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Problem sheet 5

Problem 1
Let T : [0,1] — [0,1] be the map defined by T'(z) = 22.

(a) Show that for every T-invariant probability measure y, p((0,1)) = 0.
(Hint: Poincare Recurrence Theorem)

(b) Describe all T-invariant probability measures.

Problem 2

Let (X, A, ) be a measure space with u(X) =1, and T': X — X be an
ergodic measure-preserving map. Let f : X — R™ be a measurable function
such that fX fdu = oo. Prove that

1 3=

k=0

=

for almost all z € X. (Hint: approximate f by integrable functions.)

Problem 3

Let X = [0,1]? and let A be the o-algebras comprising sets of the form
B x [0, 1] for B a measurable subset of [0,1]. Define g : X — R by g(z,y) =
Ty + y2.

(a) Compute the conditional expectation F(g|.A) with respect to the two-
dimensional Lebesgue measure.

(b) Let p be the measure on X defined by

/fd,u = ;/01 f(s,s)ds—i—/o1 /Oﬁf(s,t)dtds.

Compute the conditional expectation F(g|.A) with respect to p.

Problem 4

Defineamap R: TXT — T x T by R(x,y) = (z+ «,y+ «) for an irrational
a. Let u be the Lebesgue measure on T x T.
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(a) Show that for any set of the form C' = A x B with A, B Lebesgue
measurable subsets of T (such a set is called a measurable rectangle)

we have
RIC=C = u(C)=0or uC)=1.

(b) Show that the transformation R is not ergodic with respect to p.

Problem 5

(a) For aj,9 € R define Ry, R, : T — T by Ra,(z) = 2+ o1 and
R.,(x) = x + ag. Find an arithmetic condition on «; and ag that is
equivalent to the ergodicity of Ry, X Ry, : T x T — T x T with respect
to mrm X mr.

(b) Generalize part (a) to characterize ergodicity of the rotation R,, X
-+ X Ry, : T" — T™ for (g, ,ap) € R™.



