, f(1,1)=1, f(-1,1)="T.

On the other hand, we can use the method of Lagrange multipliers to seek the local minima

of of f|ar. The Lagrange function associated with f and F' is given by
L('Ia Y, )‘) = 4y — 3z — )‘(y?) - 562).
The partial derivatives are calculated as

O L(z,y,\) = =3+ 2\z
OyL(z,y,\) =4 —3\y?
ML(z,y,\) = —(y° — 2?).

From —3 4+ 2Az = 0, we deduce A # 0 and z # 0 with A = % Similarly, from 4 — 3\y? = 0,
we conclude that y # 0 and A = é. Thus, % = % or equivalently x = %yQ. Furthermore,
O\L(z,y,\) = —(y> — 2%) = 0. Substituting x = %y2, we obtain

2 2 2
0=y"—(3v*) =y3—§7y4:y3<1—§ﬁy)-

S—g. Therefore, using the Lagrange multipliers

method, we find a single additional candidate for extremal values:

Since y # 0, this yields y = S—z and x = %yZ =

f@%%) :43;_3343‘:1.053....

The set of all points in K where f attains a local extremum on K is thus contained in

{(0,0), (1,1), (1, -1), (55, 5)}-

The global maximum of f is at the point (1,1) with a value of 7, and the global minimum is
at the point (0,0) with a value of 0.

Applet 11.8 (Lagrange Multipliers and Normal Vectors). In this applet, we illustrate Propo-
sition 11.5 with one constrain (k = 1). We see that gradient vectors Vf and Vg must be

parallel at minima and mazima of the constrained problem.

11.3 Application: Spectral theorem for symmetric matrices

With the method of Lagrange multipliers, we can relatively easily prove the following impor-

tant theorem from linear algebra.
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THEOREM 11.9: SPECTRAL THEOREM

Every symmetric matriz A € Mat,, (R) is diagonalizable, and there exists an orthonor-

mal basis of R™ consisting of real eigenvectors of A.

11.10. — Theorem 11.9 can be reformulated in the context of orthogonal matrices. To
recall, an n X n matrix O is termed orthogonal if it satisfies OTO = Id, implying that
O~! = OT. Orthogonal matrices are significant as they represent rotations in R™ and preserve

the length of vectors. This preservation can be demonstrated by the equation
|0v? = (0v)TOv =T 0T Ov = vl = |u]?,

valid for any vector v € R™. It highlights that applying an orthogonal matrix to a vector does
not change the vector’s magnitude.

A set of vectors {v;} forms an orthonormal basis if, and only if, the matrix composed of
their components v;; is orthogonal. Consequently, Theorem 11.9 can be equivalently stated
as: For any symmetric matrix A, there exists an orthogonal matrix O such that OT AO yields

a diagonal matrix.
Theorem 11.9 will be an immediate consequence of the following:

LEMMA 11.11: FINDING EIGENVECTORS THROUGH MINIMIZATION

Let n > 1 and A € Mat,, ,(R) be a symmetric matriz. Let k € {0,1,2,...,n — 1} and
assume that vy, ...v, are linearly independent real eigenvectors of A. Then, A has a

real eigenvector v satisfying (v,vj) =0 for all j =1,... k.

Proof. Define f: R™ — R as:
n
f(@) = (@, Ax) = Y apezyas.
k4=1
Consider the linear subspace
H={xeR"|(z,v;) =0forall 0 <j <k},
and the unit sphere
Sl ={z eR" | |z| =1},

and define the compact set
K=s"'nH.

Notice that
K={z eR" | gi(z) = g2(x) = - - - = gi(2) = g«(2) = 0}

Version: May 11, 2024. 67



Chapter 11.4

where

n
9;(x) = (z,v;) Zwk%k ) g«(z) = ‘95’2 —l=—1+ Z(xk)2
k=1

Since K is compact f|x attains its extremal values. Let v € K be an extremum point.
According Proposition 11.5, there exist Ag, A1, ... Ak, Ax € R with )\3 +A2 4 )\z +X2 =1
such that

MoV f(v +Z>\ Vgj(v) + A\Vga(v) = 0. (11.5)

Now we compute
n

n n
Oif(x) =0; | D apexwae | =) aire+ Y arizy,
=1 k=1

k=1

’ng (Z xkvj k) - U] 7
zg* = (Z LUk) = 2x;

where we used 0;xy is zero unless k = i. Moreover, that A is symmetric, we obtain
n
0if(z) =2 Z aypry = 2(Ax);.
/=1

Hence we have shown
Vf(z) =24z, Vgj(z)=v;, Vg(z)=_2z.

and thus (11.5) becomes
k
AoAv + Z Ajvj + A0 =0
j=1
Since v; are linearly independent and v € K is nonzero and perpendicular to all of them

we obtain that Ag # 0. Also, using that v; are eigenvectors of A we have

(Av,v;) = (Av)Tv; = vT ATv; = o1 Av; = (v, Avy) = p;(v,v5) =0

for all j, where p; denotes the eigenvalue associated to v;. Hence, w; := AgAv + A\yv and
wy = Z§:1 Ajv;j are perpendicular. Since their sum is zero it must be wi; = wy = 0 from
which it follows that v is an eigenvector of A with real eigenvalue —\./\o. O
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Proof of Theorem 11.9. By applying Lemma 11.11 with £ = 0, we obtain a first real eigenvec-
tor vy, which can be assumed to be normalized, i.e., |v1| = 1. Subsequently, applying Lemma
11.11 again with k£ = 1, we identify a second real eigenvector vs that is orthogonal to v; and
also normalized. By repeating this procedure for k£ times, starting from & = 0 and progressing

to k = n — 1, we ultimately find an orthonormal basis consisting of real eigenvectors. O

11.4 Second order optimality conditions

DEFINITION 11.12: GRADIENT, HESSIAN, AND LAPLACIAN

Let U C R” be an open set and f : U — R a C? function. We define the Hessian
matrix of f € C?(U) at x € U is the n X n matrix

H;jf(x) = 0;0; f(z)

fori,7 € {1,...,n}. Schwarz’s theorem 10.30 entails that H f(z) is a symmetric matrix.
An alternative standard notation for the Hessian matrix is D? f(z).

The Laplacian of f is the trace of the Hessian

Af(@) = trHf(z) =) 0:f(x)

EXAMPLE 11.13. — Let u: R® — R of class C?, check that

T 0w =g, di(|Dul?) = QZajuaﬁu,
J
A(|Dul?) =2) (95u)* +2  dud;(Au).

1,5 7

Oi(arctan(u)) =

If O = (0y5) € O(n) and v(z) := u(Ax) then

Oiv(x) = ZOijaju(O:E) and Av(z) = Za”v(m) = Z(ajju)(Ox) = Au(Ox).

EXERCISE 11.14 (Polarisation formula). — Let f: R”™ — R be a smooth function. Prove
that the map
2

R'3er— —
dt?

f(te) = e" Hf(0)e,
t=0

determines all the second derivatives 0;; f.
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INTERLUDE: THE SIGN OF A SQUARE SYMMETRIC MATRIX

A symmetric matrix A € R™*" is called:

(1) Positive definite if all its eigenvalues are positive.

(2) Negative definite if all eigenvalues are negative.

(3) Indefinite if at least one eigenvalue is positive and at least one is negative.

(4) Degenerate if zero is an eigenvalue.

PROPOSITION 11.15: HESSIAN TEST

Let U C R™ be open and f € C3(U), and let zo € U with Vf(x¢) = 0. Let H f(zo) be

the Hessian matriz of f at point xg.
(1) If H f(xq) is positive definite, then f has a strict local minimum at xq.
(2) If H f(x0) is negative definite, then f has a strict local mazimum at xg.

(8) If Hf(xo) is indefinite and non-degenerate, then f has no local extremum at xg.

In this case xq is called a saddle point.

Proof. We will prove the first of the three statements. The proof of the other two are similar
and are left as an exercise to the reader.
We notice that, since by assumption the first derivatives of f vanish at zg, the quadratic

Taylor expansion (provided by Theorem 10.33) can be written as

1

f(@o+h) = f(zo) = 3 > " (H f)ij(wo)hily + O(|hf?). (11.6)
ij=1

Now, if the Hessian of f at z9, H := H f(xz¢) is positive definite, and we put A; be its

smallest (positive) eigenvalue we have
n
Z Hijvivj Z )\1|U‘2
ij=1
Indeed, using that OT HO is diagonal for some O orthogonal, we obtain, for any vector v
(putting w = OTv)

Z (Hf)ijvw; = vl Hv = wl (OT HO)w = Z)\g]wg\Q > A |w|? = \|v)?
ij=1 =1

Therefore (11.6) yields the existence of C' large such that

Flao +B) — Flao) = SH|hI? ~ CIRP = h?(1 ~ OJa)
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which is strictly positive for all 0 < |h| < % This means that f has a strict local minimum
at . O

EXAMPLE 11.16. — The behavior of the following functions f : R? — R at the point 0 € R?

illustrates the three cases in the proposition.

Fooy) = x2r g2

f0uy) = - 2

The corresponding Hessian matrices are (39), ((2) 9, ), and ( _02 1)2 ) When the Hessian matrix
is degenerate, i.e., if 0 is an eigenvalue of H(xg), then the Hessian test is inconclusive and
nothing can be said: for example the function f(x,y) = az* + by* has a local maximum, a
local minimum, or neither at 0 depending on the choice of a and b. But the Hessian matrix

at 0 is the zero matrix regardless of the choices of a and b.

EXAMPLE 11.17. — Let a,b € R be fixed parameters. We define f : R?> — R by f(z,y) =
wsin(y) + az? + by? for (r,y) € R? and consider the point 0 € R?2. We have Df(0) = 0, and

the Hessian matrix of f at 0 is given by

"= <21a 21b>

with det H = 4ab — 1. We obtain the following cases.
e If a >0 and 4ab — 1 > 0, then H is positive definite, and f has a local minimum at 0.
e If a <0 and 4ab— 1 > 0, then H is negative definite, and f has a local maximum at 0.

e If det H = 4ab — 1 = 0, then the Hessian matrix is degenerate.

e If 4ab — 1 < 0, then H is indefinite, and 0 is a saddle point.

EXERCISE 11.18. — Let o € R. Find all points (x,3) € R? where the derivative of the
function given by f(z,y) = 2% — y> + 3axy vanishes. Determine whether each point is an

extremum and, if so, whether it is a local minimum or maximum.
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11.5 The Fundamental Theorem of Algebra via minimization

In this section, we present a straightforward proof demonstrating the existence of complex
roots for polynomials through a minimization approach. It’s noteworthy to emphasize that this
minimization method requires examination beyond merely the first or second-order expansions

at potential extremum points: it necessitates consideration of higher-order expansions.

THEOREM 11.19: FUNDAMENTAL THEOREM OF ALGEBRA

FEvery non-constant polynomial f € C[z] has a root in C. Hence, applying the division

algorithm, f has n complex roots (counted with multiplicity).
Proof. Let f € C[z] be a polynomial of degree n > 0. Dividing f by a, we may assume

without loss of generality a, = 1.

Consider the non-negative number

w:=inf{|f(2)| : z € C}.

Notice that, by the triangle inequality, in the region |z| > 1 we have

[F(2)] =

n n—1
a2 > 2 = fakl[2F] > 12" (|2 =€)
k=0 k=0

for C:= 3", lak|. So, if we fix any R > C' + 1+ 10p we have
|f(2)] > 1+ 10y as soon as |z| > R.

This shows that the “battle for the infimum” is fought inside the compact ball K := {z € C :
|z| < R}, that is to say

min{|f(2)|: z € K} =inf{|f(2)] : z € K} = p,

since in K¢ we have |f(z)| > 14+10pu. Solet 29 € K with |f(z0)| = p. Since |f(z)] > 1+10p > u
on 0K, we obtain that zy is an interior minimum point in K.

We claim that zg is a root of f, we set for brevity
n n
9(z):=f(z0+2) = Zak(z[) + 2)k = Zbkzk,
k=0 k=0

for some coefficients by € C. Assume by contradiction that f(zg) # 0, that is to say by =
g(0) # 0. Also, let £ > 1 be the smallest index > 1 with by # 0. Now writing z in exponential
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form we have

g(re?) = by + byr'e™™ + O(r**1) = by (1 + %rzemp) +0@(* asr o0,

Write Z—é = se'¥ for some s > 0 and choose ¢ = ﬂz’;r”, so that e!®t%) = —1 and
bo] = Ig(0)] < lg(rei®)| = Jbo (1= sr*) + O )| < [bo| (1 = sr) + M7y

for all sufficiently small r > 0 and some fixed constant M > 0. Reshuffling this expression we
find
0 < s|bg| < Mr

which is impossible if we let r | 0. Thus, it was a contradiction to assume by # 0, and this
means that f(zg) = 0. O

EXERCISE 11.20. — Let U C C be open, and f : U — C be a complex-valued function that
can be locally represented by power series (an analytic function). More precisely, for every
xo € U, there exists an r > 0 such that B(zg,r) C U, and f on B(zg,r) is equal to a power
series around xp with a convergence radius greater than or equal to . Mimicking the proof of

Theorem 11.19, show that the function z — |f(z)| does not assume a minimum value on U.

EXERCISE 11.21. — For the sake of completeness, we present an elementary argument
for the proof of Lemma 11.11 using the Fundamental Theorem of Algebra. Let n > 1 and
A € Maty, ,(R) be a symmetric matrix.

(i) Show that all complex eigenvalues of A are real.

(ii) Prove Lemma 11.11 by showing that A has a complex eigenvector if and only if A has a

real eigenvector.

The geometric understanding of the eigenvalues of A gained in our proof can also be utilized

differently. As an example, one can prove a special case of the Courant-Fischer theorem.

(iii) Show that the values

min z'Az, max z'Ax
zesn—1 zesn—1

represent the smallest and largest eigenvalue of A, respectively.

EXERCISE 11.22. — For n > 2, prove that two points z,y € S*! have maximum distance
if and only if z = —y. Consider the function (x,y) — ||z — y||? on S*~! x S"~! C R?",

Version: May 11, 2024. 73



Chapter 11.6

11.6 Convexity

DEFINITION 11.23: CONVEX SETS AND FUNCTIONS

A nonempty subset A C R" is called convex if for any two points x,y € A and any
t € [0,1], the point (1 — ¢)z + ty also lies in A. In other words, the line segment
connecting any two points in A lies entirely within A.

A function f : A — R is called convex if for every z,y € A and any t € [0,1], the
following inequality holds:

f(A =tz +ty) < (1 =) f(x) +1f(y).

This means that the line segment connecting any two points on the graph of f lies above

or on the graph. In other words, the graph ‘dips in the middle’ (i.e, it is ‘U-shaped’).

PROPOSITION 11.24: NONNEGATIVE HESSIAN AND CONVEXITY

Suppose that U C R™ is open and conver and let f :€ C*(U). Then f is convex if and
only if one of the following conditions holds

(a) Forallz € U the Hessian H f(x) is nonnegative definite (i.e., all of its eigenvalues

are nonnegative)

(b) For all z and y in U we have
f(y) = f(x) = Dfuly — ).

Proof. Assume f is convex. For any given x € U and v € R" with |v|=1, let g(s) := f(z+sv),
s € (—¢,¢e). Using the convexity of g we obtain g(a(l —t) + bt) < (1 —t)g(a) + tg(b), for all
a,b € (—e,e) and t € [0,1]. But then by Corollary ?? we have g”(s) > 0 for all s close to 0.

Now the chain rule gives

g(s) = Z Oif(x +se)v; ¢'(s) = Z 0 f (x + se)viv;

i?j

So we have shown
g”(O) = Hl-jf(z:)vivj Z 0

Since v € R™ with |v| = 1 this is implies that all the eigenvalues of H f(z) have are nonnegative,
proving (a).

Now assume (a) and let us prove (b). Reciprocally assume and fix z,y in U with = # y.
Put v := y — = and define, as above, g(s) := f(xz + tv). Now g is defined for s € (—¢,1 + ¢).

Now, by the same computation as above we obtain ¢”(s) > 0 and hence, by Taylor’s theorem

fy) = f(@) = g(1) — 9(0) = ¢'(0) + /0 (1—t)g"(t)dt > ¢'(0) = Dfuy — ).
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Finally if (b) holds then for any =,y € U and t € [0, 1], putting z = (1 — ¢)z + ty we have
f@)=f(z) 2 Df.(x—z) and  fy) = f(z) 2 Dfay — 2)
Multiplying the first inequality by (1 — t) and the second buy ¢ and summing we obtain

(L =8)f(z) +tf(y) — f(2) =2 Df((1 = )z + 1y — x) = D f.(0) = 0.

Hence, the convexity inequality follows. O

EXERCISE 11.25. — Show that condition (b) in Proposition 11.24 is equivalent to the
convexity of when f is C'. Deduce that for a C' function on an open convex set, every

critical point is a point of minimum.

PROPOSITION 11.26: JENSEN INEQUALITY

Let U C R”™ be open and convex and f : U — R convex. Then for every collection of
points x; € U and positive ‘weights’ w; € (0,1), i=1... N, with ), w; = 1 we have

f(zwzxz) < szf(xz)

Proof. We will assume for simplicity that f is C? we will give a proof using Proposition 11.24
(b). It is left as an exercise to give proof for any convex function by induction over N.
Let z =), wix;. Then

f(zi) = f(2) = Dfz(2i = 2).

Multiplying by w; and summing over ¢ we obtain the desired conclusion. O
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Inverse and implicit function theorems

and submanifolds

12.1 The inverse function Theorem

12.1.1 Small Lipschitz perturbations of the identity

The following lemma is the essential prelimiary step towards the inverse funtion theorem.

LEMMA 12.1: SMALL LIPSCHITZ PERTURBATIONS OF THE IDENTITY

Let U C R™ be an open set and assume that F' : U — R™ is a function of the form
F(z) =z + ¢(x), where ¢ is Lipschitz with constant A < 1. Then
(1) Whenever B,(x) C U we have

By, (F(x)) C F(Br(z)) C By, (F(x)).
In particular, F(U) is open.
(2) F is injective and F~': F(U) — U is Lipschitz with constant 1.
Proof. We start with the first inclusion in (1), which is the core of this proof. Given a point

Y € Ba_x),(F(po)), for some pg € U such that B,.(zg) C U we want to find z € B,(zo) that
such that

F(z) =y.
It is convenient to look at this equation as
=y - ¢(x)

because then we want to find a fixed point of the map = — y — ¢(x), and we can use an

argument almost identical the one in the Banach fixed point theorem.
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Indeed, consider the sequence of points defined by recurrence, starting at xg,

Tpp1 =y — d(xg), k>0

Our goal is to show that zj always belongs to U so that zp, 1 is always well-defined and that
the sequence (xy)r>p converges to a limit x € B,(zg), then x = y — ¢(x) and we have solved
y = F(z).

Now, using the triangular inequality and the contraction property of ¢ we find
w1 — k] < [d(ar) = Glar-1)| < Map—r — @] <. < Nlay —ao] = Ay — F(xo)],

which proves that (xy)x>0 is Cauchy (if it is well defined).
But this also shows in turn that (xj)g>0 is well defined because the sequence never escapes
from B, (x¢) C U. Indeed:

k k
ly — F(xo)|

[rr = ol <Y Jwis — il < Jy = Flao)l YN < S0 <
=0 i=0

Hence xj converges to z satisfying |z — z¢| < |y — F(z0)|/(1 — A) < r, which means that
x € By(zg), as we wanted to show.
In particular, since the point xg is arbitrary we have shown that F'(U) is open.

Finally, the second inclusion in (1) is readily checked
[F(y) = F(xo)| = |y + ¢(y) — 20 — ¢(w0)| < |y =z + Aly — 2 <7+ Ar.

We turn to (2). First of all, if F(z) = F(2), then x — 2’ = ¢(z) — ¢(2’), which is in
contradiction with A < 1. So F is injective and F~! is a well-defined function.

Finally, for z, 2" € U putting y = F(x) and 3y’ = F(y) we have
y—y =z -2 + ) - ¢(a')
and by the triangle inequality
ly =y > e — 2’| = [¢(z) — ¢()] = (1 = N[z — 2’| = (1 = N)[F(y) = F (Y],

which proves that F~! is Lipschitz with constant ﬁ O

EXERCISE 12.2. — Proof that the map y + F'~!(y) — y has Lipchitz constant ﬁ, S0 it is
also a small Lipchitz perturbation of the identity when A < 1/2.

EXERCISE 12.3. — In the proof of Lemma 12.1 we did not use the Euclidean structure of
R™. In fact, this Lemma is true in any complete, normed vector space (V|| - ||), with the same

statement and the same proof. Check this claim.
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LEMMA 12.4: AUTOMATIC DIFFERENTIABILITY OF THE INVERSE

Let U,V C R”™ be open sets and let f: U — V and g: V. — U be bijective functions.
Assume that f is differentiable at o € U and D fy, is invertible, and that g is Lipschitz
m V', and that

flo) =y, forallyeV.

Then g must be differentiable at yo = f(x0) and Dgy, = (D fyz) " .

Proof. Let us set L := D f;,. By the differentiability assumption, as y — yo,

y—yo = f(9(¥) —yo = f(zo+ (9(y) — 9(w0))) — f(x0) = L(g(y) — g(%0)) + o(lg(y) — 9(vo)])-

Using that L is invertible, we re-write this as

9(y) = g(wo) = L™ (y — yo) + o(IL ™ |2l9(y) — g(v0)))- (12.1)

We conclude noticing that, since g is Lipschitz, say with constant A,

- - 9y) — 9y _ _ _
oL o) — 93 = o (XL =EIN)y —51) = ofaly — 51) = ofly ~ 5.
Thus (12.1) is saying that g is differentiable at ¢, with differential L~!. O]

12.1.2 Inverse of differentiable maps

LEMMA 12.5: SMOOTHNESS OF THE INVERSE

Let U C R™ ™ be the set of invertible matrices, and let 0: U — U be defined as
0: X — X1
Then 0 € C*°.

Proof. Recall that the formula for the inverse matrix expresses the (p,q) entry of X! as a
polynomial of {X; ;} divided by the polynomial det X (which is nonzero in U).

Indeed, each entry (p,q) of the inverse matrix X ~! can be computed as:

C
X—l — q,p
( )pyq det(X) )

where Cj, is the cofactor of the element at position (g, p) in the matrix X. This cofactor is
calculated as (—1)71? - det(X,p), where det(X, ) is the determinant of the matrix obtained
by removing the g-th row and p-th column from X.

Thus, since the map X — X! is expressed as a quotients of polynomials in terms of
the entries of X, it is infinitely differentiable on the domain excluding the points where the

determinant, serving as the denominator, vanishes.
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O

12.1.3 Inverse and Implicit function theorems

THEOREM 12.6: INVERSE FUNCTION

Let U C R™ be an open set and f € C1(U,R"). Let xg € U be such that D f,, : R* — R"

1s invertible. Then, there is Uy open containing xg such that
(1) f is injective in Up.
(2) The set V := f(Uy) is open.

(3) The inverse function g := (f|v,)"}, that is f: V. — Uy satisfying

9(f(z)) =2z, VxeUy (or equivalently f(g(y)) =y, Vy V)

is of class C' and

Dgf(g:) = (Dfx)_l, Vz € Up; Dgy = (ng(y))_l, Yy e V.
Furthermore, if f € C*(U,R™) for some k > 1, then also f~' € C*(f(B,(x0)),U).

Proof. Tt is enough to prove the result in the case zo = 0 and f(x¢) = 0. Indeed the general
case follows immediately from this “special” case applied to f(x) := f(z — z0) — f(x0).

Let L := D¢, we claim that F := L™ ! o fl|B,(0) is a small Lipschitz perturbation of the
identity, provided r > 0 is chosen small enough.

Notice that the function F is of class C! (being the composition of a C! function and a
linear map). Write Id : R” — R"™ the identity function (i.e., Id(z) = =z for all x € R™), and
put ¢ := F —1d, i.e., ¢(x) := F(x) — x. We have

D¢y = D(F —1d)g = DFy— DIdg= Lo D¢y —Id =L oL —1d =0

so choosing r > 0 small enough we will have, by continuity of the derivatives the Jacobi matrix
J ¢ satisfies
1
[Jo(x)||2 < 3 for all z € B,(0).

Then the Mean Value Theorem (see the proof Corollary 10.26) implies that ¢ is Lipschitz
with constant 1/2 in B, := B,(0)

By Lemma 12.1, we find that F'(B,(0)) is open, that F|p (o) is injective and that the
inverse function F~': F(B,) — B, is Lipschitz, with constant 2.

Now (1) holds because f = L o F, which is a composition of injective functions.

Also (2) holds because f(B,) = L(F(B,)) is open, where F(B,) is open and L linear

invertible (an invertible linear map sends open sets to open sets).
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For (3) we notice that g = F~! o L™! will be Lipschitz in f(B,) = L(F(B,)), since it is

the composition of Lipschitz maps. Indeed, since F~! is 2-Lipschitz:

l9(y) =g = 1F (L7 () — F (L DI < 21L7 (y) = L7 ) < 2L laly — o/

Since f is differentiable at every point of B,, and g is Lipschitz, then Lemma 12.4 shows
that g is differentiable for all y € f(B,), and

Dgy = (Dfye))™" & Jgly)=(Jflgw)

for all y € f(By).
Finally, assume that f € C* and that we known f~! € C* for some £ € {0,1,2..., k—1}.
The formula for the Jacobi matrix of the inverse Jg give it as the composition of the following

functions:

g:y— g(y) which is of class C,
Jf:x— Jf(z) which is of class C*1,

0: X — X' which is of class C™ on the set of invertible matrices by Lemma 12.5.

Thus Jg € C*, which means that ¢ € C*t1. This proves the last part of the statement by

induction from the ¢ = 0 case. ]

DEFINITION 12.7: DIFFEOMORPHISM

Let U,V C R” be open. A bijective, C' function f : U — V with a C! inverse
f~1:V = U is called a diffeomorphism. If f and f~! are both k-times continuously
differentiable for k > 1, we call f a C*-diffeomorphism.

12.8. — Notice that if f : U — V is a diffeomorphism then it follows from f~'o f = Id and
the chain rule that D(f~1) fe)Dfe =Id for all x € U. In particular DF; is always invertible
for all x € U.

An important consequence of the Inverse Function Theorem is the following
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COROLLARY 12.9: IMPLICIT FUNCTION THEOREM

Let 0 < d < n, k> 1 be integers, U C R™ be open, let f € CH(U,R"%). We write a
point in R x R"=% as (x,y) with € R? and y € R*¢,
Assume that we have (xo,y0) € U with f(xo,yo) = 0 such that the (n —d) x (n — d)

matrix

is invertible. Then, for sufficiently small r,s > 0, there is a function g from By(xy) C
R?, to Bs(yo) C R™™%, such that, for all (x,y) in the cylinder Uy := By.(x0) X Bs(yo) C
U, it holds

fl@,y) =0 <= y=yg(=).

Moreover, for all x € B,(x),

Tg(@) = = ((Jy)(,9()) " (Lo f)(x, 9(x)),

where

']Cvf(x()? yO) = (axzfj(xO’ yo))lgjgn_d’lgigd

Furthermore, if f € CF(U,R"~9) for some k > 1, then also g € C*(B,(z0),R?).

Proof. Consider the function ® € C'(U, R") given by

O(x,y) := (z, f(z,y)), forall (z,y) € U.

By assumption the matrix D®(xg,yp) — which has size n x n — has a block decomposition

1, 0
D®(x0, yo) = ’
(0, Y0) (fo(xo,yo) Jyf(xo,y0)>

so in particular it is invertible and we are under the assumptions of the Inverse function

Theorem. Hence ® has a C'! inverse when restricted to a small cylinder ‘centered at (g, o)
Up := BT(I‘O) X Bs(yO) cy,

r,s > 0, which is mapped to the open set V' := ®(Up) C R™.
Let U : V — Up denote the inverse of the restriction of ® to Uy. For given points (z,y) in
Up put
(& n) = 2@, y) = (z, f(z,y)), = (z,y)=¥(En)

Then § = z, so W(&,n) is of the form

V(g n) =(§G(En), forall (¢,§) eV,

for some G : V' — By(yo) of class C' (or of class C¥ if f is of class C¥) .
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Thus, since
(z,y) = ¥(z,n) = (z,G(z,1))

we obtain

flz,y) =0 <<= n=0 <<= y=G(z0),

where the last implication < follows using that ¥ is bijective.
In other words, defining g(z) := G(x,0) we obtain what we need.

Finally, the formula for Jf(xg) follows from differentiating the identity

fz,9(x)) =0

using chain rule. Indeed, we obtain, for all 1 <i <d

n—d
0= 0;(f(x,9(x))) = Ou, f(x, f(2)) + > Oy f (2, 9(2))Deg (),
/=1

or in matricial form:
0=Juf(z,9(z)) + Jyf(2,9(x))Jzg(x).

12.2 Submanifolds of R"

12.2.1 Definition of submanifold and different representations

DEFINITION 12.10: SUBMANIFOLD OF R"™

Given 0 < d < n and k£ > 1 integers, We say that M C R" nonempty is a d-
dimensional submanifold of R™ of class C¥ if, for every point p, € M there exists
a U C R™ open containing p,, V C R™ open containing 0, and a C*-diffeomorphism
W : U — V, such that:

YMNU)={y eV |yar1 =yar2 = =yn =0}.

The map V¥ is called a submanifold chart.

For the next result, as well as for the submanifolds section it is useful to introduce the following;:

DEFINITION 12.11: PERMUTATION OF COORDINATES

We call a map P : R®" — R" a permutation of the coordinates if for some permu-
tation o: {0,1,...,n} = {1,2,...n} we have

P(mbx% °c 'amn) = P(xa(1)7$0'(2)a 200 7$U(n))7 Vz € R"
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PROPOSITION 12.12: DIFFERENT LOCAL REPRESENTATIONS OF SUBMANIFOLD

Let 0 < d <mn and k > 1 be integers and M C R™ a nonempty subset. The following

four are equivalent:
(1) M C R" is d-dimensional submanifold.

(2) (Implicit representation). For all p, € M there are U C R™ open containing po
and f € C*(U,R"9) such that Df,, has mazimal rank (i.e., has rank n — d)

MNU={zeU| f(x)=0}.

(3) (Parametric representation). For all p, € M there are U C R™ containing po,
V C R? open, yo € V, and G € C*(V,R") such that G(y.) = po, such that DGy,

has mazimal rank (i.e., has rank d)

MU =G().

(4) (Graphical representation). There are U C R™ open containing p,, V C R?
open, and g € CF(V,R"=%) such that

M NU = P(graph(g)),
where P: R™ — R"™ is some permutation of the coordinates and

graph(g) := {x eV xR | (g1, .., 20) = glz1,. .. ,xd)} C R"

Proof. We will show (1) = (2) = (4) = (3) = (1).
(1) = (2): Since M is a submanifold, there is U C R™ open containing p, and a
diffemorphism ¥ : U — V C R" such that

reMNU <= VYg(x)=---=Vy(z)=0.

Hence, (2) follows defining f : U — R" % as f(z) := (Vgyq(x), -, ¥,(2))T. Notice that
D f,, has maximal rank since it is made of columns of the invertible matrix DV, .

(2) = (4): If Df,, has maximal rank n — d, then for a suitable permutation of the
variables P, when we consider the map f = f o P!, the (n —d) x (n — d) matrix

(0i fj(Po))1<j<n—d,dt+1<i<n

is invertible.
Hence f satisfies the assumptions of Implicit Function Theorem and hence there exist an
open cylinder Uy C U centered at po, V C R% open, g : V — R % of class C*, such that for
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z e Uy

P@)eM <+ [fl@)=0 <= (zas1,...,2a) =g(z1,...,20).

(4) = (3): By (3) we have M NU = P(graph(g)), for some g : V. — R"~? where
V C R™ is open. So defining G(y) := (y,9(y))” we have M NU = (P o G)(V). Let y, be the
point such that (P oG)(y,) = po and can take G(y) := (Po@). It is immediate to verify that
DG, has maximal rank for all y € V' (in particular at the point y,, which is mapped to po).

(3) = (1): Given G: V — R", V C R? as in (3) we can pick n — d vectors vgy1,...v,
in R™ such that the matrix

(DGy, | Va1 | - | vn)

is invertible (i.e., has full rank).

Consider the map ® € C1(V x R"* R"™) given by

n
(Y1, syn) = FWr - ya) + D> Y5
j=d+1

Notice that D®,, o) is invertible by construction.
Then, by the Inverse function Theorem there is W C V x R" ¥ open containing (., 0),
U C R" open containing po = ®((o,0)) and ¥ : U — W of class C* such that

z=0(U(z)) = f(¥1(z),..., Va(@) + > T(x)v;.

j=d+1

Finally, since ®, ¥ are both injective it follows that

reMNU=fV)NU <<= VYg(x)=---=T,(zx)=0.

12.2.2 Some examples of submanifolds of R3

Sphere (5?) in R? The sphere S? in R? serves as a quintessential example of a submanifold

showcasing simple representation through implicit, parametric, and graphical forms.

e Implicit Form: In its implicit form, the sphere S? can be described as the set of points

(z,y,z) € R3 that satisfy the equation:
22 y? 2 =1

This equation represents the set of all points in R3 that are at a unit distance from the

origin, defining the sphere.
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e Parametric Form: A standard parametrization of the sphere is given

x = sin(0) cos(¢),
y = sin(6) sin(4),
z = cos(6),
where # € [0,7] is the polar angle and ¢ € [0,27) is the azimuthal angle. This

parametrization corresponds to the latitude and longidude coordinates used on the
Earth.

This form, however, does not cover the poles 8 = 0 and 0 = 7 with a single parameteriza-
tion due to the singularity at the poles. To fully cover S2, additional local parametriza-

tions these points need to be used.

e Graphical Form: For the upper hemisphere, the sphere can be graphically represented

z2=1/1—1a%—92,

for 22 + y?> < 1. This equation describes how the z-coordinate depends on z and

as:

y coordinates. However, this form only represents the upper hemisphere. The lower
hemisphere would similarly be represented by z = —m , indicating the need
for multiple functions to describe the entire surface. To cover all the surface with smooth
graphs, we must also introduce functions for the y and x coordinates as functions of the

other two variables. Specifically, we can use:

y=+vV1-—122—22

for portions of the sphere where y is the dependent variable, and

T =41—y2— 22

for parts of the sphere with = as the dependent variable. These representations allow us
to graphically depict the entire sphere by selecting the appropriate function based on

the region of interest, ensuring smoothness across all points on S2.

For the implicit representation 2245?22 = 1, the gradient vector, serving as the Jacobian

matrix for scalar functions, is derived from f(z,y,2) = 22 + y? + 22 — 1. The gradient is:

of

27 2x
Vf= a—zf; = |2

of 2z

0z

This gradient vector is non-zero everywhere on S2, ensuring that the Jacobian has maximal

rank (1 in this case) across the surface defined by f(z,y,z) = 0.
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For the parametric representation:

x = sin(0) cos(¢),
y = sin(0) sin(g),

z = cos(6),
the Jacobian matrix J is given by:
%f, % cos(f) cos(¢p) —sin(f)sin(¢)
J = % % = | cos(0)sin(¢p)  sin(f) cos(¢)
% g—; —sin(h) 0

To verify this matrix has maximal rank (2, since it’s a 3 X 2 matrix), consider the determinant

of a 2 x 2 submatrix, for example:

o cos(0) cos(¢) —sin(f)sin(¢) ol (g —
det ( cos(f)sin(¢)  sin(f) cos(o) ) (0) +sin“(0) =1,

which is non-zero for all § € (0,7), thus demonstrating the Jacobian has maximal rank for
almost all values of 6 and ¢, excluding the poles where other charts are necessary.

Torus (7?) in R3. A torus can be parametrically represented by:

x(u,v) = (R4 rcosv) cosu,
y(u,v) = (R + rcosv)sinu,

z(u,v) = rsinwv,

where u,v € [0,27), R is the distance from the center of the tube to the center of the torus,
and 7 is the radius of the tube.

The Jacobi matrix is:

—sin(u)(R + rcos(v)) —rsin(v) cos(u)
cos(u)(R + rcos(v))  —rsin(v)sin(u)
0 r cos(v)

Its rank is maximal (2) for all u,v.
Mobius Strip in R?. The Mobius strip is a so-called non-orientable surface that can be

parametrically represented as:

z(u,v) = (1 + gcos g) COS U,
y(u,v) = (1 + gcos g) sin u,
z(u,v) = %sin%,

where u € [0,27) and v € [—1,1].
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The Jacobi matrix is:

—sin(u) (14 $cos%) — Ysin ¥ cos(u) 3 cos % cos(u)

cos(u) (14 Scos%) — Zsin ¥sin(u) 3 cos % sin(u)

% CoS g5 0
Its rank is maximal (2).
Catenoid in R3. The catenoid is a so-called ‘minimal surface’. It can be represented in

parametric form by:

where u € [0,27) and v € R, with cosh denoting the hyperbolic cosine function.

The Jacobi matrix is.

—sin(u) cosh(v) cos(u) sinh(v)
cos(u) cosh(v)  sin(u)sinh(v)
0 1

It rank of is maximal (2) across all u,v.
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Multidimensional Integration

13.1 The Jordan measure in R"

In this section we introduce the Jordan measure and its first properties.

13.1. — The following notation will be useful throughout the section. If X C R" is a some

set 0 > 0 and a € R™ we will use the notations
oX +a or a+ o0X

to refer to the set {ox + a | x € X}. This is a compact way to refer to dilations and translations
of X:

Notice that with this notation we can operate with sets easily according to the usual rules
of sum and multiplication, and see what is the compounded effect of some dilations and

translation: for example, given g, ¢’ > 0 and a,a’ € R"™ we have

o(a+o0X)+d = (da+d)+ 00X

since this simply boils down to

{da+ox)+claeeX}={(da+d)+dox|veX}.
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DEFINITION 13.2: DYADIC CUBES, DYADIC SUBSETS, AND THEIR MEASURE

We call a subset of R™ of the form

Q=2P@+[0,1)"):= f[ [27Pa;,27P(a; + 1)),
i=1

for some a = (a1, as,...,a,) € Z" and p € N, dyadic cube of side length 277.

Any finite union (possibly empty) of dyadic cubes of the same side length is called
dyadic set of pixel size 27P. Notice that such set is determined by giving p, N € N
and an injective map a : {1,2,..., N} — ZF:

N
E=J2 % a(0) +[0,1)"). (13.1)
/=1

If Q is a dyadic cube of side length 2% we define its n-volume, denoted p, or p as
w(Q) := 27F" (we will check below that it is well-defined). Also if E is a dyadic set of
the form (13.1) we define p(E) := 27P"N.

By definition, the empty set, denoted &, is a dyadic set. It corresponds to N = 0 and

hence it has zero volume: (@) = 0.

LEMMA 13.3: DYADIC REFINEMENTS

Assume
N
E=J27%(a(®) +[0,1)",
(=1
for some a: {1,2,..., N} — Z" injective.

Then for every g > p we can decompose

2(g—p)n v
E= J 270 +[0,1)"),

(=1

for a suitable b: {1,2,..., 2(q_p)”N} — Z™ injective.

Proof. It easily follows from the decomposition

0,1)" = J {2—<q—P>(z +0,1)" |z € (ZN]o, zq—P))”} . (13.2)
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PROPOSITION 13.4: PROPERTIES OF L

Unions, intersections, and differences of dyadic sets (with possibly different pizel sizes)
are dyadic sets. (More precisely, if E and F are dyadic sets then also EUF, E\ F,
F\E, and ENF are).

The measure pu = pun, is well-defined over dyadic sets satisfies the following properties:
1. Additwity: W(EUF) = u(E) 4+ p(F) for all E, F dyadic and disjoint.
2. Normalization: u([0,1)") =1

3. Translation and scaling invariance: p(oE + 7) = o"u(E), for all E dyadic, o
belonging to 27PN for some p € N, and T belonging to 27PZ™ for some p € N;

Proof. First, we observe that the measure u(E) is well-defined: it does not depend on the
size of the pixel chosen to represent F. Indeed, if E is initially represented using pixels of
size 27P, and these pixels are further subdivided into smaller pixels of size 279 where ¢ > p,
then each original cube Q with side length 277 is divided into 2(¢=?)" smaller cubes Q; of
side length 279, as shown in (13.2). Consequently, the measure of @y, which is by definition

is 27P" equals the aggregate measure of the smaller cubes, given by

2(g—p)n

9—pn _ 2(!1*1’)" LTI — Z M(Qz)

=1

Hence, the measure u(FE) for the dyadic set E remains consistent, regardless of the chosen
pixel size for its representation.

By applying Lemma 13.3, we can adjust refine one of the two dyadic sets, if necessary, to
ensure both sets have the same pixel size, specifically by choosing the smaller pixel size from
the two. Consequently, we ascertain that the union and intersection of any two given dyadic
sets are themselves dyadic. Furthermore, the measure p exhibits additivity, which naturally
stems from counting the number of pixels in each set. The normalization of p is established
by its definitional properties.

To show the translation and rotation invariance we first consider the case E, = 27%(a +
[0,1)™). Then, for all m € N, p € N and b € Z" we have

0Fo + 7 =m2PE +27Pb = m27P27%(a +[0,1)") 4+ 27Pb = 2=+ (;mq + 29b + m[0,1)")

= U 27" %ma+2%+z+[0,1)")
z€Z"N[0,m)™

and hence

H(0Ex +7) = 27 PFOMALZT 1 [0, m)"} = 2P — gnna — gny(E).
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From this property for cubes we deduce the property for general dyadic sets using additiv-
ity: if E=J)_, 27%(a(¢) +[0,1)") then

N

oF + 1= U 27 (0a(t) + T0[0,1)")
/=1

and the union is disjoint. Therefore,

weE +71) = Z,u( ~*(0a() 4+ T0[0,1)" > Zg”Q‘k”—g,u(E)

13.5. — One can show (exercise) that p is the only measure (i.e., a map assigning to
each subset in a given collection a nonnegative real number) defined on the dyadic sets and

satisfying properties (1)-(3).

EXERCISE 13.6. — Show that, for two dyadic sets E; and Es, the measure of their union
is given by:
n(Ey U Ea) = p(Er) + p(Ez) — p(Ey N Es)

This formula ensures that the overlapping part of E; and Fs is not counted twice.
Show that, for V dyadic sets, the measure of their union is determined by the principle of

inclusion-exclusion:

N
(UE> > (=t > w(Ey N EyN ... 0 Ey)
k=1 1<i1 <io<...<ix <N

DEFINITION 13.7: JORDAN MEASURABLE SETS AND THEIR MEASURE

Given a set £ C R" let us define its inner and outer volumes as:
pin(E) = sup{u(F) | F C E, F dyadic set}

and
tout(E) = inf {u(F) | E C F, F dyadic set}

If pin(F) = powt(E) then we say that E is Jordan measurable. We then denote
pin(E) = prout(E) by u(E), un(E), or vol,(E).
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DEFINITION 13.8: JORDAN AND LEBESGUE NULL SETS

We say that E C R" is a Jordan null if p,,(E) = 0. Also, we say that E is Lebesgue
null if for all € > 0 exist countably many dyadic cubes @; (possibly with different side

sizes) such that

E cC U;Q; and Z,u(Qi) <e.

13.9. — Notice that by definition every Jordan null is jordan measurable (with zero volume)
and is also Lebesgue null.

Clearly, Jordan null sets must be bounded, but this is not the most crucial difference with
respect to Lebesgue null sets: Several bounded sets are Lebesgue null but not Jordan null.
For example F := Q™ N [0,1]™ is a bounded subset of R™ is Lebesgue null as Q™ is countable
so there exist a surjective map from f: N — Q™. For all : € N let ); be the dyadic cube of
side length 27V ~"=! that contains f(i). Then E C U;Q; but

o0

D_m@) =3 )

i=0
for all n > 1. Since taking N large we can make 27V < ¢, so E is indeed Lebesgue null.

LEMMA 13.10: COMPACT LEBESGUE NULL IS JORDAN NULL

If K C R" is and Lebesque null then it is also Jordan null.

Proof. Suppose K is a Lebesgue null set. For any given € > 0, it is possible to cover K with
finitely many dyadic cubes @; such that K C |72, @; and

3

oo
> oul@i) < 30
i=1

For each dyadic cube Q;, define @) as the open cube with the same center as @);, but with

each side length tripled. Explicitly, if Q; = 27%i(a;+[0,1)"), then Qf = Uneg-1,013n 27 i (a;+

h+[0,1)"). In particular we have pu(Q}) = 3"u(Q;).

Notice now that K is contained within the union of the interiors of these expanded cubes,

K C U2, int(QF). Given the compactness of K, a finite subcover can be selected, K C
N
Uez; @7, Thus,

N
> @) <e.
(=1

Therefore, by demonstrating that K can be covered by a finite collection of dyadic cubes
with a total measure less than any arbitrary e, we conclude that K is Jordan null.
O
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EXERCISE 13.11. — Prove that finite (respectively countable) unions of Jordan (respectively

Lebesgue) null sets are also null sets.

PROPOSITION 13.12: BOUNDED JORDAN MEASURABLE SETS

A bounded subset E of R™ is Jordan measurable if and only if E is bounded and OF is

a Lebesgue null set.

Before giving this proof we need three short lemmas.

LEMMA 13.13: MEASURE OF INTERIOR AND CLOSURE OF DYADIC SET

Let E be a dyadic set. Then its both its interior int(E) and closure E are Jordan
measurable and p(int(E)) = p(E) = u(E).

Proof. Assume E = Uévzl 27P(a(f)+[0,1)"), where a : {1,... N} — Z" is injective and p € N.
Given k > 2, Consider the dyadic sets

N
Fo=J U 27P(a(0) + 27 %h + 27F[0, 1)),
0=1he{1,2,..2k—1}n

and N
G=J U 27a®+2 "+ 27M0,0m,
¢=1he{0,1,2,...,2k}n
Then
Fcint(E)CECEFECQG.
But

,U«(Gk) — N(Qk + 1)n27kpn and ILL(F) — N(2k _ 1)n27kpn

Sending k — oo we have limy, p(Gy) = limg p(Fy) = 27P". This shows that both int(Q) and

Q@ are Jordan measurable and have the same measure as Q). O

LEMMA 13.14: A PIXEL IS EITHER INSIDE OR OUTSIDE A DYADIC SET

Suppose that Q is a dyadic cube of side length 27P and F is some dyadic set of pixel
size 27P then either Q C F or QN F = &.

Proof. By definition @ = 27P(a, +[0,1)") for some a, € Z™ and F' = Uévzl 27P(a(f)+[0,1)™)
with a : {1,..., N} — Z" is injective. So either a, belongs to the image of a, in which case
Q C F, or not, in which case QN F = @. O
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LEMMA 13.15: SANDWICH

If E C R™ is a subset and there are sequences of sets Fy, Gi such that F, C E C Gy,
such that limy, piout (Gg) — pin(E)) = 0 then E is Jordan measurable and

mu(E) = ir]if tout (Gr) = sgp tin (E). (13.3)

Proof. For all € > 0 the exist k € N and, ﬁ’k C F and ék D G}, dyadic sets such that
:uout(Gk’) - :uin(Fk) < 6/3
1(Gr) — piows(Gr) < €/3

pin(F1) — u(Fp) < €/3.

Hence, Fy C E C Gy and ,u(ék) — ,u(ﬁk) < ¢, and since € can be make arbitrarily small
this proves that the set is measurable. Also, (13.3) follows from u(Gy) < u(E) < u(Fy,). O

Proof of Proposition 13.12. Obersve first that the boundary OF of a bounded set is compact.
So the boundary is Lebesgue null if and only if it is Jordan null.

For any given p € N (large), put

Qp(a) :=2"P(a+10,1)"),

where a € Z™, and define
p—U{Qp | Qp(a) CE, a€Z"}

p*U{Qp | Qp(a) NE # 2, a € Z"}

Notice that
F,CcECG)

Moreover, by Lemma 13.14, F), the largest dyadic set of pixel size 277 contained in E; while
G, is the smallest dyadic set of pixel size 277 containing F.

Suppose first that JF is a Jordan null set and let us show that F is Jordan measurable.
Indeed, for each € > 0 there is p € N and H), dyadic with pixel size 277 such that

OF C H, and p(Hy) < e

But notice that G), \ Fj, C Hp. Indeed, if Q,(a) C G \ F), then Qp(a) contains simultane-
ously a point € E and a point y € R™ \ E. Then Q,(a) also contains the point

=(1—t )z +tyy where sup{te (0,1)|(l—t)x+tye E}.
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But z, belongs to OF being an accumulation point of both E'and R™\ E. Hence z, € Qp(a)NOE
and thus Qp(a) C I, (by Lemma 13.14).

Then, since p is additive on dyadic sets, we have

Mout(E) - ,U/in(E) < :U'(GP) - IU'(FP) < N(Hp) <€

Since € > 0 can be made arbitrarily small it follows that F is Jordan measurable.

To establish the converse implication, we notice that if £ is Jordan measurable, then there

exists p such that
w(Gp) — pu(Fp) < e

The only issue now to conclude that that OF is a nulls set, is that 0F may not be contained
in Gp \ Fp. (For example, when E = [0,1)" then F), = E and G, = @ for all p)

However, by Lemma 13.13, the int(F,) and G, are Jordan measureable and have the
same measure as F, and G, respectively. But OF C G, \ int(F,) and u(G, \ int(F},)) =

u(Gy) — pint(F)) < e
Since € > 0 can be made arbitrarily small it follows that OF is a Jordan null set. O

In order to proof the proposition we will need the following

LEMMA 13.16: LIPSCHITZ MAPS PRESERVE NULL SETS

Suppose that m < n, and let U C R™ open, E C U C R™ a Jordan null set (in R™,
i.e. with respect to the measure py,), and f : U — R"™ a is a Lipschitz map. Then
f(E) C R™ is also Jordan null

Proof. Since p(E) = 0, given € > 0 exist disjoint dyadic cubes Qg := 27P(a(f)+[0,1)™) C R™
covering E such that S0 | i (Qi) < €.
If A is the Lipschitz constant of f then for all x € Q; N U we have

() = f(27Pa(0))] < Alz —27Pa(f)] < VnA27P,

where A is the Lipchitz constant of f (in U).

Hence, fixing pg > 1 (depending only on n and A) so that v/n(A+1) < 2P0 and picking y, €
27PZ" such that y, € f(2Pa(l)) + 277[0,1)", we obtain f(Q,NU) C Qy := yg + 2770, 1)"
(Indeed, for all z € Q,NU we have |f(z)—ye| < |f(z)—f(27Pa(l))|+/n27P < /n(A+1)27P))

Hence,
N ~
f(B) cJQ
(=1
But notice that each @g is a union of dyadic cubes of R™ and

N
pin(Qp) < N2WomPIm —< NgPong=pm — 9p0n N " 1y (Qy) < 2P,
(=1

11
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Hence, since € > 0 can be made arbitrarily small we conclude that f(F) is a null set (in
R™). O

LEMMA 13.17: GRAPHS OF UNIFORMLY CONTINUOUS MAPS ARE NULL

Suppose that E C R™ is a bounded set and f : E — R is a uniformly continuous map
(i.e., for all e > 0 exists 6 > 0 such that |x—2'| < 0, v,2' € A = |f(z)— f(2")] < ¢).
Then, {(z, f(x)) | x € E} C R*"! is Jordan null.

Proof. Since E is bounded we have E C [—N,, N,)", for some N, € N.

Fix e = 279 > 0, where ¢ € N. Since f is uniformly continuous in E, there exists § > 0
such that if x,2’ € A are such that |z — 2| < d, then |f(z) — f(2’)] < € Take p € N such that
/n27P < §. Assume without loss of generality that p > ¢.

We can then cover E by (a number N < (2PTIN,)" of) disjoint union of cubes Q; =
27P(a(f) + [0,1)™), where a(f) € Z™. We can assume that each cube (), has nonempty
intersection with E. For each ¢, let x, be some point belonging to £ N Q, and let by € Z be
such that f(zy) € 279(by + [0, 1)).

Then, for all x € EN Qg we have

[f (@) = 27%| < [f(z) — flze)| + [ f(2e) — 27Pby| <2277,

where we used that |z — z¢| < /n27P for all x € Q¢ (and that \/n27P < §).

Therefore,

N
{(, f(@)) |z € B} C F:=J Qe x 27[be — 2,b, +2)
=1

Now, for each ¢, the ‘vertical column above Q,’, Q¢ x 279[by — 2, by, +2), can be written as:

U 27%((an k) + [0,1)").

—22P—a< <2201

That is, this ‘vertical columm above @’ is the union of 42P~¢ cubes of side length 277 in
R™*1 the set F is dyadic and

fins1 (F) = AN2P~927PPHL — 4(2N,)"279 < 4(2N,)".

Sending € — 0 we obtain that the graph of f is Jordan null. O
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THEOREM 13.18: FIRST PROPERTIES OF THE JORDAN MEASURE

The Jordan measure p = voly,, defined over all Jordan measurable sets E C R™ satisfies

the following properties.

1. Additivity: If E, F are Jordan measurable EUF, ENF, E\ F and F\ E are
Jordan measurable. Moreover, if E and F are disjoint: W(EUF) = p(E)Up(F).

2. Normalization: vol,([0,1)") =1

3. Volume of boxes: if
E= [alabl) X [(12,b2) X X [anabn)v

with by > a; for 1 <i <n then u(E) = (b1 —a1)(ba —az) - (bn — an).

Proof. The boundary of any of the four sets EUF, ENF, E\ F and F \ E is a subset
of OE U OF (exercise). If E, F are Jordan measurable then OF and OF are Jordan null, by
Lemma 13.12, and hence their union and the boundaries of the previous four sets are Jordan
null. Hence, using Lemma 13.12 again each of the previous four sets is Jordan measurable.

Now assume that F,, F» are Jordan measurable and disjoint. For any given € > 0 there
are dyadic sets Fj, G; such that

F; <E; <G, p(Fy) < p(E;) < p(Gi) < u(F;) +e.

But then
FiUF, C FitUEy C GL UG,

and Fy, Fy are disjoint. Thus,

p(ELU Ey) > p(F1) 4 p(Fa) 2 p(Er) — e+ pn(E2) — €

and
p(Er U Ep) < p(Gr) + p(G2) < p(Er) + e+ p(Es) +e.

Therefore,
—2e < M(El) -+ ,U,(EQ) — M(El U EQ) < 2e.

Sending € — 0 we conclude that additivity property u(E1) + u(E2) — u(E1 U Ey) = 0.
Finally suppose that

E = [al,bl) X [CLQ,bQ) X X [an,bn),
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with b; > a; for 1 < i < n. For t € R, recall that the floor and ceiling of ¢ are respectively
defined as:

|t] =max{ke€Z|k <t} and [t] =min{k € Z |k >1t}.
Given p € N let us define
|t]p, :=27P|2Pt], and [t]p == 27P[2Pt],.

For given p € N consider the two dyadic sets

Fy = [T [TaiTy: [0:1y)

and

Gy = H [Lailp, [bilp,)-

Then, F, C E C G, and (for p large enough so that 277 < min;(b; — a;))

n

[T - ai — 2'7) < u(F) < u(E) < u(Gy) < [[ 0 - ai +2"7).
i=1 i=1

Sending p — oo we conclude pu(E) = [ (bi — a;). O

EXERCISE 13.19. — Prove that if f : R®™ — R" is a continuous map with continuous inverse

then for every set E C R™ we have f(E) = f(E), f(int(E)) = int(f(F)) and f(OF) = 0f(E).

LEMMA 13.20: TRANSLATION AND DILATION INVARIANCE

For all E Jordan measurable, 0 > 0 and 7 € R™, oE + 7 is also Jordan measurable and
u(oE + 1) = 0" u(E)

Proof. Since the map = + ox + 7 is Lipschitz and 0(¢F + 7) = 00FE + 7 we obtain, using
Lemma 13.12 that oFE + 7 is Jordan measurable.

Now, putting @, := 27P[0,1)" the formula for the measure of boxes implies that p(oQ, +
7) = p([0,027P|") = (027P)" = o"u(Q,) for every translation 7 € R™ and dilation factor
0 > 0. Then, since p is additive, pu(oF + 7) = o"u(F) for all F' dyadic (since F' is, by
definition, a disjoint union of dyadic cubes).

Finally, for all £ Jordan measurable, given € > 0 there exist dyadic sets F, and G, such
that F, C E C Ge and u(Fe) < p(F) < u(Ge) < u(Fe) + €. But then (oF. +7) C (0E+ 1) C
(0Ge+7) and thus o"u(Fe) = p(eFe+7) < p(eE+7) < p(0Ge+71) = 0"u(Ge) < 0" (u(Fe)+e).
Sending € — 0 (since p(Fe) — u(E)) we conclude that p(oF + 7) = 0" u(E). O
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PROPOSITION 13.21: AFFINE TRANSFORMATIONS

Given some invertible linear map L : R" — R™. If a set E C R™ is Jordan measurable

then so is its tmage under L, which we denote LE. Moreover there exist a positive
factor A\(L) such that

w(LE) = NL)u(E) for all E Jordan measurable.

Proof of Proposition 13.21. By the exact same argument as in Lemma 13.20. If £ C R" is
Jordan measurable the L(E) is also Jordan measurable (since L is Lipschitz).

Let Q, := [0,27P)". We know that L(Q) is measurable. Since L~! is Lipchitz and
maps L(Qo) to Qo (and u(Qp) = 1 > 0) the set L(Qp) cannot be a null set. Let us put
A(L) = p(L(Qo)) >0

Now since L is linear it follows that L(Qp+a) = 27PL(Qo) + L(a). But then by the scaling
and tranlation invariance of p we obtain p(Qp + a) = 27P"A(L).

But then using the additivity of y we deduce that for all F' dyadic

Finally, the validity previous formula is extended to every Jordan measurable set exactly

as in the proof of Lemma 13.20. O

PROPOSITION 13.22: THE FACTOR IS THE DETERMINANT

For every invertible linear map L : R™ — R™ we have A(L) = | det L|

The proof of Proposition 13.22 uses the following three lemmas.

LEMMA 13.23: THE FACTOR FOR SPECIAL STRETCHINGS

Given A1, ..., A\, given positive real numbers, consider the ’special stretching’ (affine

transformation) Sx = (M1, ... Anxy). Then X(S) = [[;—\i)

Proof. Tt is an immediate consequence of the formula of the volume of boxes. O

LEMMA 13.24: BALLS ARE JORDAN MEASURABLE

The unit ball B1(0) C R™ is Jordan measurable.

Proof. The boundary of the ball is covered by the union of the two graphs

xn:f(xla”'axnfl) I’n:*f(,fl?l,...,l’n,l)

where

f(fUla--wxnfl) = \/1_ ($%+'-'—|—ZL‘%_1),

is uniformly continuous in the closed unit ball of R?~!.
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Hence, using Lemma 13.17 we obtain, 0B;(0) is a null set and thus, by Lemma 13.12 we
obtain that B;(0) is Jordan measurable. O

The next result is a standard consequence of the Spectral Theorem (11.9)

LEMMA 13.25: POLAR DECOMPOSITION

Let L : R™ — R™ an invertible linear map, i.e., an invertible n X n matriz with real

entries acting on vectors). Then L admits the factorization
L = RySR;,

where R; are n x n orthogonal matrices (i.e., R?Ri =1,) and S is a diagonal matriz

with positive entries.

Proof. Notice that the matrix A = LT L is symmetric and nonnegative definite (since v7 Av =
|Lv|? > 0 for all v € R™). Thus, applying the Spectral Theorem to A we obtain O7 AO = D,
where D = diag(A\?, ..., \2) is a diagonal matrix with nonnegative entries and O is orthogonal.
Since L is invertible the entries of D must be all positive.

Define then S := diag(|A1],...,|\n|) and notice that S? = D. We thus find OT AO = S?
and thus ST'OTLTLOS™ =1,. But since S~' = (S™1)T (because S and S~! are diagonal)
we have shown (LOS™Y)TLOS™' = I,,. In other words LOS™' is an orthogonal matrix.
Hence, LOS™! =: Ry, is orthogonal. Thus, L = R2SOT, and the lemma follows putting
Ry =0T, O

Proof of Proposition 15.22. By Lemma 13.25 we have that L = Ry SR, where S is an special
stretching and R; are orthogonal matrices (i.e., rotations and symmetries). Since rotations
leave the unit ball invariant we have pu(B1) = u(R;B1) = AM(R;)u(B1) and hence A\(R;) = 1.
On the other hand, it is an immediate consequence of the defining property of A that it must

be clearly multiplicative:
)\(LQ e} Ll) = )\(LQ)A(Ll)

(Indeed for all E Jordan measurable, A\(Lg o L1)u(E) = p((La o L1)(E)) = u((L2(L1(E))) =
A(La)u(L1(E)) = N2)ML1)u(E).)

Hence, )\(L) = )\(RQSRl) = )\(RQ))\(S))\(Rl) =)\S = ]detS|

Since orthogonal matrices have absolute value of determinant equal to one, and the deter-

minant is also multiplicative, |detS| = |detReSR1| = |detL| and the lemma follows. O

COROLLARY 13.26: ISOTROPY OF THE VOLUME

For all E Jordan measurable and R othogonal u(RE) = u(E). In other words, p is

mwvariant by rotations and reflections.
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13.2 Riemann integral, change of variables formula

We next define the Riemann integral for real functions of several variables.

First we define the characteristic functions of a set in R™.

DEFINITION 13.27: CHARACTERISTIC FUNCTION OF A SET

Given A C R” the characteristic function of A, that we will denote 14;R"™ — R is

the function defined as:

1 fxe A

1a(z) =
0 ifzeR"\ A

DEFINITION 13.28: DYADIC STEP FUNCTIONS AND THEIR INTEGRAL

We say that a function g : R®™ — R is a dyadic step function if for some p, N € N and
a:{l,...,N} — Z" injective and b : {1,..., N} — Z we have

N
g(x) = 27Pb(0)1g, (aa) (@),
-1

where we use the notation Q,(a) := 27P(a + [0,1)") for dyadic cubes.
If g : R™ — R is a dyadic step function we define its integral, denoted [ g as:

N N
J9=>27Pb(0)un(Qpla(t))) = 277> " 27Ph(L))
/=1 /=1

Cancelled.
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DEFINITION 13.29: RIEMANN INTEGRABLE FUNCTIONS AND THEIR INTEGRAL

Let A C R™ be subset and f: A — R be a function.

We say that f is Riemann integrable over A if lower and upper sums, defined as
Iow(f, A) := sup {/g | g : R™ — R dyadic step function such that g < flA}
and
Lip(f, A) :=inf {/h | h: R™ — R dyadic step function such that h > flA} ,

coincide.

The common value is termed the integral of f over A, denoted by [, f.

To explicitly indicate the variables of integration, we use notations like [ 4 f(x)de
or [, f(y)dy, where dz = dx1 ...dx, and dy = dy; ...dyy, respectively. To explicitly
indicate that the reference measure to define the integral is the Jordan measure, denoted

It; fin, or vol, we will sometimes write [, fdu, [, fdpn, or [, fdvol,

LEMMA 13.30: FIRST PROPERTIES OF THE RIEMANN INTEGRAL

If A is Jordan measurable and ¢ : A — R is a constant function then it is Riemann
integrable and [, ¢ = cun(A).
Also if, f1,fo : A — R are Riemann integrable and ci,co € R then c1fi + cofa if

Riemann integrable and:

/A(le1+02f2)261/Af1+02/Af2-

Proof. For the first part of the lemma notice that if F is Jordan measurable then given € > 0
the exists dyadic sets G), C E and Hy, D E such that u(Gp) < p(E,) < p(Hp) < p(Gp) < e.

Then the step function g := |c|,1g, and h := [c],1g, satisfy g < clg, h > clg, and
Jg<cu(E)< [h< [g+ce+27P. Sending € — 0 and p — co we obtain that (I) = (II) =
cu(E).

For the linearity property, given that f; and fo are Riemann integrable over A, and ¢y, co
are constants, the function (¢ f1 + ca2f2)14 can be approximated (by below and by above) by
linear combinations of dyadic step functions approximating f; and fs. Since by definition the

integral is linear over step functions we conclude. The details are left to the reader. O
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DEFINITION 13.31: POSITIVE AND NEGATIVE PARTS OF A FUNCTION

If X isaset and f: X — R is a function, we define the positive part f*: X — [0, +0c0)
and negative part f~ : X — [0,+00) of f as:

fH(x) := max(f(z),0), f~(z) := max(—f(x),0) r e X.

Notice that we can write f = f+ — f~.

LEMMA 13.32: ALL BOILS DOWN TO INTEGRATING NONNEGATIVE FUNCTIONS

Given A C R"™, a function f: A — R is Riemann integrable (over A) if and only if f+

a f~ are. Moreover:
Jo=h =l

Proof. Left as an exercise. O

LEMMA 13.33: RIEMANN INTEGRAL AS JORDAN MEASURE

Let A C R™ be a set. A function f: A — [0,00) is Riemann integrable if and only if
the hypograph

CA(f) ={(z,y) eR" xR |z e A, 0<y< f(x)}

is Jordan measurable in R™"1.

In such case:

/ £ = ts1 (T alf)).
A

Proof. The lemma follows easily from the following observation: Given any dyadic step func-

tions

N
g(x) =Y 27Pb(0)1g, (au) (@),
/=1
such that g < f; then the dyadic set
G=J{2 (@), k) +[0,)") [1<L< N, 0< k< b(0)}

is contained in T'(f) and satisfies pn+1(G) = [ g.
Similarly, given any dyadic step function h such that f < h we have an associated dyadic
set H containing I'4(f) and such that 41 (H) = [ h. O

COROLLARY 13.34: INTEGRABILITY OF UNIFORMLY CONTINUOUS FUNCTIONS

Suppose that E C R™ is a Jordan measurable set and f : E — [0,00) is a continuous

function. Then, f is Riemann integrable over E.
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Proof. Since E Jordan measurable it is bounded. Hence its closure E is compact. Therefore

f is a continuous function on a compact set, hence it is bounded and uniformly continuous.
Let C := max 5 f().
Lemma 13.17 implies that

Ay :={(z,y) eR"xR|z € E, y= f(z)}
is Jordan null in R"*1. And the set
Ay :={(z,0) eR" xR |z € E}

is also Jordan null in R™t!,

Finally, using that OF is Jordan null in R" is is not difficult to show that the set
As:={(z,y) eR" xR |z €9E, 0<y < (C}

is also Jordan null in R™™! (left as an exercise).
Now since,
8I‘E(f) C At UAy U As

we conclude that OI'(f) is Jordan null and hence T'(f) is Jordan measurable or, equivalently,

f is Riemann integrable. O
We now give the change of variables formula

THEOREM 13.35: CHANGE OF VARIABLES FORMULA

Suppose that U,V C R™ are open sets and ® : U — V be a C' diffeomorphism.
Then, if A C U is a Jordan measurable set with A C U and f : A — [0,+00) is a

continuous function then

B F(@ ()
IRCES A(m et Ja (@ (g))] (13-4)

where |det J®(x)| is the absolute value of the determinant of the Jacobi matriz of ® at
zeU.

Proof. Since ® € C1(U,R") we have that @ is locally Lipschitz continuous.

Let us show that ®(A4) = ®(A) is Jordan measurable.

Indeed, since A is Jordan measurable so is the compact set A (they have the same bound-

ary). Now, since ® is locally Lipchitz continuous for every x € A there is r, > 0 such that
f1B,, (z) 1s Lipchitz continuous. But since the collection of open balls { B, () | € A} is an
open cover of A we can extract a finite subcover By, (1), ... Bry(zn).

Now since u(0A) = 0 we have p(0A N By, (z;)) =0 for all i = 1,..., N and hence ®(0AN
By, (x;)) = 0 being the Lipchitz image of a Jordan null set.
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But then since, 0®(A) = ®(0A) = Uf\;l ®(0AN By, (x;)) we obtain that 0®(A) is Jordan
null and hence ®(A) is Jordan measurable.
Therefore by Corollary 13.34 the integrals at the two sides of (13.4) are well-defined Rie-

mann integrals.

For p € N and ¢ € (0,1/2) define
Qps :=27P[5,1—0]".

Now, a key part of the proof is to show that for any given § > 0 (small) there exists ps € N
such that for every p > ps and 2, € A we have

(1—28)"277"|det JB(xo)| = p( Dy, (@) < p(B(we +[0.277)")  (13.5)

and
sup {|det J®(z)| | # € zo + [0,27P)"} < (1 + 6)| det JP(z)|. (13.6)

We notice that the equality in (13.5) follows from (13.22). To establish the inequality we
will show that
(®(20) + DPs, (Qp)) C B0 +[0,277)")

Similarly to the proof of the Inverse Function Theorem (IFT), for every A > 0 (small)
there exists ry > 0 such that for all z, € A that the map

Uy, (h) = &1 (®(zo) + DOy, (h)) — o
satisfies that W, — Id is A-Lipchitz for h € By, (0). Indeed, by the chain rule we have
D(Vy, —1d)o =0
and hence, reasoning exactly as in the proof of IFT, given A > 0 there is 7y > 0 such that
V., —Id is A-Lipschitz for h € B, (0).

The fact that r) > 0 can be chosen independent of z, is a consequence of the compactness
of A —one can use similar argument to the proof of Proposition 9.78 (‘Continuous function
in compact is uniformly continuous’).

Since ¥, (0) =0 for h € Q5 C B;, we have

o () = B]| < AJB| < M/n2P

Therefore, given 6 > 0 we can choose A such that \\/n < § and ps such that 2775 < ry so
that
Vo, (Qps) C [0,27P)" for all p > ps.
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That is:
o ((I)(xo) + Dy, (Qp,é)) C [0,27P)" 4+ z,for all p > ps.

Applying ® both sides we conclude (13.5).
On the other hand (13.6) follows from the fact that |det J®(x)| is positive (since @ is a

diffeomorphism) and uniformly continuous on the compact set A. Indeed, we have

c:= inf |det J®(z)| > 0
€A

and then by uniform continuity for every § > 0 exist r5 > 0 such that for all z, € A we have
|| det J®(z)| — | det J®(z,)|| < dc for x € Byy(x,) N A
and hence
|det J®(z)| < |det J®(zo)| + dc < (14 0)|det J®(xo)] for x € By, (o) N A.

Suppose now that g : R” — R is a dyadic step function approximating f1 4 by below. More
precisely, given € > 0 let g = Zévzl gelg, where Q¢ =27P(a(¢)+[0,1)"),a: {1,...,N} = Z"
injective, satisfies g < f14 in all of R™ and [, f —e < [ g. Put x4 := 27Pa(().

Finally, combining (13.5)-blabla2 we obtain:

—p\n\ 9—pn 140 —pyn
sup {|det JO(z)| | € zo + [0,27P)"} 277" < my(@(xo +[0,277)™))
for all z, € A, provided p > p;.
Therefore, observing

< inf = inf o1
ge_xlenQef(x) yegl@z)f( ()

we obtain:

N
/f—e§/922952_”p
A =1

N

B R L ),
< (1—26)n ;ygp(Qe) | det JR(2~1(y))|

1+ f(@H(y)
= -2 /1>(A) | et J‘P(q)‘l(y))!dy

1(®(Qe))

Since € and 0 can be made arbitrarily small (by taking p large enough), we obtain:

f(@ ()
/Af = /I)(A) |det JO(2~1(y))| a.
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This inequality also holds with A, f, and ® replaced by A = ®(A), N( ) = ﬁ,
and & = ®~ ! yielding: .
~ d-1
/~f < /~ e @) (13.7)
A 3(A) | det JO(P~1(x))]

However, considering the definitions of fand EJ, we perform the computation:

. f(@~ (P~} (2))) flz
f(@(x) TdetJo@1@'(x)] \det543( )]
|

|det JO(D-1(z))|  |det JB(D-1(z))| |det J(@1)(®(x))]

= f(z)

because 1 (z) = ®(x) and det J®(z) det J(®1)(P(z)) = 1 (since (J®)(z) = J(1)(D(z))).

Therefore, the (13.7) can be rewritten as:

= F(@\y f(@ (@
[F=[ dow) ( st
i o(4) | det JO(1(y))| A) | det JB (D
This establishes the equality (13.4) and hence the theorem. O
EXERCISE 13.36. — Prove the following equivalent version of the change of variables for-

mula: If ¥ : V — U is a diffeomorphism, f : U — R a continuous function and A C U a

compact Jordan measurable subset, then:

/jmmz/ £ ()] det JU(y)] dy.
A -1(4)

13.3 Fubini Theorem, differentiation under the integral sign

We next give the Fubini Theorem
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THEOREM 13.37: SLICING FORMULA (OR CAVALIERI’S PRINCIPLE)

Suppose that E C R"™1 x (—=C,C) C R" is a Jordan measurable set. For y € R let the
‘slice’ Sy(E) C R™™! be defined as:

Sy(E):={z e R" | (z,y) € E}.
Then functions

oY) == pnin(Sy(E))  and  ¥(y) := pinout(Sy(E)),

which satisfy 0 < ¢ < Y are both Riemann integrable in R and

C C
/ o(y) dy = / D(y) dy = pns1(E):
—C

—C

Proof. Since E is Jordan measurable, for any € > 0 there p € N and G, H), dyadic with pixel
size 277 such that G, C E C Hp and in(Gp) < pin(E) < pn(Hp) < pn(Gp) + €.

Notice that for all y € R the sets S,(G) and S, (H) are dyadic (also with pixel size 277)
and satisfy Sy(G) C Sy(E) C Sy(H).

Notice also that the sets Sy(G) and Sy (H) remain constant for y within intervals of the fo
y € 27P[k,k+ 1), for all k € Z.

Hence the functions

9p(Y) = pn—1(Sy(G)) and hy(y) = pn-1(Sy(H))

are dyadic step functions in R. Notice also that

/Rgp = pn(Gp)  and /th = fin(Hp).

Indeed, as stated above, within each interval y € 27P[k, k + 1), the function g,(y) remains
constant. It is calculated as 27P("~1) times the number of n-dimensional cubes in G, that
intersect the hyperplane {z € R" | z,, = t}. As t varies, this hyperplane effectively sweeps
through all the cubes within G,. Within this setup, the identity p,(Gp) = fR gp amounts to
an elementary discrete counting argument: that the total number of cubes in G,, is equal to
the sum, across all vertical levels, of the number of cubes at each level. A similar argument
applies to hy.

Since Sy(G) C Sy(E) C Sy(H) we have

9p(Y) < P(Y) = pin,in(Sy(E)) < fin,out(Sy(E)) = 1(y) < hp(y)
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for all y € R and therefore:

[ 90 < ol (-C.0)) < gl (-C.O) < [y = [ g+

and

/gp S Ilow(wy (—C, C)) S Iup(wa (_07 C)) S /hp S /gp + €.

Since € > 0 can be made arbitrarily small by taking p — oo (and using that [g, =
tn+1(Gp) converges to fin11(E)) it follows that both ¢ and 1 are Riemann integrable with

/_Z@Z/_zwzunﬂ(E)

as claimed. O
With a similar proof we have

THEOREM 13.38: SLICING FORMULA FOR FUNCTIONS (FUBINI)

Suppose A C R™ is a bounded subset, i.e. A C (—C,C) for some C, and that f : A — R
1s Riemann integrable function. Let f: (=C,C)" — R be defined as f: fla. For a
gwen i € {1,2,...,n} and y € R, define the ‘slice’ f;, R™ 1 = R as follows:

fi,y(x17 e 73771—1) = f(x:b e 7xi—17y7xi7 e ,.Tn_l),

where y is inserted in the i-th position of the function argument, replacing the i-th
variable. Then functions

P(y) = Dow(figy, (=C,C)"™")  and  P(y) = Lup(fiy, (=C,C)" 1),

which satisfy p < 1, are both Riemann integrable (in R) and

/Z@(y)dyz/z¢(y)dy=Af-

Proof. Is a variation of the proof of Theorem 13.37. Left to the interested reader. O
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THEOREM 13.39: FUBINI IN BOXES

Suppose that f : K — [0,00) is a continuous function in the compact box
K = [al,bl] X [ag,bg] X X [an,bn].

Then,

/Kf(:n)dx:/abn </ab1 </b2< : f(ml,xg,...,mn)d:vl)d:ng---dazn1>d$n>

n =1 a2
bn bn_1 b2 by

_ / / / F(@1, 22, ..., 2n)dz1dEs - - dTn_1dTs.
an Qp— az ai

1

Moreover, we can integrate with respect to the different variables in any order: For any

permutation o of {1,2,...,n}, we have:

bo(n) bo2) [bo(1)
/ e / / f(@1,22, - 8n) 025(1) 80 (3) - - ATo(n)-

Qo (n) Go(2) ¥ o(1)

Proof. It follows applying n times the slicing formula for functions, each time in one dimension

less. O

13.40. — Observe that in the Slicing formula we have used the variable x,,41 to slice just for
convenience, but we could have sliced in any other direction z;. Indeed, if P is a permutation
of the coordinates then we can apply our slicing results to f = f o P after noticing that
JpiyfoP=[,P.

As a consequence in Fubini’s Theorem the order in which we perfom the integrations is
irrelevant. For example if f = f(z1, 22, 23) is a continuous function in [a1, b1] X [ag, b2] X [as, b3]

then
b3 b2 b1 b2 bl b3
/ / f($1,$2,l’3)d$1dx2dx3 = / / f(xl,l‘g,ltg)dlbgd.%’ldl‘Q
as as al a2 al as

by b b3
S / / f(z1, x9, x3)drsdrodr;
al ag as

Another very useful result is the following
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THEOREM 13.41: DIFFERENTIATION UNDER THE INTEGRAL SIGN

Suppose that U C R™ x R is open and that f € CY(U). Let K C R"™ be compact and
Jordan measurable and suppose that K x [—a,b] C U for some a < b. Then fory € (a,b)
the function

i /K f(z,y)de

is continuously differentiable in (a,b) and

d 0
- /K A= /K 5o @)z,

Proof. Fix y € (a,b) and let A > 0 be small enough so that y + h € (a,b). The function
8% f(x,y) is continuous and hence uniformly continuous in the compact K x [a, b].

On the other hand, by the Intermediate Value Theorem we have f(x,y + h) — f(z,y) =
a%f(x, ,y,n) for some &, o 5 in the interval joining y and y + h.

Thus, for any given € > 0 exists § > 0 such that if 0 < |h| < ¢ and x € K we have,

xT, h - Z, 8 8 8
‘f( AL y)_8yf<m,y)‘—layﬂx,fx,y,h)—ayf(x,y) <e

Then, using the linearity of the integral

([t nae [ )= [ LErEnZIen g

but

<

‘/K / dx /Kayﬂ W)

f(x,y+h)—f(:1:,y) 9

(13.9)

dzx < epn(K)

Sending h (and also hence 6, €) to zero we find

: flz,y+h) = f(z,
;IZIE%)/K h

y) dr = /K aayf(x, y)dx

But then in view of (13.8) we obtain that d% [ f(z,y) exists and equals [} %f(x, y)dz.
That the function y — [ 8% f(z,y)dz is continuous follows from (13.9). O

EXERCISE 13.42. — Show that Theorem 13.41 still holds (with the same proof) if we replace
the assumption f € C'(U) by the assumption that Oy f exists and is continuous in U.
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13.4 Examples: Change of variables and Fubini in practice

Integrals polar coordinates in R?

Cartesian coordinates (%) and polar coordinates (r,6) in R? are related by the transforma-
tion:

x=rcosf, y=rsinf, 6¢cl0,2r), r>0,

in other words
(z,y) = ¥(r,0) := (rcos,rsinb).

The Jacobian matrix of this transformation is

0 —rsind
Tooar = JU(r, 0) = [cos rsin ] 7

sinf rcos@

and the determinant of this Jacobian matrix is:

det(Jpolar) =7

EXAMPLE 13.43. — To compute the integral of the function (x,y) — e~*"~%" in the ball

of radius oneB; C R? we notice that that the set ¥ is a diffeomorphism when restricted to
V :=(0,27) x (0,1)) and that U := ¥((0,27) x (0,1)) is such that By \ U is a null set.

Hence the change of variables formula gives

/ e_xZ_dexdy _ / e_x2_y2d$dy _/ e—(rcos0)?—(rsin6)? . 7. 10
B1 U 14

1opom IR
= / / e "rdr = 7T/ e " 2rdr =7m(1—e1).
0 JO 0

Integrals in Spherical Coordinates in R3

Cartesian coordinates (z,y,z) and spherical coordinates (r,¢,6) in R? are related by the
transformation:

r=rsin¢cosf, y=rsingsinf, z=rcosq.
The Jacobian matrix of this transformation is:

singcosf rcos¢pcost —rsingsinb
Jspherical = |sin¢sinf  rcos¢sinf  rsingcosf |,
cos ¢ —rsin ¢ 0

and the determinant of this Jacobian matrix is:

det(Jspherical) = p° sin ¢.
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EXAMPLE 13.44. — To compute the volume of a sphere of radius R, we integrate in spherical
2r  prm R 4
Volume = / / / p’sinpdpdpdd = —mR3.
o Jo Jo 3

Cylindrical Coordinates in R?

coordinates:

Cylindrical coordinates are a generalization of polar coordinates to three dimensions where
a point in space is represented by (r,0,z). Here, r and 6 have the same interpretation as
in polar coordinates, representing the radial distance from the origin and the angle from a
reference direction in the plane, respectively, while z represents the height above the plane.

The transformation from Cartesian coordinates (z,y, z) to cylindrical coordinates is given
by:

xr=rcos, y=rsinfh, z=z.
The Jacobian matrix for this transformation is:

cos) —rsinf 0
Jeylindrical = |sinf  rcosf 0],
0 0 1

and the determinant of this Jacobian matrix is:

det(chlindrical) =T

In cylindrical coordinates, the volume element is r dr df dz, which is used for integrating

functions over a volume in R3.

ExaMPLE 13.45. — To compute the volume of a right circular cone in cylindrical coordi-

nates, consider a cone with height h and base radius R. The cone is parametrized as follows:
h
0<r<R, 0<60<2m, nggﬁr.

The volume element in cylindrical coordinates is r dr df dz, so the volume V of the cone can

be computed by the integral:

27 R %r
Volume = / / / rdzdrdf.
0 o Jo

First, integrate with respect to z:

27 R h h 2 R 9
Volume :/ / r [r] dr df = / / r°drdf.
0 0 R R Jy 0
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Next, integrate with respect to r:

B2 o f h [?"1 h 1
Vol = — 3 do == “R3df = — - —R3 . 2r.
olume /O |:3T‘:|0 /0 3 3 s

which is the classical formula for the volume of a cone.

Volume Computation of a Torus

Consider a torus with a major radius R and a minor radius . To compute the volume, we
parametrize the torus and calculate the Jacobian determinant for the transformation from
toroidal to Cartesian coordinates.

The torus can be parametrized by:

x = (R4 pcosf)cosp,
y = (R+ pcosf)sin,

z = psinf,

where 0 < p <7, 0<6 <27, and 0 < ¢ < 27.
To transform from toroidal coordinates (p, 0, ¢) to Cartesian coordinates (z,y, z), we com-
pute the Jacobian determinant. The partial derivatives of x,y, z with respect to p, 0, ¢ form

the Jacobian matrix:

%ﬁ % g% cosfcosyp —psinfcosp —(R+ pcos)sinp
J = g—z % g—g = | cosfsing —psinfsing (R+ pcosh)cose
%Z % 37'; sin 0 pcosf 0

The Jacobian determinant |det J| is then computed as:
|det J| = p ((R + pcosB)(cos® 0 + sin® 0))
= p(R+ pcosb).

Using this Jacobian, the volume of the torus is given by integrating over the parametric

domain:

2T 2w pr
Volume = / / / p(R+ pcos®)dpdfde.
0 0 0
First, we solve the integral with respect to p:
T T
/ p(R+ pcosf)dp = / (Rp + p? cos ) dp.
0 0
This evaluates to

1 1 "1 1
[QRp2 + gpg cos 9} ; = iRTQ + 51"3 cosf.
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Now, integrate with respect to 6:

S TP 2
—Rr“ 4+ -r°cosf | dd = wRr*,
0 2 3

because the integral of cosf over one period is 0.

Finally, integrate with respect to ¢:
2
/ nRr?dyp = 21 Rr?.
0
Thus, the volume of the torus is 272 Rr2.

13.5 Improper integrals: definition and examples

DEFINITION 13.46:

Suppose that U C R” is open and f € C(U) is nonnegative. We define the improper
integral of f over U as fU f as

sup { / f | K compact, Jordan measurable, and contained in U } .
K
Notice that fU f is always well-defined, although it can be +ooc.

LEMMA 13.47: IMPROPER INTEGRALS AS LIMITS

Suppose that U C R™ is open and f € C(U) is nonnegative.

Assume that Ky, £ > 0 is a increasing sequence of nested compact Jordan measurable

sets with
KlCKQCK3C"'
such that
o
int(Kg) =U.
0=0
Then

/ f=1lm [ f
U {—o0 Kl

(In particular the limit exists.)

Proof. Notice that since
KicKyCKszC---

and f > 0 we have f K, f< f Kiin f for all £ > 0. Hence the sequence of integrals is monotonone

and thus has a limit.
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Nowe, for any K C U compact and Riemann integrable, since K C J,2,int(Ky) is an
open cover of K (and the sets are nested) there exists K, such that K C Ky, .

But then
/ f< / f < lim f
KZ k—o0 Z
Taking the supremum over K C U compact and Jordan measurable we obtain
/ f < lim I
U k—o0 KZ

The opposite inequality is trivial as each Ky is an admissible set in the supremum defining

the improper integral. O

EXAMPLE 13.48. — Let us compute the integral of the I := [7° e~ dz = lima_, oo f_AA e~ dz.

To compute it, we can use the following classical trick of doubling the variables:

A 2 2 A 2 A 2 2 2
</ e " dm) :/ e " dm/ e Y dy :/ e ¥ Y dady,
_A —_A —A [—A,A]2

and hence, sending A — 400,

R r2nm
12:/ e T v dxdy = lim —v dxdy = lim / / e rdfdr
R2 R—o0 BR R—o0
R 2
= lim e " 2rdr = .
R—o00 0

13.6 Length, Area, and integrals over submanifolds
The following definition is standard, convenient, and will be used from now on.

DEFINITION 13.49: Ck FUNCTIONS ON NON-OPEN DOMAINS

If A C R” is not open we say that f € C*(A,R™) if there exist U C A open and
fe C*(U,R™) such that f = f when restricted to A.
(In practice, assuming f € C¥(A,R") is is the same as assuming that f € C*(U,R")

for some U open containing A, but it is shorter to write.)

Here only length with total variation formula. Prove finite for Lipschitz curve.
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DEFINITION 13.50: LENGTH OF A C! CURVE

Let v € C1([a,b],R™) be a curve. We define the length of 7 as

b
- / Iy (1) dt,

where the vector 7/(t) = (74(t),...,7,(t)) is the velocity and the number |y (¢)| =
o1 (Yi(t))? is the speed of the path at time ¢.

EXERCISE 13.51. — Show that if s: [c,d] — [a,b] is a C! bijective map with C! inverse,
then L(yos) = L(v).

The following result brings some intuition into our definition of length

THEOREM 13.52: LENGTH AS TOTAL VARIATION

Let v € C*([a,b],R™) be a curve and define
V(y) =sup{ ) [y(tjz1) =) : NeNa=tg<t; <...<ty_y <ty =b}.

Then L(v) =V (v).

Proof. (Extra material.) We start showing L(y) > V(7). Denote v(t) = (71(t), ..., w(t)), fix
N € N, some partition 0 =t <t; < ... <ty_1 <ty =1 and any set of N unit vectors in
vi,...,uvy € R™

/\’V \ds_Z/ ’d8>2/ﬁ1% B
_ i(yj (1) — vi (),
=0

where we used that L = -(s)) =v-9/(s)) and the Fundamental Theorem of Calculus.

With the choice
Y(tjp1) —y(t5)

Vi =
T (1) — ()]
the last term becomes
N N
ZV] (v(tj41) 'Y(tj)) = Z Iv(tj+1) — (&)l
7=0 7=0

concluding the proof.

To prove the opposite inequality, let us show that of L(y) < V() + ¢ for all £ > 0 small.
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Observe that the function 7 : [a,b] — R™ is uniformly continuous (it is continuous on a
compact) so there is 6 > 0 such that if s,¢ € [a,b] and |s — t| < § we have

g

2v/n(b—a)

Choose a partition a =ty < t; <ty <...<ty_1 <ty =bof [a,b] such that t; —t;_1 < ¢
and & € [tj—1,t;] for 1 <i < N such that

7' (s) =/ (B)] <

N
€
(1) < D_(t =t ) (&) + 5 (13.10)
7j=1
By the Mean Value Theorem for all 1 <¢<nand 1< j < N we have

Yi(ts) = vi(ti—1) = vi(mig)(t; — tj-1),

for some 1; j € [tj_1,t;]. But then since |n; ; — & <6

9

i) = (&) < 1 ) =V (€)1 < 5= — s

Therefore,
€
YiEDIts — tj—1) < 1vilty) —vltj-1)| + (b —a)
and thus (summing the squares for i = 1,...n)
(tj —tj1)

(€It t5-1) < hlty) = (el + S5

Inserting this in (13.10) we obtain:

N
Z ]1)’+5<V() &,

which concludes the proof. O

For the discussion that follows it is convenient to recall the symmetries of the Euclidean

space:
DEFINITION 13.53: EUCLIDEAN ISOMETRIES (OR RIGID MOTIONS)

A map F : R" — R"” of the form F(p) = Rp+ a where R is a orthogonal n x n matrix
and a € R", is termed Euclidean isometry or rigid motion.

Notice that FEuclidean are the maps that preserve the FEuclidean distance:
d(F(p), F(q)) = d(p,q) for every pair of points p,q € R"
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13.54. — Besides Theorem (13.52), the appropriateness of L(7) as a definition of length
is supported by the following properties:

1. Invariance under Reparametrization: L(7) remains unchanged under any smooth
and bijective reparametrization of «y, indicating that it fundamentally depends on the
path’s image, not on the parametrization. This property confirms that L(y) reflects the

geometric nature of the curve.

2. Invariance under Euclidean Isometries: For any rigid motion F' : R® — R",
characterized by |F(z) — F(y)| = |z —y| for all z,y € R", it holds that L(F o) = L(v).

Indeed, since F(p) = Rp + a, where R is an orthogonal matrix, the chain rule gives

(F o)D) = |RY(t)] = |7/(t)] for all t.

3. Additivity: The length function L is additive. Specifically, if v : [a,b] — R™ and
¢ € (a,b), then L(¥[jg5)) = L(V|[a,e)) + L(Vl[e,0))-

4. Normalization The lenght of the segment [0,1] x {0} x --- x {0} is 1.

These properties serve as the foundational guidelines for defining the area of surfaces (i.e. 2-

dimensional submanifolds) and, more generally, the d-volume for d-dimensional submanifolds.

DEFINITION 13.55: GRAM DETERMINANT

Suppose that L : R™ — R™ is a linear map where with m < n (equivalently a n x m
matrix acting on column m-vectors by matricial multiplication).
We define the Gram determinant of L as the square root of the determinant of the d x d
matrix LLT, that is:

det(LTL)

13.56. — If L is a n X m matrix we can essentially repeat the proof of the polar decom-
position theorem starting from the nonnegative definite m x m matrix LLT. Doing so, we
find that L = RoSR; where R; is m X m orthogonal S is m x m diagonal with nonnegative
entries. Now, Ry is and n X d matrix satisfying RgRg = I,. In other words, the columns of
Ry correspond to the first m vectors of an orthonomal basis of R"™.

In other words any linear map L : R™ — R"™ can as a composition of:

1. A linear map R; : R™ — R™ that preserves the lengths of vectors (i.e., an Euclidean

isometry).

2. A linear map S : R™ — R™ that is diagonal with nonnnegative entries (it gives the

‘streching factors’)

3. A linear map Ry : R™ — R”™ that preserves the lengths of vectors (i.e., an Euclidean

isometry).
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In this setting, the Gram determinant is the determinant of the ‘stretching matrix’ S.

DEFINITION 13.57: m-VOLUME OF PARAMETRIZED m-SUBMANIFOLD

Let ¢ be a parametrized m-dimensional submanifold: more precisely suppose that
V C R™ open and ¢ € C'(V,R") is such that J¢(z) has rank m for all z € V— we

define the m-volume of ¢ as

volm(¢):/‘/\/det(J¢TJ¢)(a:) dx

13.58. — Notice the integral [, \/det(J¢T J¢)(x) dx is always well-defined, at least in the

improper sense.

LEMMA 13.59: REPARAMETRIZATION INVARIANCE OF m-VOLUME

Assume that 1 : U =V is an any C* diffeomorphism. Then,
voly, (¢) = vol, (¢ o )

Proof. By the chain rule
J(@o)(x) = Jo((x))J(x)

hence

det (Jo ()" To(y(x)" Jp((x)) Jih(x)) = det(Jip(x)") det (Jp(ip(x))" T(v(x))) det(Jo(x))

and the Gram determinant for J(¢ o ¢)(x) equals

V/det (Ju(@)T B4 (x))T| det Jop(x)|de.

But by the change of variables formula we obtain (recall ¢(U) = V):

voly,(¢p o)) = /U \/det (Jo((2)TJp(¢(x))| det ¥ (x)| da

:/ \/det (Jo()TJp(y) dy = voly (o).
»(U)

In this proof we are assuming that the integrals are well-defined in Riemann sense (as it will
always be the case in practice). However, it is not difficult to show that a small modifiaction

of this proofs applies when the integrals are defined in the improper sense. O

EXERCISE 13.60. — Prove that if F' is a rigid motion (Euclidean isometry), then the d-
dimensional volume is invariant under F', i.e., voly(F o ¢) = voly(¢). Additionally, discuss
how the additivity and normalization properties can be reinterpreted in the context of the

d-dimensional volume.
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EXERCISE 13.61. — Show that the length of a curve is nothing but its voly for d = 1.

INTERLUDE: VECTOR PRODUCT IN R3
Recall that given two vectors a = (a1, ag, ag) and b = (b1, ba, b3) in R3, the cross product

(also known as the vector product) is defined as

azbs — agby
aXxb= aszby — a1bs
ale — azbl

It is customary to compute the cross product as the formal determinant

i j k
axb=la; as a3z,
b1 by b3

where i = e1, j = eo, and k = e3.
This determinant can be computed using the rule of Sarrus as follows:

aXxXb= (a2b3 — a3b2)i — (albg — agbl)j —+ (a1b2 — agbl)k.
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We also have the following identity:
la x b|? = |a|?[b]* = (a - b)2. (13.11)
This identity can be established by direct computation:
la x b]? = (agbs — azbz)? + (azby — a1bs)? + (a1by — aghy)?
laf*[of* = (ai + a5 + a3) (b7 + b5 + b3).

(a . b)2 = (a1b1 + agby + a3b3)2.

Another useful and well-known identity involving the cross product (which can also be

established by direct computation) is:

ay ag as
(axb)-c=|by by b3l.
€1 C2 C3

Version: May 11, 2024.
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This determinant gives the volume of the parallelepiped spanned by the vectors a, b,
and ¢, and it is zero if and only if the vectors are coplanar.

From now on, and whenever no confusion between the linear map D f, and its matrix

Jf(x) in the standard basis is possible, we will also use the (standard) notation D f(x) to
refer to the Jacobi matrix.

LEMMA 13.62: SURFACE AREA

In the case d =2 andn =3, if ¢ : V — R> then its area can be computed as:

A($) = voly(@) = /U V(016,010) (02, 020) — (016, a2z diry ey
—/[.]’(91(]5 X 82¢’($) d$1d.%'2

where we integrate the Euclidean modulus of 01¢ x Oa¢ : U — R3: the function that
maps x to the cross (or vector) product of the two vector 01¢(x) and dap(x).

Proof. The Jacobi matrix D¢ of ¢ at a point x € U is a 3 X 2 matrix given by:

o1 Doy
Dé(x) = | 012 Oatha
O3 a3

The transpose of D¢(x), denoted D¢T, is a 2 x 3 matrix:

DT — 0191 O 0193
Do oo Oagps|

The Gram matrix is the product of Dé(z)T and De(x):

DT Do — o019 019020
020 - 019 020 - D20

which is a 2 X 2 matrix representing the inner products of the partial derivatives.
Hence, the determinant of this matrix is:

det(Dp(z)" Dp(z)) = (010 - 010) (02 - Do) — (016 - D29)? = |016|*020|* — (010 - Dop)?

But using the identity (13.11) the right hand side is equal to [01¢ x 02¢|?, and hence the
lemma follows.

O
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EXAMPLE 13.63. — Consider the parameterization of a sphere of radius 7 in R? given by:
rsinf cos p
Y0, ¢) = | rsinfsingp |,
rcosf

where 0 < 6 < 7 and 0 < ¢ < 27.

To compute the area of the sphere, we first find the partial derivatives of :

rcos 6 cos
Opyp = | rcosfsingp

—7rsin @

and
—rsin @ sin ¢

Oy, = | rsinfcose
0

The Gram matrix is given by

Ot~ Ogp Ot - Dpt| _ |1? 0
0o - Ogtp O - Optp 0 r2sin®6

Hence the gram determinant (the square root of the determinant of the matrix above) is

r? sin 0.

Finally, the area A of the sphere is given by:

2 T
A:/ / r?sin6 df dp = 4mr?,
o Jo

the expected result.

DEFINITION 13.64: SUPPORT OF A FUNCTION

Let U C R™ an open set and f : U — R a continuous function. We define the support
of f, denoted spt(f) C R™ as the set

spt(f) = {z e U | f(z) # 0}.

If spt(f) is bounded and contained in U then we hay that f is compactly supported
in U.
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LEMMA 13.65: EXTENSION OF COMPACTLY SUPPORTED FUNCTIONS

IfU CR™ is open f: U — R is of class C* for some k > 0 continuous and compactly
supported in U, then the function f: R™ — R defined as

= . f(®) forxeU
0 zeR"\U

belongs to C*(R™).

Proof. It is clear that f~has continuous k-th order partial derivatives inside U. And also in
R™\ U, since fz 0 in this open set.

Hence to prove that fis of class C* we only need to show that it has continuous k-th order
partial derivatives across the boundary U. But since spt(f) is closed and contained in U,
for every point in z, € dU there is r > 0 such that f = 0 B,(x,). Hence, that fand all of its

partial derivatives (all zero) are indeed continuous across OU. O

After we discuss the notion of d-volume for d-submanifolds we can accordingly define

integrals of compatly supported continous function with respect to the d-volume measure

DEFINITION 13.66: INTEGRATION WITH RESPECT TO THE m-VOLUME

Assume that M C R"™ a parametrized m-dimensional submanifold: that is, suppose
that there are V' C R™ open, and ¢ € C'(V,R"), such that J¢(x) has rank m for all
x € V, such that M = ¢(V'). Given f : M — R continuous (where M is endowed with
the restriction of the Euclidean metric) and with spt(f o ¢) C V we define

/Mfdvolm = /M f(p) dvoly,(p) := /Vf o ¢ /det(JpT Jp)(x) dx

13.67. — We notice fo¢ : V — R is continuous and spt(fo¢) C ¢. This implies (exercise)
that (f o ¢) is Riemann integrable over V.
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LEMMA 13.68: INVARIANCES OF INTEGRAL WITH RESPECT TO m-VOLUME

The integral fM fdvol,, as in Definition 13.66 is invariant under reparametrization of
M and FEuclidean isometries.

More precisely: let M = ¢(V) be C parametrized m-submanifold, where V.C R™ open,
and for f: M — R continuous such that spt(f o¢) C V,

o IfV:U —V is a C' diffeomorphism then

/Mfdvolmz /V f 0. \/det(JTJ) () da

_ /U f oo /det(J(do )T I(¢ow)(y)dy

o If F:R"™ — R" is an Fuclidean isometry then

/ foF tdvol, = / f dvol,,.
F(M) M

Proof. The invariance under reparametrizations is proven exactly as in Lemma 13.59.

For the invariance under Euclidean isometry, let F'(p) = Rp+ a where R is orthogonal and
a € R™. Notice that F o ¢ is a parametrization of F(M) and F o ¢ is a parametrization of
F(M) and (f o F~1): F(M) — R is continuous (being the composition of continuous maps).
Then,

/ foFldvol,, = / foFloFog \/det(J(F o)) TJ(F o ¢))(z)dx.
F(M) v
But since F(p) = Rp + a, we have JF(p) = R for all p. Therefore, by the chain rule:

J(Fo¢)(x) = RI¢(x).

Thus
J(F o) (@) J(Fo¢)(x)=Jp(x)" RTRI(x) = Jo(x)" Jo(x)

and the lemma follows. O

We finish the section showing how to compute (n — 1)-volumes and integrals in the impor-

tant case of (n — 1)-dimensional graphs in R".
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LEMMA 13.69: VOLUME ELEMENT ON GRAPHICAL (n — 1)-SUBMANIFOLDS

Let V. C R™ open an let g € C1(V). Consider the graphical (n — 1)-subsmanifold
M={xeR" xR |z, =g(x1,...,2n-1)} with graphical parametrization

o(x) = (z1,...,2n-1,9(x1,... ,xn_l))T.
Then,

/ fdvoly_q :/ f(p)dvoly_1(p) =
M M
- /v(f0¢)($1,---796n—1)\/1 +Vy(z1, ..., an-1)Pdor - de, .

In particular, for f =1 we obtain

volo1(M) = [ VT Vglar,--an1)Pd
\%

Proof. The Jacobian matrix of the parametrization ¢ : R"~! — M defined by ¢(z) = (z, g(z))

1S:

[ 0 0 i
0 1 0
Jo(z) = : : . :
0 0 1

| (z) Fi(z) o g2(w) |

Computing the Gram matrix G = J¢(x)? Jé(x) we obtain:

1+ (@) RRE@ - R

2
o | m@E® 1+ () RS
| WEE S @EE 1 ()

This may seem involved, but we can easily compute the determinant of the Gram matrix
G by using the following trick.
For z fixed, put

T
0, 0 0
wi= | @) K@) o F2() |
and choose some orthogonal (n — 1) x (n — 1) matrix R such that Rw = |w|e; (for example,

any rotation sending w/|w| to e;)
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Notice that, since w! RT' = |w|ef’, we have

RT

jwlel

Id

wT

Jo(z)RT = RT =

Hence, RGRT = RJ¢(x)T Jp(z)RT is computed as:

|w] L+ w0
0 RT 0 1
R . = ) )
0 0 0
w0 - 0]

where we used RRT =1,,_1.

Since orthogonal matrices have determinant one, det(R) = 1), we have:
det(G) = det(RGRT) =1+ |w|* = 1+ |Vg(x) .
Hence, the ‘volume element’ on the manifold M is:

dvol,_1 = \/det(G) dz = /1 + |Vg(z)|? dx,

completing the proof.

-]

o

O

13.7 From local to global: partition of unity on compact sub-

manifolds

In the previous section we discussed how to compute the d-volume (or the integral of a func-

tion) on ‘pieces’ of d-dimensional submanifold that can be described using a single parametriza-

tion. Here, we will see how can we define integrals over arbitrary compact submanifolds

M C R™, which may not admit one single global parametrization.

To do so, it is convenient to introduce the so-called partitions of unity.

Version: May 11, 2024.
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LEMMA 13.70: PARTITION OF UNITY

Let K C R™ be a compact set B = {By,(p1), Bry(p2) - - -, Bry (pN)} some finite collection
of open balls (of R™) covering K , i.e., K C Uévzl By, (pe)-
Then there exists a collection of functions ng : R™ — [0,00) of class C*° such that

spt(ne) C By, (pe) for each £ and

M=

ne(z) =1 forallz €U,
/=1

where U is some open set containing K.

Proof. We first show that for some 6 € (0,1) By,,(p¢) stills a covers of K. Indeed, for k > 1
integer 0, = 1 —27% and let ), := Uévlegk” (pe). Observe that Q; C Q9 C Q3 C -+ and that

o0
U O = ULy By, (pe)
k=1

is an open cover of K. Hence, it has a finite subcover, implying that there exists ko such that

kao D K.
We can then take 0 := 0.
Now, define, for z € R™:
-1 .
B(z) = exp (71_@'2) if |z| <1

0 if |z] > 1,
o Jexp (lﬂﬁlg%l) if |z| > 1
0 if |x| <1,

and notice that ®, & € C*°(R") and spt(®) = By and spt(®) = R"\ By.

Define
L T —Dpe
6@(27) T (b ( 91/371( )

N
@) =3(5)  and @)= @)
i=1

Ory

Notice that 6 < 6%/3 < 1/3 < 1; that for = € Byz/s,., (pe) we have

-1
() = exp <1 _ (9—1/3+2/3)2> > 0;
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and that for z € R™\ ( Ut<e<n B@2/37‘£ (Pé))

- N
&(x) > exp <(9_1+2/3)2_1> > 0.

On the other hand putting
U Uévlegre(pg) O K

we have
& =0¢€ By, (pe)

and hence their product vanishes in the union of the balls:

E=0eU.
Therefore, @
,: §o(x
M S ) + 6@

are C* functions (the denominator is always positive), and by construction 7, > 0, spt(n;) =
Bg/s,.,(zi) C By, (zi) and S mi = 1in Uy<y<y Bor, (pe) D K since € vanishes in this set. [

DEFINITION 13.71: PARTITION OF UNITY (FOR COMPACT SUBMANIFOLDS OF R")

Let M C R™ be a compact C* submanifold of dimension m, where 1 < m < n, and
B = {B,(p1),Bry(p2) ..., Bry(pn)}, with py € M, some collection of open balls (of

R™) covering M, i.e., with M C Up_; Br,(pe).

We call any collection of N functions 7, : R™ — [0, 00) as in Lemma 13.70 (for K = M)

a partition of unity on M subordinated to B.

Version: May 11, 2024.
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DEFINITION 13.72: GRAPHICAL COVER OF A COMPACT m-SUBMANIFOLD

Let M C R™ be a compact m-dimensional submanifold of class C¥, with k > 1. We
call collection of N maps ¢y : V; — By, (p¢) CR", 1 < ¢ < N, of class C*, a graphical

cover of M if the following properties are satisfied:

1.

2.

For each ¢, V; is an open set of R™, ry > 0, and py € M.

For each ¢, there is an orthogonal n x n matrix R, such that ¢, : V; — R" is of
the form

Ge(T1, ... Tm) = Re(T1, ., Ty Go(T1, - - -, Tm)) 7,

for some g, € C¥(V,, R*™™).

. For all ¢, we have ¢¢(Vy) N By, (pe) = M N By, (pe) and By, (pr) C Re(Ve x R)

. The balls B,,(p;) cover M: i.e., M c JN_| By, (pe).

PROPOSITION 13.73: EXISTENCE OF GRAPHICAL COVERS

Any compact m-dimensional C* submanifold admits graphical covers.

Proof. Using Proposition 12.12 (4), for any given point p, € M exists Vj,, C R open and

gp, € CH(Vy,,R"™™) and R,,, a permutation of the coordinates (which is in particular an

orthogonal linear map), such that, for some open neighborhood U of p, (i.e., for some open

set U C R™ containing p,) we have

where

Mn Upo = ¢po(Vpo)a

Gpo (21, ... Tm) = Ry, (x1,.. ., T, ge(T1, . .. ,a:m))T

For each p, = ¢p, (o), pick rp, > 0 such that B, (p.) C U and B, (yo) C V,,. (notice
that the first is a ball of R™ while the second is a ball of R™)

Now, since M is compact and the collection of open balls {Brpo (po)}

covers M, there

po€M
is a finite subcover. Let p1,po,...,pny be the centers of the balls in the subcover. Then
defining 7y := rp,, V; := V), we obtain the wished graphical cover of M. O
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DEFINITION 13.74: INTEGRAL OVER A COMPACT SUBMANIFOLD

Let M C R™ be an m-dimensional compact C' submanifold and f : M — R a contin-
uous function (where M is endowed with the restriction of the Euclidean metric).
Given a graphical cover ¢y : V; = By, (pr), 1 < £ < N, let 5, : R — [0,00) be a
partition of unity on M subordinated to {B;,(p¢) }1<¢<n, we define:

/ fdvoly = Z/MHB( fnedvoly = Z f Ge(y))e(De(y))\/ T 7 T e (y) dyi - . - dya.

LEMMA 13.75: INTEGRAL IS INDEPENDENT OF COVER AND PARTITION OF UNITY

Let M C R” be an m-dimensional compact C* submanifold and f : M — R a continu-
ous function.

Given two graphical covers ¢y : Vo — By, (z¢), 1 < ¢ < N, and bi 2 Wi, — B, (yx) of
M, where 1 < £ < N and 1 < m < N; and corresponding partitions of unity Ne, M-

Then:
/=1 L

Proof. (Extra material) By definition of graphical cover we have

¢€(CC17 e -xd) = Rf(xla s 737d79£(w17 e wTd))Ta

q;k(’wl’ A 'xd) = Rk)(xlﬂ tee 7xd7§k(x17 tet 7’:L'd))T7

for suitable maps gy : V; = R, g; : Wi — R and orthogonal matrices Ry, Rk
Let 74 : R® — R? denote the standard projection onto the first d components:

(T1y ey By Tty -y Tn) > (T1, .00, Tg)
The key observation to prove this lemma is that, for all ¢,
qﬁzl(aj) = 14(Rl x) for all x € ¢¢(V);
(recall that for orthogonal matrices R~! = R”), and similarly, for all m,
<Z>,;1(x) = m4(R} z) for all = € ¢p(Wi);
Notice that for every pair £, k, define the open sets

k=0, (Bsy(yr)) C Ve and Wi == ¢ (B, (20)) C Wi
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and the ‘transition” maps
Yog: Vor — Wiye and g Wi — Vi,
respectively defined as
Vre(z) = ma(REdo(x)) and  Pup(x) = ma(R] dr()).

Notice that they are C* diffeomorphisms. Indeed, on the one hand e 1 and 1y, ¢ are inverse to
each other. On the other hand they are both C* maps being the composition of a C* maps,

and a linear map.

Now, notice that

N N N N
DN (e )( (Z nz(x)) Z @) | =1 forallze M
(=1

(=1 k=1

where each function (n7) : R™ — [0,00) has compact support in By, (x¢) N Bs, (y¢). As a

consequence,
spt ((nefir) © de) C Vi

By these observations we can put:

Z /V fe) o dor [ TSF T =

But since
Go=r oty in Vg,

and 1)y i, is a diffeomorphism, the invariace of the integral with respect to dvol; under reparametriza-

tion (Lemmas 13.59 and 13.68) yields

/ (f1eme) © de J%TJ@:/W (fneiin) © G/ JoF T ..

Vik

Then summing over all £ and k& the lemma follows. O
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(Global integral theorems

In this chapter, we deal with integral theorems for vector fields in R", which are in some
sense multidimensional generalizations of the fundamental theorem of integral and differential

calculus.

14.1 The integration by parts formula

14.1.1 Bounded, smooth domains, exterior unit normal

DEFINITION 14.1: TANGENT AND NORMAL VECTORS

Let M C R" by a m-dimensional C'' submanifold. For a given point p € M, we say
that a vector 7 € R” is tangent to M at p if there exists a sequence p, € M with
pr — p and pg # p, and a sequence of positive number 7 converging to zero such that
Px — P

Tk

lim — T
k

We say that a vector v € R™ is normal (i.e., perpendicular) to M at p if

7-v =0 for all 7 tangent to M at p.

LEMMA 14.2: THE TANGENT SPACE: CHARACTERIZATION FOR GRAPHS

Let M be a m-dimensional submanifold of R™.

Assume that ¢ : V; — By(po) is a C' graphical parametrization of M N By(po), for
some po € M and let p = ¢(y) be any point belongs to M N By.(po).-

Then, T € R™ is tangent to M at p if and only if T belongs to the linear space
D¢y (R™) C R™ (the range of the map D¢y ).

In particular, the collection of all tangent vectors to M at given point p € M is a linear

subspace of R™: the so-called the tangent space of M at p.
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Proof. We have
#(y) = R(y. 9(v))",

for some g : V. — R™" of class C!.
Let y € V be the (unique) point mapped to p: that is p = ¢(y)
Let us show that first that if 7 € D¢, (R"™) then 7 is tangent to M at p. Indeed, let z be

such that D¢y (z) = 7. Then since ¢ is C*, for any sequence 7 > 0 converging to 0 we have

Oy +112) — 9(y)

rlklglo Tk - D¢y (Z)
Hence defining py := ¢(y + rx2) — p we have shown
k=D B
i =2 — Doy () =

hence 7 is tangent. This proves that every vector belonging to the image of D¢, is tangent
to M at p.
To prove the opposite implication, let m,, : R — R™ be the projection onto the first
m-components (T, ..., Tm, Tmt1s---,Tn) — (T1, ..., Tm)
Notice that
(mm o RT)(¢(y)) =y forally e V.

Given any sequence pi — p in M N U such that

Pr—Pp
Tk

lim — T,
k
for some 7 > 0 put yi == (7, o RT)(p).
Notice that (7, o RT) is 1-Lipschitz, since it is the composition of orthogonal map and a

projection. Therefore, the sequence
_ Y Y
Tk

2
must be bounded, since

vk — vl < Ipk. — p|
T Tk

— || < 0.

|zx| =

Hence z;, has accumulation points in R". Let z;, — 2z € R™ as £ — oo be one of the
accumulation points.
Then, using again that ¢ is C!
pe—p oy +1r2) — B(y)

Oo\|TkZ
= = Do () + 22D,
Tk Tk Tk

Using this for k = k; and sending £ — oo we obtain

pkz - P

7 = lim
L Tk

= lim Dyd(=1,) = Dy (2).

14
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This proves that every tangent vector at p belongs to D¢, (R™). O

DEFINITION 14.3: BOUNDED C* pDOMAIN

Given k > 1, bounded open set  C R” is called bounded C* domain if M := 9 is

a (n — 1)-dimensional submanifold of class C*.

DEFINITION 14.4: EXTERIOR AND INTERIOR NORMAL VECTORS

uppose that Q is a bounded C! domain. A normal vector v to 9Q at x € 9 is called
exterior if
p+hv e R"\Q for all h > 0 sufficiently small.

And it is called interior if

p+hv e R" CQ for all h > 0 sufficiently small.

PROPOSITION 14.5: EXTERIOR UNIT NORMAL FOR GRAPHS

Suppose that Q is a bounded C' domain. Puty := (21,...,7,_1) and assume that

o(y) = (y,9(m)",

where V.C R s open and g : V. — R, is a graphical C' parametrization of M N

B, (po).
Suppose also that:

QN Br(po) = {z = (y,2n) € R" | 2 < g(y)} N Br(po)
Then, for p = (y,9(y)), the vector

(=Vg(y), 1)

v(p) = v(y,9(y)) == ez Ok

1s normal, exterior, and has norm one.

By Lemma 14.2 tangent vectors at p = (y, g(y)) belong to the image of D¢,. In order words,
are linear combinations of the column vectors in the matrix

0 0
0 1 0
Jo(y) = :
0 0 1
| O1g(y)  O2g(y)(x) On-19(y) |
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Proof. But
(—dg(y), —02g(y),- -+, —On19(y), 1)"

is has zero scalar product with each of this column vectors, so it is perpendicular.
Also, it is clear that v has norm one, because we are dividing by the square root, that is
precisely the norm of the vector in the numerator.

Finally to show that v is points outwards notice that, for h > 0 small the point

(y —hVy(y),g(y) +h)

does not belong to 2 because:

9(y — hVg(y)) = g(y) + Dgy(=Vg(y)h) + o(h) = g(y) — [Vg(y)|*h + o(h) < g(y) + h.

DEFINITION 14.6: EXTERIOR UNIT NORMAL MAP

If Q C R" is a bounded C' domain, the continuous map v : 9Q — S"~! (where S" ! is
the unit (n — 1)-sphere, i.e., B;1(0) C R™) assigning to each point p € 92 the exterior

normal vector at p is called exterior unit normal map.

14.7. — Notice that the fact that the exterior and interior unit normal are uniquely defined
and are continuous follows from Proposition 14.5, since we showed that every bounded C*

domain is locally graphical around each of its boundary points.

14.1.2 Integration by parts formula: special cases
An important special case of the integration by parts formula is the following:

PROPOSITION 14.8: SPECIAL LOCAL INTEGRATION BY PARTS FOR GRAPHS

Let Q C R™ be a bounded C* domain. Suppose that QN B,.(po) is graphical: that is,
there erists R : R™ — R™ orthogonal V.C R"™! open, and g € C*(V,R) such that:

QN B (po) = R{(y,zn) ER" ' xR |y €V, 2, < g(y)} N Br(po).

Then for all f € CY QN Br(po)) with spt(f) C By(po) € R(V x R) the following

formula holds true for w := Re,
[ eufivol= [ f)0)w) vl (o),
QNB;(po) AN By (po)

where v : O — S is the exterior unit normal map.

In the proof of Proposition 14.8 we will need the following variant of Fubini’s theorem:
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LEMMA 14.9: YET ANOTHER VARIANT OF FUBINI

Suppose that Q C R™ satisfies
QN Br(po) = {(y,2n) ER" ' xR|y €V, 2 < g(y)} N Br(po).

Then for all h € C°(Q2N B,.(po)) with spt(h) C QN B(ps) C Q2N (V x R) we have

9(y)
/ h(a:)d:r:// h(yvxn)dxndyy
QNBr(po) V J—c0

where to define the integral on the right hand side we are considering h to be extended

by zero in the complement of its support.

Proof. (extra material) Notice first that since the support of & is contained in the open ball
B, (p,) we f be zero and obtain a continuous function, still denoted h, defined in all the

‘epigraph’ of g, namely the set
{(y,2n) €R™ [2n < g(y)}-
Now let us fix C' € N large enough so that
spt(h) C A:={(y,zn) ER" |y eV, =C <z, <g(y)}.

By definition of [ 4 h, for each € > 0 there are dyadic step functions hjoy : R" — R and
hup : R™ — R such that
Piow < hlyg < hyp (14.1)

/hlowg/hg/hupé/hlow‘i‘f-
A

Consider Hioy, Hup : R"~! — R, defined as

and

Hiow(y) = /IR hiow (4, 2)dzn and  Hp(y) = /IR ()

are notice that they are step functions in R”~! (they are constant in every dyadic cube of the
same pixel size as the one of hqown and hyp.

Also, from integrating (14.1) we obtain:
Hlow < H]-V < Hup

for H : V — R defined as W
9(y
H) = [ hly.on)don.
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But notice also that, since hjoy and hyp we have dyadic step functions

Hiow :/ Pow and / Hup :/ hup
Rn—1 n Rn—1 n

(because the integrals reduce to discrete sums).

Therefore we have shown that

/ hlow = Hlow < / H(y)dy < / Hup = / hup < / hlow + €.
Rn Rn—1 174 Rn—1 Rn Rn

But then sending € to zero we prove the lemma. O
We can now give the

Proof of Proposition 14.8. Notice first that it is enough to do the proof the in the ‘special
case’ R = Id. Indeed, the general case simply follows from the ‘special’ one applied in ‘a
rotated Euclidan coordinate frame’.

More precisely we can apply the special case to Q= RT(Q), po = RT(po), f = foR,

observing that :
o QN B, (5s) = RT(QN B, (po)).

f(@) = D(f o R)y(en) = (Dfrig) © R)(en) = Dfpg(w) = duf(R(g)), holds for all
g € RT(QN B, (po)).

o If v : 9Q — S" ! is the exterior normal vector for the domain €2, then 7 = RT ovo R
is the exterior unit normal for . Hence, 7(q) - e, = RTv(R(q)) - en = v(R(q)) - Re, =
v(R(q)) - w.

Hence since the integrals are invariant under Euclidean isometries (by the Change of Variables

Formula and Lemma 13.68), and R is an isometry, we obtain:

/ Ow f (p)dvol,(q) :/~ B O f(q)dvol,(q)
QNB, (po) ONB, ()

and

/ FO ) wivol ) = [ fla)Ela) vl )
00N B, (po) OONB, (o)

So from now on let us assume without loss of generality that R = Id. Applying Lemma
14.9 to the function h = 0,,f —conveniently extended by zero to the whole ‘hypograph’ of g,
{(zn,y) €V xR |z, < 9g(y), y € V}—, we obtain:

/ de‘_// nf Y, Tn dmndy—/ fy7 y
QﬂBr(po

For the last equality we used the Fundamental Theorem of Calculus and that f(y, —C) =0
for C large.
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Hence, it only remains to show that

/ £y, 9(y))dy = / £ (P)va(p) dvol—1(p).
1% 89N By (po)

where v, = v - e, is the n-th component of the exterior normal vector.
But this follows from combining Lemma 13.69 and Proposition 14.5: indeed, using by

Lemma 13.69 we have submanifold we have:

/ f(p)vn(p)dvolnl(p)Z/ F(, 9W)vn(y, 9(v)) V14 [Vg(y)|2dy
OQNByr(po) 1%

but by Proposition 14.5

vn(y,9(y)) V1+|Vg(y)* =1,

so the proposition follows O

COROLLARY 14.10: LOCAL INTEGRATION BY PARTS FOR GRAPHS

Let Q C R™ be a bounded C* domain. Suppose that QN B,.(po) is graphical: that is,
there exists R : R™ — R™ orthogonal V.C R~ open, and g € C*(V,R) such that:

QN B (po) = R{(y,zy) € R'IXR|y eV, z, < 9(y)} N By(po).

Then for all f € C1(Q2N B.(po)) C R(V x R) with spt(f) C Br(p,) and w € R™ the

following formula holds true:

/ Ow fdvol, = / f)(v(p) - w) dvol,—1(p) (14.2)
QNB-(po) QN B (po)

where v : 02 — SP1 s the exterior unit normal map.

Proof. The difference between Proposition 14.8 and Corollary 14.10 is that can take w to be
any vector in R™, and not just Re,.

However, we can deduce this from Proposition 14.8 with a ‘smart trick’.

Observe that the ‘integration by parts formula’ (14.2) is linear in w: if holds for w = w;
and for w = wo, then it also holds for w = t1w +towy where t1, t are real numbers. Hence, to
establish (14.2) for all w it is enough to prove the formula for n linearly independent vectors.

To do so, fix s € (0,r) such that spt(f) C Bs(po) and let us show that there exists € > 0
such that for any orthogonal linear transformation O : R™ — R" satisfying ||O —1d||2 < € (i.e.,
O is sufficiently close to the identity, where we measure the difference with the Hilbert-Schmidt

norm) we have

QN Bs(po) = OR({(y,2) €R™ |y € Wo, xn < go(y)}) N Bs(po).
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where Wo C R"™! is a suitable open set and go : Wo — R some C! map. In other words
we are claiming that ‘by continuity’ 92 N Bs(ps) can be expressed a graph in slightly rotated
Euclidean coordinate frame.

Indeed, put W := {y € R" ! | (y,9(y)) € Bs(po)}. W is an open set, beign the pre-image
of an open set by a continuous map.

We first observe that, by Corollay cor:multidiff-localLipschitz, g is locally Lispchitz. Hence,
the compact set W C V can be covered by finitely many open balls with g being Lipschitz in

each of them. Hence, g is Lipchitz in the union of these balls, which is an open set containing

w.

Let A denote the Lipchitz constant: in particular we have

lg(y) —9@)| < Aly —7g| forally,yec W.

Geometrically, this can be interpreted as follows: put
I':== 00N Bs(po),

a (n — 1) submanifold of R™. Fix A’ > A, then for all p = R(y,g(y)) € T (i.e., for all y € W)
the cone

R{(7.7,) €R" ' xR |70 — g(y)| = Ny —yl},

intersects with I' only at the point p.

Hence for O sufficiently close to the identity, for all and p as above, the line
{p+tORe, |t € R}

intersect I" only at p (because this line lies inside the cone).

In other words, for each O sufficiently close to the identity, the ‘projection’
Tn—10RT 0 OT: T - R*!

is injective, where, m,_1 : R” — R”~! denotes the projection onto the first n — 1 components
—i.e., 1 (Y, xn) —y. Put Wo :=m,_1 0 RT o OT(W) and

Yo = (mp_100T o RT 0 ¢) : W — Wo.

We have show that 9o is a bijection for O sufficiently close to the identity. Let us show
that Wy is open and that Vo is a diffeomorphism.

Indeed, since
(rn-1(R"(y,9(y))") =y forallycV.

we obtain that ¢ = Id if O = Id.
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Since g € CYH(W) D)o is differentiable a given y € W. By the chain rule we have
D(¢0)y = 100" o R" 0 D¢,

Now since for O = Id we have 9o = Id —and thus D(¢0), = Id—, by continuity there is
e > 0 such that D(v0), is invertible, provided ||O —1d|| < e, for e > 0 small enough. The fact
that we can take € > 0 that works for all y € W follows from the compactness of this set.

Then, using the Inverse function theorem we obtain that 1 is not only injective but also a
diffeomorphism.

Finally, since

/ By fdvol,, = / O |
QN By (po) QNB;(po)

/ f(v-w)dvol,—1 = / f(v-w)dvol,_;
dQNBy-(po) 0QNBs(po)

applytin Proposition 14.8 gives (with R replace by OR), we obtain the validity of (14.2) for

and

all w = ORe,,, whenever O is orthogonal with [|O — Id|| < e. But such set of w spans all of
R™ and hence, by linearity, 14.2 holds for all w € R™. This proves the corollary. O

14.1.3 The integration by parts formula and the divergence theorem

We can now give the following important result:

THEOREM 14.11: INTEGRATION BY PARTS

Let Q C R™ be a bounded C' domain and f € CY(Q). Then, the following formula

holds true for every vector w € R"™:

[ dutavol= [ )0r)w)dvol,-s (o),
Q o0
where v : 00 — S" is the exterior unit normal map.

We now give an immediate corollary that justifies the name ‘integration by parts formula’

COROLLARY 14.12: INTEGRATION BY PARTS

Let Q C R™ be a bounded C* domain and let f and h be two function in C*(Q). Then,

for everyi=1,2,...,n
/ 82](. h dvol,, = —/ f O0;h dvol,, + fh v;dvoly,_1,
Q Q 0N

where v : O — S"~ L is the exterior unit normal map.
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Proof. Apply Theorem 14.11 to the product fg in the direction w = e; and use that 9;(fh) =

Before giving the proof we need a simple preliminary result

LEMMA 14.13: NO BOUNDARY TERM CASE

Assume that h € C1(R™) has compact support.
Then, for all w € R™,

Rn

Owh(z)dx = / Owh(z)dx =0
spt(h)

Proof. Notice first that the support of d,,h must be contained in the support of h (as if h =0
in some open set then d,, = 0 in the same open set).

Also, up to a rotation of the coordinates, it is enough to consider the case w = e,,.

Let (—C,C)™ be a cube ontaining the support of h. Then, using Fubini’s theorem:

C
/ Onh = / dry---dg, / Oph(z)dzy,
(*C,C)n (7C’C)n—l -C

But for each (z1,...,2n—1)
C
/ Oph(z)dxy = h(x1,...,2p-1,C) — h(z1,...,28-1,—C) = 0.
-C

O

Proof of Theorem 14.11. Let ¢y : Vy — By, (pe), 1 < £ < N, be a graphical cover of 92 and
ne : R™ — [0,00) be a partition of unity on M subordinated to {B;,(p¢) }1<i<n-
(Recall that by definition of graphical cover V; C R™ are open and we have

M N Br,(pe) = ¢e(Ve)  where  ¢u(y) = Re(y,9(y))",

Ry; R™ — R™ are orthogonal transformations and g : V; — R are C! maps.)
Also by definition of integral over a submanifold:

N
hdvol,,_1 = / hng dvol,_1,
/f)Q ; MnNBy (Z‘g)

for any continuous function h : 992 — R.

Define now 77 : R" — R as

() 1-— Zévzl ne(x) for z €
me) =
0 for x € R™\ Q.

Version: May 11, 2024. 143



Chapter 14.1

Notice that since 7y is a partition of unity of €2 we have Zé\;l n¢(x) in some open neigh-
borhood of 9 (in other words, in some open set containing 9€2).

Then, it follows that 77 is of class C'™ in all of R™, that the support of 7 is contained in €2
and that Zévzl ne+n =1 1in Q. Hence,

N
/Q O f dvol, = ; /Q O F10) dvol, + /Q D (f7) dvol,
N

_ / B0 dvol, + / D f77)dvol,.
QﬂBTg(pé) Q

(=1

Now, on the one hand, since the support of (f7) a compact subset of 2 we can extend this
function by zero outside of §2 obtaining a compactly supported C'(R™) function. But then
Lemma 14.13 gives:

/ Ow(fm)dvol, =0
Q

On the other hand, for each ¢ we can apply Corollary 14.10 and obtain

/ Ow(fne) dvoly, = / fne(v - w)dvol,_1.
QNB:r, (pe) 0NBy, (pe)

Hence, after summing in ¢ we obtain the desired formula. O
We can now give the divergence theorem as a corollary
DEFINITION 14.14: VECTOR FIELD IN R", DIVERGENCE

Let U C R™ be open. A C* vector field on U is a function F : U — R” of class C*.
If we write

F(z) = (Fi(z),..., Fu(x)),

then functions {F;}, from U to R", are called the components of the vector field.
Given a C! vector field F the divergence of F is defined as the map div(F) : U — R
given by

divF(z) := > _ 8 Fi(x).
=1

We now prove an important corollary of the integration by parts formula:

THEOREM 14.15: DIVERGENCE THEOREM

Let © be a bounded C* domain and F : Q — R some C' vector field.

Then,
/ divF dvol,, = / F -vdvol,_1
Q Y]
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Proof. Applying Theorem 14.11 to w = ¢; and f = F; we obtain:
/ 0iF dvol, = [ Ei(p)(w(p) - e5) dvol, 1 (p).
Q a0

Hence, summing over i = 1,...,n and noticing ), Fi(p)(v(p) - €;) = F(p) - v(p) we conclude.
O

14.1.4 Examples and application of the divergence theorem

EXAMPLE 14.16 (Archimedes’ Principle). — Consider a solid 2 C R3 completely immersed
in a cylindrical water tank. If the coordinate system is set so that x3 = 0 coincides with the
water’s surface, then the pressure of the water P at a depth —x3 is given by P = —pgzs,
where p is the density of the water and ¢ is the acceleration due to gravity.

The vertical force acting of element of surface near ¢ € 0f is proportional to the preasure,

and points towards —v(q). Hence, the total force the water exerts on the buyant can be

F:—/ PvdS
o0

where v is the outward pointing surface normal vector. Substituting the expression for pres-

computed as:

sure, we get:

Fi = / pPgr3lv; dsS
oN
By the divergence theorem, we can convert this surface integral into a volume integral:

F;, = pg/ div(zse;) dV.
Q

Since div(zge;) equals 1 if ¢ = 3 and 0 otherwise, we obtain F; = F» = 0 and

ngpg/deng
Q

where V' is the volume of Q.
This confirms that the buoyant force is equal to the weight of the displaced water, validating

Archimedes’ principle.

EXAMPLE 14.17. — Consider a compact region B in R? and the smooth vector field F :
R? — R? given by F(x) = z. Then, div(F) = 2, and the divergence theorem yields

2V01(B):/ div(F)dx:/ F -vdL.
B aB
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if we can apply it to the region B. So, for example, if B is parametrized by a suitable curve
v : la,b] — OB, then

b b
wl(B) = 3 [ (Oven®)de =5 [ 1) - (om0

As a concrete example, we calculate the area of the region B inside the curve obtained by
unrolling a circle with radius % on a circle with radius 1 for an integer m > 1, while tracking
a point on the moving circle. This curve is called an epicycloid, and in the special case
m =1, it is also called a cardioid. The area enclosed by the epicycloid, denoted by B, is not
smoothly bounded, but it is not difficult to show that the divergence theorem also holds for
the area B.

We represent elements of R? as column vectors. The epicycloid is described by the posi-

tively oriented closed path « : [0, 27] — R?

_m+1 feos(t)) 1 fcos((m+1)t)
v(t) = m <sin(t)> T (sin((m + 1)t)>

The outward normal to « is given by

n () = m+ 1 (cos(t)) L m +1 (c?s((m + 1))2?)

m sin(t)
The scalar product (y(t),n(t)) is

m 2 m
(+?)+7;1+M%@mqm+mw+mm@mmm+nw

m

for a constant a that we do not worry about. We obtain

1

2 m m
vol(B) = 5 [ ate)m e = "D

m2

since the integral over [0, 27] of cos(t) cos((m + 1)t) and also sin(¢) sin((m + 1)t) is zero.

Version: May 11, 2024. 146



Chapter 14.1

14.1.5 Rotation and the Green’s Theorem

DEFINITION 14.18. — Let F : U — R? be a continuously differentiable vector field on an

open set U C R2. The vorticity, rotation, or curl of F is the real-valued function defined
by
rotF'(xz) = curl F(x) := 01 Fa(x) — o F1(x)

onU.

THEOREM 14.19 (Green’s Theorem in the plane). — Let F : U — R? be a continuously
differentiable vector field on an open set U C R?. Then, for any compact C* domain Q C U,

/rothx:/ F-7dL,
Q )

L = (=wo,11), where v is the exterior unit normal.

with T =v
Proof. We define the vector field F* : U — R? by Ft(z) = (= Fy(z), F1(z)). Then,
—div(Ft) = 01 F{* — 0oF3" = 01 Fy — 05 Fy = rot(F).

But by the divergence theorem

/ div(Ft)dz = / Ft . vdL
Q o0

FL-I/:Fgl/l*FlVQ:7F-VL:7F-T.

but

So, the theorem follows. O

Applet 14.20 (Divergence and Rotation). This applet illustrates the concepts of irrotational

and divergence-free, as well as the theorems of this section.

14.21. — As an application of the divergence theorem in the plane, we discuss in the
following exercises the Jordan Curve Theorem. The question that this theorem answers
is essentially the following. Suppose you have drawn a complicated closed curve without self-
intersections in the plane. Does this curve then divide the plane into an inside and an outside?
How do you even define whether a point is in the inside or the outside? Although this is
intuitively clear, proving it is surprisingly difficult. This problem was recognized by Camille
Jordan (1838-1922). Jordan’s original proof of the theorem (around 1882) uses a kind of
polygonal approximation to the curve. It is problematic in several places and was doubted for
several decades but is now considered essentially correct. The problem can also be formulated
in higher dimensions. For example, one can ask whether a complicatedly deformed sphere in
R3 divides space R? into a well-defined inside and outside. A positive answer to the general

problem is provided by the Jordan-Brouwer Separation Theorem. A modern proof of
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this, which works in any dimension and does not require analysis, can be found in [Hat02]
Proposition 2B.1, or in [Rot88|, Theorem 6.35. Here, we formulate and prove the theorem in

the case of smooth curves in R2.

THEOREM 14.22 (Jordan Curve Theorem). — Let 7y : [0,1] — R? be a smooth, reqular (i.e.,
v'(t) # 0 for all t), simple (i.e., v|jo,1) injective), closed path. Then, one can uniquely write
the complement of I' = v([0, 1]) as the disjoint union

R?\ I' = Inn(T") U Out(I"), Inn(T") N Out(T") =0

where the interior Inn(I") is an open, bounded, connected subset and the exterior Out(I') is an

open, unbounded, connected subset. Furthermore, OInn(y) = 0 Out(y) =T

14.23. — A path 7 as in the theorem v : [0, 1] — R? is injective and smooth except for the
equation y(0) = (1), and +/(t) # 0 for all ¢ € [0, 1]. In the following, we additionally assume
that 7/(0) = ~/(1), meaning the image I"' = ([0, 1]) has no kink at the point v(0) = ~(1).
Thus, v could be extended to a periodic, continuously differentiable function on R. We define,

for u € R?\ T, the rotation number of v around u as

L ) - wron)
B =g [

EXERCISE 14.24. — Consider the closed curve 7 : [0,1] — R? for r > 0
~(t) = (r cos(2nt), rsin(27t))

parametrizing the boundary of the circular disk B(0,7). Realize I, (u) for u ¢ 0B(0,r) as the
flux integral of a vector field over B(0,r), and show that for all u ¢ 0B(0,r), the rotation
number is given by

1 ifue B(0,r)

I (u) =
) 0 ifuég B(0,r)

For circles, the rotation number is thus able to decide whether a point is inside or outside the

circle. Does it work for a rectangle? For an ellipse?

EXERCISE 14.25. — Let v : [a,b] — R? be a smooth, regular, simple, closed path. Show

that I, is locally constant.

14.26. — Exercise 14.25 shows, in particular, that I, vanishes outside a sufficiently large
ball. In fact, I, (u) approaches zero as |u| — oo, since in the definition of I, (u), the norm of u
appears to the power of 2 in the denominator and to the power of 1 in the numerator. If B(0, )

is a ball containing T', then I, must be constant on R?\ B(0,7) due to Exercise 14.25, and at
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the same time, it must go to zero for increasing radii, proving the claim. The essential idea to
prove Jordan’s Curve Theorem is now to examine what happens to the rotation number I (u)
when u crosses the curve I'. Using the divergence theorem, one can show that the rotation
number changes by +1 when crossing I', depending on the direction in which the normal

vector of v points.

EXERCISE 14.27. — Let u,u’ € R?\ 7([a,b]), such that the line segment from u to u’

intersects the trace of v at exactly one point 7(s). Show that

L(w') — I, (u) = sgn({u — o/, v(x(s))))

Note that the trace of v is intersected at exactly one point. Thus, the statement can be

reduced to the following illustration:

Now, replace the path segment of v between the times s1, s3 chosen sufficiently close to s with

either of the circular segments as shown in the image.

EXERCISE 14.28. — Show that there is at least one point ug € R*\ " with I, (up) = 1 or
I,Y(UQ> = —1.

EXERCISE 14.29. — Show that the sets
Inn(y) = {u € R\ T | I,(u) # 0} and Out(y) = {u € R*\T'| I,(u) = 0}

are open and path-connected.

EXERCISE 14.30. — Prove Jordan’s Curve Theorem 14.22.
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14.2 Line integrals and the Poincaré Lemma

14.2.1 The work of a Vector Field along a path

DEFINITION 14.31: PIECEWICE C* PATH

Let U C R™ be an open set and k& > 1 an integer. A continuous map v : [0,1] — U C R"
is called piecewise C* path if there exist finitely many points 0 = tg < t; <ty < ... <
ty = Lin [0,1] such that for all k = 1,2,..., N, the restriction 7|, _, +,] is belongs to
C*([tr_1,tr],R™).

DEFINITION 14.32: WORK OF A FIELD ALONG A PATH (LINE INTEGRAL)

Let U C R™ be an open subset, and let ' : U — R™ be a continuous vector field and
v :[a,b] = U a C' map (also called ‘path’). We define the work of F along ~ as

[roa= " Fy(e) A )it

If ~ is piecewise continuously differentiable with respect to a partition a = tg < t1 <

-+ <ty = b, the integral is interpreted as the sum of integrals over intervals [tx_1, tx].

In Physics literature, one often finds notations like:

/F-dyz/ﬁ~df.
Y vy

where 7 is the position vector.

LEMMA 14.33: REPARAMETRIZATION INVARIANCE OF LINE INTEGRALS

Let U C R™ be an open subset, f: U — R™ be a continuous vector field, let v : [a,b] —
R? be a continuously differentiable path and let v: [0,1] — [a,b] be a C' function such

that ¢¥(0) = a,¥(1) =b. Then
/F: F.
v youp

Proof. This is a consequence of the change of variable formula (the one for one variable seen

in Analysis I) and the chain rule:

1 1
Fod(you) = / F(y(())) - (7 0 ) (t)dt = / Fly((8))) -+ () (1)t
yop 0 0

- [ raey s [ Fan
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DEFINITION 14.34: POTENTIAL OF A VECTOR FIELD

Let U C R™ be open, and F' : U — R™ be a continuous vector field. A continuously
differentiable function f : U — R is called a potential for F', if Vf = F holds. That

is to say
O0if(x) = Fi(x) forall z € U,1 < i < mn.

If F' admits a potential f in U, we say that F' is conservative in U.
In the next two propositions we show that a vector field ' admits a potential if and only
if the value of v +— f7 F' depends only on the endpoints of ~.

PROPOSITION 14.35: WORK ALONG A PATH AS DIFFERENCE OF POTENTIAL

Let U C R™ be open, and let F' : U — R"™ be a continuous vector field. Suppose there
exists a potential f : U — R for F. Then

| F=160) - 16(0)
v
for any C* path ~:[0,1] = U.

Proof. 1f v : [0,1] — U is a continuously differentiable path, then for ¢ € [0,1], F(y(t)) =
grad f(v(t)) = Df(y(t)), and thus

1

1 1
/ Fody= / Fy(t) -+ (£)dt = / DF(4() (7 (£))dt = / (f o) (B)dt = F(1(1)) — F(~(0))
v 0 0 0

by the chain rule. If v is only piecewise continuously differentiable with respect to a partition
0=sp<s1 <...<sy =1, the calculation can be applied to the subintervals [sx_1, sg]. This
leads to a telescoping sum where all terms except f(v(1)) — f(v(0)) cancel. O

EXAMPLE 14.36. — Consider the vector field F' on R? defined by F(z,y) = (—y,z) and
calculate the integral of F' along different paths from (0,0) to (1,1).
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Figure 14.1: The vector field F' - vector lengths are scaled by a factor of 0.1.

Let 70,71, and 72 : [0,1] — R? be the paths from (0,0) to (1,1) given by yo(t) = (¢,t) and

D[

(2t,0) if t € [0, 1] (0,2t) if t €0, 3]
_ Y2(t) = _
(L2t —1) ifte[$,1] (2t —1,1) ifte]

m(t) =
1]

DN =

Then,

/ F.dfyl:/02 <(O,2t),(2,0)>dt+/11 (1= 21, (0,2)) dt = 1

2

1

1
2
LQF-dny: |7 2002 de+ [, (2= 0= -1

2
We see that the work performed fv F depends on the chosen path . If one moves perpendic-
ular to the vector field, no work is done. If one moves with the vector field, positive work is

done, and if one moves against the vector field, negative work is done.

From these calculations, it follows in particular that the vector field F' does not possess a
potential.

EXERCISE 14.37. — A loop in an open subset U C R” is a path 7 : [0,1] — U with
~7(0) = v(1). Show that a continuous vector field F': U — R is conservative if and only if,
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for every piecewise continuously differentiable loop v in U,

/FzO
¥

holds.

LEMMA 14.38: INTEGRABILITY CONDITIONS

Let U C R™ be open, and let F be a C* conservative vector field on U, with components

Fy, ..., F,. Then we necessarily have the integrability conditions:
0, Fy = O F;
for all pairs j,k € {1,...,n}.
Proof. If Vf = F. Then, for j, k € {1,...,n}, we have
0;Fy, = 00, f = 0,0; f = O F). (14.3)

We are allowed to commute second derivatives because f is C2(U), since V.f = F € C1(U,R"),

hence Schwarz Lemma applies. O

The following example shows that the integrability conditions 14.38 are necessary but not

generally sufficient for F' to have a potential.
EXAMPLE 14.39. — Let U = R2\ {0}, and consider the vector field F : U — R? given by

for (z,y) € U. A direct calculation shows

T —x? 4+ 2 —y
F = Oy = == — F )
falr) =0 <x2 +y2) @y <x2 +y2> Hr0)

thus satisfying the integrability conditions (14.3) throughout U. However, F is not conserva-
tive. Let v :[0,1] — U be the continuously differentiable loop defined by

~(t) = (cos(2nt), sin(27t))
which rotates once counterclockwise around the unit circle. Then,
1
/F cdy = 277/ ((—sin(27t), cos(27t)) , (— sin(27t), cos(2nt)))dt = 2,
¥ 0

even though v is a closed path with v(0) = (1) = (1,0).
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Applet 14.40 (Integrability Conditions). What different values for the path integral can you
obtain when considering closed paths? Why does the value of the path integral usually not

change, but sometimes does when you move the middle three points?

14.2.2 The Poincaré Lemma

In order to state the main theorem of this section we need to introduce the concept of homotopy

of curves.

DEFINITION 14.41: HOMOTOPY, SIMPLE CONNECTED SUBSET OF R"”

Let U C R"™ set vy and 71 be to continuous maps from [0, 1] — U with the same initial
point xg = 70(0) = 71(0) and the same endpoint z1 = (1) = y1(1).

A homotopy from ~yy to v, within U is a continuous function H : [0,1] x [0,1] — U
with the following properties:

H(0,t) =v(t), H(1l,t)==(t) and H(s,0)==x9, H(s,1)=umz

for all t € [0,1] and all s € [0,1]. We say 1 is homotopic to =g if there exists a
homotopy from g to ;.
A subset U of R" is called simply connected if for any two given paths in U with the

same end points are homotopic.

14.42. — Let H be a homotopy from 7y to 1 as in the definition. For each fixed s € [0, 1],
the function 7, : t — H(s,t) is a path from z¢ to 1. For s = 0 and s = 1, we obtain the
given paths g and ;. This way, we can view the homotopy H as a parametrized family of

paths depending continuously on the parameter s € [0, 1].

14.43. — Heuristically, a connected topological space X is called simply connected if
every path + from z to 1 in X can be continuously deformed into any other given path from

xg to x1.

THEOREM 14.44: POINCARE LEMMA

Let U C R™ be open, and let F : U — R"™ be a continuously differentiable vector field

that satisfies the integrability conditions
OpFy = 0;Fy, (14.4)

for all j, k€ {1,...,n}. Let 40 : [0,1] = U and 1 : [0,1] — U be piecewise C paths

with the same initial point xo and the same endpoint x1. If vo and 1 are homotopic,

then
Yo 71
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Theorem 14.44 is an example of a so-called global integration theorem because, it has
something to do with the global nature of the domain U. This is evident in the following
important

Before proving Theorem 14.44 we show a simpler proof under the additional assumption

that U is convex.

LEMMA 14.45: POINCARE LEMMA IN CONVEX DOMAINS

Let U C R™ be open and convex, and let F' : U — R™ be a continuously differentiable

vector field that satisfies the integrability conditions (14.4). Then F 1is conservative in

U.

Proof. The necessity of the integrability conditions was already proven in Corollary 14.38.
For the converse, assume without loss of generality that 0 € U. We use the path integral of
F along the straight line from 0 to x € U to define a function F' : U — R by

f(z) ::/O F(tx)-xdt

for x € U, and let us prove that f is a potential of F.
Indeed, fix j € {1,...,n} and consider, as a preparation for the computation of 9;f, for

h € R"

= Z 6ij(tx)t T + Fj(tx) = Z 8kFg(tx>t Tk + Fj<tx)
k=1 k=1
— O,(tF;(tx)) + F) (i),

where we used the, integrability conditions.

Hence, using Theorem 13.41, for z € U we can compute 0; f(z) as

1 1
9, () = 0, /0 Pliz) - zdt = /0 (0,(tF (t)) + Fj(t) ) dt, (14.5)

Integrating by parts we find:

1 1
0if(x) = [tFj(ta;)]z(l) _/0 Fj(tx)dt +/0 Fj(tz)dt = Fj(x)

Thus, F = Vf, and f is C2. O
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EXERCISE 14.46. — For which values of A € R is the vector field F : R? — R? defined by

F(z,y) = (Azexp(y), (y + 1+ 2°) exp(y))

conservative? Determine a potential for f for these values.

Proof of Theorem 14.44. Suppose that vy and 7; are two given piecewise C' homotopic paths
joining ¢ and 1 and let H : [0,1]> — U be an homotopy, i.e. H(s,t) is continuous and
H(0,t) = ~0(t), H(1,t) = 71(t), for all ¢t € [0, 1].

The map H is continuous in the compact set [0, 1] so it is uniformly continuous. Also the
image of H, K := H([0,1]?) is a compact subset of U.

By the previous considerations there exist § > 0 and € > 0 such that for all x = H(s,t) € K,
we have Bs(z) C U and & = H(5,t) € Bs(x) whenever |s — s| < e and [t — t| < e.

Fix now K > 10/e and consider the ‘mesh’

s; = el, tm:=¢€l, 0<Il,m<K.
For every 0 < I,m < K let
Ty = H(s1,tm)-

and let f;,,, : B5(z;,m) — R be the a potential of F' restricted to Bj(z,y,), which exists thanks
to Lemma 14.45. (We can choose for concreteness the potential satisfying f m,(z;m) = 0,
although this will not play any role in the proof).

Let us show that forall 0 < /< K —1and 0 <Il,m < K — 1 we have

fl—&-l,m(xl-l—l,m-l—l) - fl—i—l,m(xl—&—l,m) =+ fl,m—l—l(xl—i—l,m—i—l) - fl,m+1(xl,m+1)
+ fl,m(xl,m—i-l) - fl,m(xl,m) (146)
- fl,m(lerl,m) + fl,m(xl,m)

Indeed, it follows from noticing first that
fl+1,m(wl+1,m+1) - fl+1,m(xl+1,m) - fl,m(lerl,erl) - fl,m<x1+1,m)

because the functions fi41,m, fi,m are both potentials for X in Bs(x¢41,m) N Bs(x,m) and the
two points x;41 m+1 and xj41,m+1 and x41,,, belong two the intersection of the two balls.

Similarly,

fl,m+1($l+1,m+1) - fl,m+1($l,m+1) = fl,m(ml—i-l,m—i-l) - fl,m(xl,m—i—l)-
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But then (14.6) follows from the trivial identity

fl,m(lerl,erl) - fl,m(xl+1,m) =+ fl,m(xl+1,m+1> - fl,m+1(xl,m)
+ fim@1m+1) = fim(@im)
- fl,m(xl—s—l,m) + fl,m(xl,m)
Finally notice that

K-1

/ Fdy =Y (fom@omt1) = fom(zom))
o m=0
and
K-1
/ Feodyn =Y (fem@rmi1) = fem(@rm))
M m=0

Therefore, summing (14.6) over all 0 <[ < K — 1 and all 0 < m < K — 1 and using that

210 = 20 and z; x = xf for all [, so

Jro(@is10) + fro(@io) = fix(@ik) + fik(Tk) forall 0 <1< K —1,
we obtain f% F-dy — f’yo F-dy =0. O
EXERCISE 14.47. — Let U C R™ be open and simply connected. Show that continu-
ously differentiable vector field on U is conservative if and only if it satisfies the integrability
conditions (14.4).
14.3 Stokes’ theorem in 3D, and a word on differential forms

DEFINITION 14.48. — Let F : U — R? be a continuously differentiable vector field on an
open set U C R3. The vorticity, rotation, or curl of F is the vector field on U defined by

OoF3 — O3 Fy
rot FF=curl F = | 93F; — 01 F3
O Fy — 0o Fy
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DEFINITION 14.49: SMOOTHLY BOUNDED DOMAIN IN ORIENTABLE C* SURFACE (EX-
TRA MATERIAL)

Let M C R3 be a C* surface (i.e. a 2-dimensional submanifold).

We say that M is orientable if there exist a continuous map v : M — S? that such
that v(p) is normal to M at p for all p € M. Such map v is called an orientation of
M.

A subset Q C M is called relatively open if there is U C R® open such that Q = MNU.
A relatively open subset  C M is called smoothly bounded domain if €2 is compact
and T :=Q\Q c M C R?is a C* 1-dimensional submanifold. Then T is called the
boundary of €.

Given an orientation v : M — S2. For each p € I' we will put 7(p) the unit tangent

vector to I" at p such that v(p) x 7(p) ‘points inwards to ©’: more precisely, there is a

sequence py, € € such that P2=L — v(p) x 7(p).

THEOREM 14.50: STOKES FOR SMOOTH SMOOTHLY BOUNDED DOMAINS (EXTRA
MATERIAL)

Let F be a continuously differentiable vector field on an open subset U C R3. Let
M C U C R3 be an orientable C' surface and Q C M a smoothly bounded domain with
boudnary I'. Then,

/Q (rot F, ) dS = /F (F,7)dS,

where v : M — S? is an orientation of M and 7 : T — S? a unit tangent vector to T

such that that v X T points inwards to €.

To illustrate the cornerstone idea of the proof without introducing superfluous technical
complications we will work in the simplified framework of immersed disks. The general case

can be done similarly using a partition of unity.

DEFINITION 14.51: IMMERSED DISK

The set D : {z € R? | 2 + 23 < 1} is called the unit disk.
We call any map 9 : D — R3 of class C! and such that D, has maximal rank for all

z € D an immersion of the disk or, simply, immersed disk.

14.52. — If ¢ : D — R3 is an immersed disk the continuous two vectors 011 (x) and da)(z)
are linearly independent and span the plane tangent to the surface (D) at the point 9 (z).
Hence, the map 7 : D — S? C R3 defined as

Ha) i D2) X D1 (a)
- |o(@) x n(a))|
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gives a unit normal vector to the surface the surface ¢(D) at the surface’s point ().
Stoke’s theorem for immersed disks reads as follows.
THEOREM 14.53: STOKES FOR IMMERSED DISKS

Let U C R? be an open set and F : U — R3 a C map (a vector field). Let v : D — U
be an tmmersion of the disk and put

~(t) := 1p(cost,sint).

Then
/ (rot F,v)dS := / ((rot F') o 1), V) }Olw X ﬁzw‘dajldmg
¥(D) $(D)

2m
= [(1Eon @A/ @)dc= [ Fear
0 v

In words: the flux of the curl of F' across an immersed disk equals the circulation of F
along the boundary of the immersed disk.

Before proving the theorem we need to the following
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INTERLUDE: SKEW SYMMETRIC MATRICES AND CROSS PRODUCT IN R?

Suppose that A is a skew symmetric (i.e. AT = —A) 3 x 3 matrix.
Then A is of the form:

0 — B
A=~y 0 -—-al,
-8 a O

for some «, 8,y € R.
Notice that for any vector b = (b1, ba, b3)? € R? we have:

0 —y B by Bb3 — by a by
Ab = Y 0 — b2 = ’ybl — Odbg = /B X bQ
—ﬂ (6 0 b3 Oébg — 51)1 Yy b3

This crucially used, for example, classical rigid body dynamics. The orientation of a
rigid body is described by a orthogonal 3x 3 matrix R(t) that varies smoothly with time.
Then, differentiation the identity R(¢)R(t)T = Id with respect to t one obtains that
A = R'RT is skew-symmetric. The associated vector w := (a, 3,7), which varies with
time, is the so-called angular velocity of the rigid body. It describes the infinitesimal
change in its orientation. The angulart velocity w(t) and its derivative with respect to
t, w'(t), appears in Euler’s equations of rigid body dynamics (conveniently multiplied

by the inertia matrix I of the body). Namely,
Iw' 4+ w x (Iw) = applied torques.

(For example, for a body in free fall under the gravitational field the applied torques

are just zero.)

Proof of Theorem 14.53. Let us define the following C! vector field G on D:

for x = (z1,22) € D.

We will apply the 2D version of Stokes theorem (Green’s theorem 14.19, which is essentially
same as the divergence theorem) to G. But in order to do so we need to express the 2D rotation
of G on V in terms of the 3D rotation of F. We claim that

rot(G) = (rot(F') o ¢, 019 X Oath)
holds. To see this, we calculate (using the chain rule):

I‘Ot(G) = 01G9 — 0G4
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O (F 0 1h, 0a1p) — O2(F 0 p, ryp)

(DF 0 4)019,02¢) + (F 0 ), 0102¢) — (DF 0 9)0ath, O11p) — (F 0 9, 01021)
(DF 0 4)019,02¢) — ((DF 0 ¢) 021, 019)

((DF — DFT) 0 4)019), o)),

Now we notice that the skew symmetric matrix DF — DFT can be put as

0 OoF) — 01 Fy 03F1 — O1F3 0 —y B
DF — DFT = | o\ Fy — 0oy 0 O3F =k | =+ 0 -—a
81F3 — 83F1 82F3 - 83F2 0 —,3 « 0

for (v, B,7)T = (82F3 — O3F», 03Fy — 01 F3, 01 F> — 02 F1)T = rot(F).
Therefore we obtain, as claimed,

rot(G) = ((DF — DF") 0 )19, 1) = ((rot F o 4p) x 911, Baty) = (D13 X Db, (vot F o 1)).
Here, we used the simple identity;
(a xb,c)y=(bxc,a)=(cxa,b)=det(a|b]c),

for all vectors a, b, ¢ in R3.

Hence, using Green’s theorem 14.19 and the chain rule for the derivative of 1) oy, we obtain

01 x Oa1p
|01 x Do)

b
=/ (Gonv,y)dt
:/"<< (Foyoy,dipon) )(vé )>dt
a <FO1/}°’Y782¢07> Y2

b 3
=/ Z(Fjowov)((amjov)% + (82¢j07)7£)dt
a =1
b

/(rotF, v)dS = / (rotF o 1), ) [01¢ x 09| dxrdae = / rotGdx
Q 1% 1%

:/a <Fo¢o%(@boy)’>dt:/FF-7'dL,

as claimed. O

EXAMPLE 14.54. — Let vy be the concatenation of the four paths v1,72,73,74 : [0,1] — R3
given by

71(t) = (t,O,tQ),
Ya(t) = (1,t,1 — t2),
'73(t) = (1 —1,1, (1 - t)2 - 1)7
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1) = (0,1 —t,—(1 = 1)%)).

The first two components of y describe a parameterization of the unit square [0, 1]?, and the
third component, over a point (z,y), is at height = = 22 — 2. Thus, v parametrizes the

boundary of the surface

S:{(x7y7Z)ER3|0§l‘,y§1’ Z=$2—y2}

which we can understand as the graph of the function f : [0,1]?> — R given by f(z,y) = 222

We can parametrize S with a single chart ¢ : [0,1]2 — R3, given by ¥ (z,y) = (z,y, 2> — y?).

Calculating in advance:

1 0 —2x
8m¢($ay) = 01, 8y¢(x7y) = 1 , Opth X ayd} = 2y
2x —2y 1

X VA
T,

(0,0,0)

(1,1,0)

(011;'1)
Consider the vector field F : R — R? given by

yz + cos(z)
F(x,y,2) = | 2z + sin(y)
2zy

The path integral f,y Fdt can be calculated directly from the definition, where it is expressed
as the sum of four path integrals. In this case, however, the latter are relatively complicated

to compute. The rotation of the vector field F' is, however, of a simple form. Indeed, it holds
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that
T

I'OtF(:L‘,y7 Z) = )
0

for all (z,y, z) € R3. According to Stokes’ theorem, we have

/th:/rot dn—/ / (rot(F'), 0x9 A Oytp)dady
.
// dxdy——%

EXERCISE 14.55. — Calculate, using Stokes’ theorem, the path integral fA/ Fdt, where the
vector field F' on R? and the path 7 : [0,1] — R? are given by

222 cos(z?) t
F(z,y,2) = z and ~(t) = t?
sin(z?) (t)* = (%)

respectively. As a hint, note that v takes values in the surface z = 22 — 2.

EXERCISE 14.56. — Let f be a twice continuously differentiable function, and F a twice

continuously differentiable vector field on an open set U C R3. Show that
rot(grad(f)) =0 and div(rot(F)) =0

hold.

EXERCISE 14.57. — Given the smooth vector field F(x,vy,2) = (yz,22,1) on R? and the
surface
M={(z,y,2) eR}|2* +¢*° =1, 0< 2 < 1}

compute the flux integral [ g TOUF - vdS directly and using Stokes’ theorem.
EXERCISE 14.58. — Determine real parameters «, 3, such that the vector field
(x,y,2) = (x + 2y + az, fx — 3y — 2,4z + vy + 22)

in R3 becomes irrotational, i.e., rot(F) = 0. Determine, after choosing these parameters, a

potential for F'.

EXERCISE 14.59. — Let 0 < h < 1, and let S be the part of the unit sphere S> C R3
satisfying z > —h. Consider the vector field F(z,y,z) = (—y,x,0). Calculate the flux
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Jg rot(F)dn outwardly directly, once with Stokes’ theorem, and once with Gauss’ theorem.

EXERCISE 14.60. — Consider on U = R3\ ({(0,0)} x R) the vector field

2(xz +y) 2(yz— ) 2. 2
F(%yyz):< x2+y2 ) $2+y2 ,IOg(.%' +y)

and the curves 1,72 : [0,27] — U given by
7 (t) = (cos(t),sin(t),0), and ~2(t) = (2cos(t),2sin(t),2)

Calculate the difference f% Fdt — fvz Fdt using Stokes’ theorem. Is F' conservative?

EXERCISE 14.61. — The Laplace operator on R? is
2

3
19}
A:C*(R*R) = CO(R%,R) Af(x) = ; @ﬂx)

given, or alternatively by Af = div(gradf). Prove the identity

rot(¢f) = (gradp) x F

for continuously differentiable vector fields F : R? — R3 and C? functions ¢ : R? — R.

EXERCISE 14.62. — Let A € GL3(R) and F : R?® — R3 be a continuously differentiable
vector field. Define the vector field Fiy := Ao F o A~!. Prove that div(Fy4) = div(F)o A~!
holds, and prove that

rot(Fy) = rot(F) o A7}

if A€ SO(3,R).

EXERCISE 14.63. — In this exercise, we want to show that a solution u of the wave equation
can be assigned a natural energy E(t) that remains constant over time. Let B C R3 be a
smoothly bounded region. Let f,g : U — R be twice continuously differentiable functions

defined on an open neighborhood U of B. Prove the Green’s formula

[ terads Voo = [ g(eradpyin— [ g(a)is

B

Now consider a twice differentiable function v : R x U — R, where u is a function in three

“space variables” p = (z,y, z) and one “time variable” t. Write

Au = 9%u + 8§u + 0%u
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for the Laplace operator applied to u with respect to the spatial variables. Assuming u satisfies

the wave equation

O?u(t,p) = Ault, p) for all (t,p) e Rx B
u(t,p) =0 for all (t,p) e R x 0B

Show using Green’s formula that the energy function £ : R — R+ given by

E(t) = /B ((8tu(t,p))2 + (Opu(t,p))? + (8yu(t,p))2 + (8Zu(t,p))2)dxdydz

is constant for ¢ € R.

14.4 A glimpse into differential forms

Out most fundamental guiding principle when we defined surface integrals was the invariance
under reparamentrization.Let M C R" is an m-dimensional submanifold, and ¢ : V. — M
a regular parametrization (i.e. D¢, has maximal rank for all x € V). Take any positive
diffeomorphism (i.e., ¢ : W — V with det(D1,) > 0 for all y € W. Then, for all (integrable)
h: M — R, we have:

/ hdvol,, = / ho ¢\/det DT Dpdx = / hogoto \/detD(¢ o )T D(¢ o 1h)dy.
M \% w

It then is natural to abstract this and ask: what other ‘integrals over parametrized sub-
manifolds’ are invariant under reparametrization?

In what follows R**! denotes the space of k x [ matrices, also denoted Maty, ;(R), corre-
sponding to linear maps R! — R¥

More precisely, assume U C R™ is open and M C U. We would like to find functions
w:UxR™ =R, w:(p,A) — wp(A) =w(p, A), such that

/ wstay(Diby) di = / o (e (D(6 0 1)) dy, (14.7
1% w

for every reparametrization.

This invariance is key if we want to to meaninfully define

[ wi= [ @i Do) da.

Notice that w,(A) = h(p)+/det(AT A) satisfies it. But are there other possibilities?
Recalling that the invariant under reparametrization ultimately boils down to the change
of variables formula of R™ it is natural to consider the the determinant of a certain square

matrix obtained from A by some transformation.
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Using the change of variables formula, it is easy that the condition w must satisfy in order
to (14.7) to hold is:

wp(AB) = wy(A)det(B), for all A € R™™ and B € R™ ™.

Arguably, the simplest possible transformation achieving this is multiplication by a m x n
matrix: Given © : U — R™*" (smooth), ©p — 0, = ©(p), put

wy(A) = det(0,A). (14.8)

Notice that when A = D¢, (a n x m) the matrix ©,A4 will be m x m and hence we can
compute the determinant of this square matrix.
Notice also that if two maps w; and ws satisfy (14.7) then for any pair of (smooth) functions

f1, fo : U = R the linear combination

w(p, A) = fi(p)wi(p, A) + fa(p)wa(p, A)

also satisfies (14.7)

Hence it is natural to consider the vector space of all w of finite combinations form

w(p, A) = fr(P)we(p, A)  where we(p, A) = det(©,,A). (14.9)

WE

(=1

However, there is a lot of redundancy in the representations (14.9). To find ‘canonical’

unique representations let us consider the set of all increasing multiindexes of length m
Zm = {I:(il,ig,...,im) | 1<y <9< <im§n},

and let ¥ : R™ — R™ be the linear map (or matrix) defined by
m

drv = Zvimem, for all v € R™.
k=1

Using the multilinearity of the determinant one can show (it is a linear algebra not so easy

exercise) that every w of the form (14.9) can be uniquely written as

w(p, A) = Y fr(p)det(9;A) (14.10)
I€Z,,

where fr: U — R are (smooth) functions.
In the differential geometry literature, the map A — det(¥7A) is commonly denoted by

do! = da™ Adx2 A - A datm
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As a mathematical object, the maps w : U x R"*™ — R of the form (14.10) are called
differential m-forms in U.

As we have seen the most fundamental property of m-forms is the fact that it is meaningful
to integrate them over a submanifold, in the same that every reparametrization gives the same
result.

Also, let U : U — U is a diffeomorphism, and let M= v-Y(M) c U.

Then it is an simple exercise (again using the change of variable formula) to prove that

the so called pull-back form ¥*w defined as

(V'w)q(A) = wy(q) (DY, A)

/ ‘ll*w:/ w
M W (M)

for any M C U smooth m-submanifold (i.e. M = ¥(M) C U smooth m-manifold).

However, what makes differential forms really useful mathematical objects is the so-called

is a m-form in U satisfying

exterior differential, an opertor, denoted d, which acts on m-forms transforming them into
(m 4+ 1)-forms. Toghether with the crucial fact that d commutes with pull-backs.

For w of the form

w(p, A) = Y fi(p)det(9;A)

I1€Z,,

and B : R™*(m+1) gne defines

_ e 19[
dw(p, B) = Z det ( 75 B) ,

1€l

where J f1(p) = Vf(p)T is the Jacobi ‘matrix’ (a row vector).

Within this language one has the generalized Stoke’s theorem: Assume that U C R™ and
that w is a m-form in U. Suppose that M C U is an orientable (m + 1)-submanifold M
with boundary (We will not define this notion in depth but let us just say that differential
geometric boundary M is defined as M \ M and it is assumed to be m-submanifold. Also

OM ‘inherits’ an orienteation from M, whatever this means...)

We then have
/ dw :/ w.
M OM

This statmentement is the generalization Stokes’ theorem to submanifolds of arbitrary

dimension m in ambient spaces of arbitrary dimension n (with 0 < m < n).
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l-norm, 31

Cardioid, 146
Cauchy sequence, 10
closed, 14

closure, 16

compact, 21
complete, 10
completion, 11
connected component, 28
contraction, 20
converges, 7

critical point, 63
curl, 147, 157

diffeomorphism, 80
differentiable, 40
differential, 40
discrete metric, 6
distance, 5

dyadic cube, 89
dyadic set, 89

Epicycloid, 146
Equivalence

Norms, 36
Euclidean isometry, 118

Euclidean norm, 35
fixed point, 20
gradient, 63
Hessian matrix, 69

infinity norm, 31
integrability conditions, 153

interior, 16

Jacobian matrix, 45

Laplacian, 69

limit, 7

Lipschitz constant, 19
Lipschitz continuous, 19
loop, 152

Manhattan metric, 6
maximum norm, 31
metric, 5

metric space,

Norm
Euclidean, 35
induced, 35

norm, 31
open, 14

permutation of the coordinates, 82

points, 5

Riemman integrable, 102
rigid motion, 118
rotation, 147, 157

rotation number, 148

Schwarz, Theorem of-, 53
sequence, 7

simply connected, 154
space, b

standard metric, 6

subsequence, 8

term, 7
topological boundary, 16
topology, 14
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uniformly continuous, 19

vector field, 144
vorticity, 147, 157
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