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1. The Sylvester matrix of two polynomials fpXq :“
řm

i“0 aiX
i and gpXq :“
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a ring R is given by the pm ` nq ˆ pm ` nq matrix
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The determinant of the Sylvester matrix is called the resultant of f and g and is denoted by
Resf,g P R.

(a) Compute the resultant of the polynomials X3 ´ X ` 1 and X2 ` X ` 3.

(b) For two arbitrary polynomials f, g over a ring R prove that

Resg,f “ p´1q
mnResf,g

(c) For K a field, let f, g P KrXs be two polynomials. Prove: the resultant of f and g is
equal to zero if and only if the two polynomials have a common root.

(d) For polynomials fpXq “ am
śm

i“1pX ´ αiq and gpXq “ bn
śn

j“1pX ´ βjq prove:

Resf,g “ anm ¨ bmn ¨

m
ź

i“1

n
ź

j“1

pαi ´ βjq.

(e) Let fpXq “ a0 ` a1X ` ¨ ¨ ¨ ` am´1X
m´1 ` Xm be a polynomial over a ring R. Let

∆pfq denote its discriminant (see exercise sheet 10). Show that

∆pfq “ p´1q
mpm´1q

2 Resf,f 1 ,

where f 1 denotes the derivative of f .

(f) Determine a general formula for the discriminant of an arbitrary polynomial of degree
2, 3 and 4.

2. Let n be a positive integer, and P P ZrXs a monic irreducible factor of Xn ´ 1 P QrXs.
Suppose that ζ is a root of P .

1



(a) Show that for each k P Zě0 there exists a unique polynomial Rk P ZrXs such that
degpRkq ă degpP q and P pζkq “ Rkpζq. Prove that tRk|k P Zě0u is a finite set. We
define

a :“ supt|u| : u is a coefficient of some Rku

(b) Show that for k “ p a prime, p divides all coefficients of Rp, and that when p ą a one
has Rp “ 0 (Hint: P pζpq “ P pζpq ´ P pζqp).

(c) Deduce that if all primes dividing some positive integer m are strictly greater then a,
then P pζmq “ 0.

(d) Prove that if r and n are coprime, then P pζrq “ 0 (Hint: Consider the quantity m “

r ` n
ś

pďa,p∤r p).

(e) Recall the definition of n-th cyclotomic polynomial Φn for n P Zą0: we take Wn Ď C

to be the set of primitive n-th roots of unity, and define

ΦnpXq :“
ź

xPWn

pX ´ xq.

Prove the following equality for n P Zą0:
ź

0ăd|n

ΦdpXq “ Xn
´ 1,

and deduce that Φn P ZrXs for every n.

(f) Prove that the n-th cyclotomic polynomial is irreducible. (Hint: Take ζ :“ expp2πi{nq

and P its minimal polynomial overQ. Check that P satisfies the required hypothesis to
deduce that ΦnpXq|P (using parts (a)-(d)). Then irreducibility of P together with part
(e) allow you to conclude.)

3. Let L be a splitting field of the polynomial X6 ´ 5 over Q. Determine all intermediate fields
of L : Q together with their inclusions.
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