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Problem 1

Let (X,B, µ, T ) be a measure-preserving system. We say that T is totally
ergodic if Tn is ergodic for all n ≥ 1. Given K ≥ 1 define a space X(K) =
X×{1, . . . ,K} with measure µ(K) = µ×ν defined on the product σ-algebra
B(K), where ν(A) = 1

K |A| is the normalized counting measure defined on
any subset A ⊆ {1, . . . ,K}, and a µ(K)-preserving transformation T (K) by

T (K)(x, i) :=

{
(x, i+ 1) if i ∈ {1, . . . ,K − 1},
(Tx, 1) if i = K.

for all x ∈ X. Show that T (K) is ergodic with respect to µ(K) if and only if
T is ergodic with respect to µ, and that T (K) is not totally ergodic if K > 1.

Problem 2

Let X = [0, 1] and T : X → X be a continuous map.

(a) A pair of T -invariant probability measures µ, ν is called singular if
there exists measurable A ⊂ X such that

µ(A) = 1 and ν(A) = 0.

Show that if µ ̸= ν are ergodic, then they are singular. (Hint: Ergodic
Theorem.)

(b) For T -invariant probability measures µ and ν, ν is called absolutely
continuous with respect to µ if for every measurable A ⊂ X,

µ(A) = 0 =⇒ ν(A) = 0.

Suppose that there exists C > 0 so that
∫
X fdν ≤ C

∫
X fdµ for all

f ∈ C(X) with f ≥ 0. Show that then ν is absolutely continuous
with respect to µ. (Hint: Show first that the estimate is also true for
f = χ[a,b].)

(c) Suppose that there exists an ergodic, T -invariant measure µ on X, such
that for every x ∈ X, there exists C(x) > 0 so that

lim sup
N→∞

1

N

N−1∑
k=0

f(Tnx) ≤ C(x)

∫
X
f dµ
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for all f ∈ C(X) with f ≥ 0.
Show that then µ is the unique ergodic measure, i.e. that there is no
other ergodic, T -invariant measure.

Problem 3

Let T : X → X be an ergodic measure preserving transformation and A ⊂ X
a measurable subset of X of positive measure. Recall that the integer

nA(x) = inf{n ≥ 1 : Tn(x) ∈ A}

is defined for a.e. x ∈ A. A is a probability space with measure µA :=
µ/µ(A). We define the induced or derivative transformation TA : A → A by

TA(x) = TnA(x)(x)

for a.e. x ∈ A. Prove that TA is an ergodic measure preserving transforma-
tion with respect to µA.

Problem 4

Let T : [0, 1] → [0, 1], x 7→ 4x(1 − x). The goal of this exercise is to find a
T -invariant measure. For a fixed L1-function ρ : [0, 1] → [0,∞), we define
the measure µ by

µ(B) =

∫
B
ρ(x) dx,

for all Borel measurable subsets B ⊂ [0, 1].

(a) For a ∈ [0, 1] → [0, 1], denote by x1(a) < x2(a) the roots of the poly-
nomial 4x(1− x) = a.
Show that if ρ satisfies∫ a

0
ρ(x) dx =

∫ x1(a)

0
ρ(x) dx+

∫ 1

x2(a)
ρ(x) dx

for all a ∈ [0, 1], then µ is T -invariant.

(b) Show that if ρ satisfies

ρ(a) =
1

4
√
1− a

(
ρ(x1(a)) + ρ(x2(a))

)
for all a ∈ [0, 1], then µ is T -invariant.

(c) Deduce that ρ(x) = 1√
x(1−x)

gives a T -invariant measure µ.
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Problem 5

Let X = R/Z and T : X → X be defined by

T (x) =

{
2x2 + 1/2 x ∈ [0, 1/2),

(2x− 1)2/2, x ∈ [1/2, 1].

(a) Show that for every x ∈ (0, 1) \ {1/2},

T 2(x) < x.

(b) Show that for every T -invariant measure µ on X,

µ(X \ {0, 1/2}) = 0

and then deduce that T is uniquely ergodic.
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