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1. Let L : K be a finite Galois extension. Take x P L and assume that the elements σpxq are all
distinct for σ P GalpL : Kq. Show: L “ Kpxq.

2. For p an odd prime number, let ζ :“ e2πi{p. Denote by Ci a cyclic group of order i.

(a) Show: rQpζq : Qs “ p ´ 1. (Hint: Use Eisenstein criterion.)

(b) Show: GalpQpζq : Qq – Cp´1.

3. Let Lf be the splitting field of f “ X5 ´ 1 over Q.

(a) Determine Gal pLf : Qq.

(b) Determine all intermediate bodies M with Q Ĺ M Ĺ Lf .

(c) Let ζ :“ e
2πi
5 . Determine the minimum polynomial of ζ ` ζ4 over Q.

4. For n ě 3 let ζ P C be the primitive n-th root of unity. Prove:

Qpζq XR “ Qpζ ` ζ´1
q

and determine the degree rQpζq : Qpζ ` ζ´1qs.

5. Let K be a field, where the characteristic of K is not 2 and let fpxq P Krxs, such that the
zeros of f in a splitting field are α1, . . . , αn. Let

δ “
ź

1ďiăjďn

pαi ´ αjq.

The discriminant ∆pfq of f is defined as

∆pfq “ δ2.

Prove:

(a) ∆pfq P K.

(b) ∆pfq “ 0 if and only if it has a multiple zero.

(c) If ∆pfq ‰ 0, then ∆pfq is a perfect square in K if and only if the Galois group of f ,
interpreted as a group of permutations of the zeros of f , is contained in the alternating
group An.
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