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Problem sheet 1

Problem 1

Let A be 2 × 2 real matrix with eigenvalues λ ∈ (1,∞) and µ ∈ (0, 1).
Consider the map

T : S1 → S1 : x 7→ Ax

∥Ax∥
.

(a) Show that T has exactly four fixed points.
(b) Show that Tnx = Anx

∥Anx∥ .
(c) Show that for every x ∈ S1, the sequence Tnx converges to a fixed

point of T .

Problem 2

Let Rα, Rβ : S1 → S1 be circle rotation by angles α and β respectively.
Consider the map

T : S1 × S1 7→ S1 × S1 : (x, y) 7→ (Rαx,Rβy).

(a) Show that for any (x, y) ∈ S1 × S1 there exists ni → ∞ such that

lim
i→∞

Tni(x, y) = (x, y).

(b) Show that when α = 2β, T is not transitive.

Problem 3

Let T : S1 → S1 be the doubling map x 7→ 2x mod 1.
(a) For n ∈ N find all periodic points x of period n by solving directly

the equation Tn(x) = x.
(b) Show that the periodic points for the doubling map are dense in S1.

Problem 4

Given any finite sequence of decimal digits ω1 · · ·ωl, show that there exists
n ∈ N such that the decimal expansion 2n starts with ω1 · · ·ωl. (Hint: Use
that log10 2 is irrational.)
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Problem 5

Let k ≥ 2 and

Ω =

∞∏
i=1

{0, ..., k − 1}

with the metric d(ω, η) =
∑∞

i=1
|ωi−ηi|

ki
. Consider the shift map

S : Ω → Ω : (ωi)i≥1 → (ωi+1)i≥1.

(a) Show that ω(n) → ω as n → ∞ in Ω if and only if ω
(n)
i → ωi as

n → ∞ for all i.
(b) How many S-periodic points of period n?
(c) Show that the set of S-periodic points is dense in Ω.
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