D-MATH Analysis IV ETH Ziirich
Marco Badran Problem set 0 FS 2024

These closed-answer questions cover some topics from previous classes that will be useful
for this course. If you find some of them obscure you are encouraged to revise briefly the
relative topic and/or to come to office hours.

0.1. Inclusion between L? spaces.
1. Is it true that if f € L*(R"™) then necessarily f € L?(R")?
2. Is it true that if f € ¢'(N) then necessarily f € ¢*(N)?
3. Give an example of a function that is L%(0, 1) but not L'°°(0,1). Could you find
one also in L'9°(0,1) \ L(0,1)?
0.2. Exchanging limits and integrals.

1. Recall that the Dominated Convergence Theorem implies that a collection of mea-
surable functions f,,: R — C, satisfying | f,| < g for some g € L'(R), also satisfies

tin, [ e = [ (lim 5.(0)) da

whenever the pointwise limit lim,, ., fn(z) exists a.e. Show, via a counterexample,
that the hypothesis |f,| < g € L' is necessary. Hint: can you think of an example
in which the statement fails? For instance, a sequence of functions f,, with constant
integral (> 0) but with poitwise limit 07

2. Let (fn)nen be a collection of non-negative measurable functions. Is it true that

i an(w)dx = i Fol)da?

R n=1

0.3. Completeness and Cauchy sequences.

1. Is it true that a Cauchy sequence (say, in a metric space) can have at most one
limit?

2. Is it true that the interval (0,1) C R is complete?
3. Consider the sequence of functions f,: (0, +00) — R defined by

_ tanh(z)
oz

() X (0m) ().

Determine the pointwise limit f and discuss the convergence f,, — f in L?. Is the

limit also in L'? What can we deduce about the completeness of L' with respect to
|- [lz2?
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4. Can you build a sequence of functions {fi} C L*(R) such that
/R|fk(a:) —1%dzr - 0as k — 00 ?
Hint: Use the triangle inequality on || - |2 to show that is a sequence of functions

fn € L? converges in L?

to f, then f € L.

0.4. Approximability in normed spaces. Denote with C,(X) the space of continuous
functions with compact support in X, that is

{f :{f # 0} is compact in X}

and denote with S(X) the class of step functions defined on X. Determine whether the
following statements are true or false and justify your answer. The statement X C y?
should be interpreted as “all elements in X can be approximated by elements of Y in the
topology of Z”.

1.

2.

L'0,1)  C(0,1)"
£=(0,1) € C(0,1)""

. 2'(0,1) C S(0, 1)

LOO

£(0,1) € S(0, 1))
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0. Solutions

Solution of 0.1:

1. No, there is no inclusion between these spaces. For example take f(t) = |¢]|/(1 + ?)
and g(t) = e ¥ [t|73/4. Then f € L>\ L' and g € L'\ L2

2. Yes it is true. Let f € ¢}(N). Since an absolutely convergent sequence is infinitesimal
we have that f(j)* < |f(j)| for all j > N, for N large enough. Hence 3, f(j)* <

2i<N fG)?+ Sisn [f(7)] < oo.
3. Try using powers: let f(z) = z*. We require

fel? — |fP el «— 27 c L' < 99a > —1,
fe L' — |f|'"¢ L — 2" ¢ ' < 100a < —1.

Thus any a € (—1/99, —1/100] works. The reverse question admits no solution by
inclusion of L? spaces on a bounded domain: LP(0,1) C L%(0,1) <= ¢ < p.

Solution of 0.2:

1. The functions f,(x) = nX(-1/n,1/n)(x) provide a counterexample. Indeed, the
pointwise limit is 0 a.e. and

liy/an:Q#O:/Rf

Thus, any function g dominating the sequence cannot be integrable. Indeed, one
can always use the lowest dominant

h(zx) = sup fu(x),

neN

which is bounded by any dominant g, to show that

1

> | h=2 anx:2oo = 00.
/]Rg_/R r; 1 ;n—i—l

n+1

2. Yes, as a direct consequence of the Monotone Convergence Theorem applied to the
partial sums gy (z) = SN | fu(2).

Solution of 0.3:

1. Yes, it is true. If (x,) had two distinct limit points a, b they would have positive
distance 0. But convergence to a implies that for n sufficiently large d(z,,a) < §/2.
But then

d(zp,b) > d(a,b) — d(z,,a) >3 —35/2=105/2,

hence (z,,) cannot converge to b.
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2. No, the sequence z; := 277 is Cauchy, but its limit point in R (i.e., zero) does not
lie in (0, 1).

3. The pointwise limit is clearly f(z) = tanh(z)/x and the convergence in L? holds.

Indeed
+oo +oo
/ |fn - f|2 - /
0 n

since, near +oo we have tanh(z)/z ~ 1/x € L?*(4o00), which implies that the
integral of the tail (that is, the integral in (n,+00)) is infinitesimal with n large.
Now, observe that f,, € L' for every n and that the sequence is Cauchy in L?, but
the limit is not L' since near +o0o we have tanh(z)/x ~ 1/x ¢ L'(+00). This proves
that L' is not complete with respect to the L? distance.

tanh(z)|?
M dr — 0 asn— +o0

4. Suppose we could construct such sequence; then, by the triangle inequality we have

[l < e = Fllz + I fellz < T+ fllza

if n is chosen sufficiently large. Since f;, € L?, this implies that f € L? but 1 ¢ L*(R)
and we get a contradiction.

Solution of 0.4:
1. Yes, it is a Theorem from Mass und Integral (see Theorem 3.7.15 in Da Lio’s notes)

2. No, because uniform (L>°) limit of continuous functions is continuous, but a generic
L* function is not continuous.

3. Yes, since C([0,1]) C S([0, 1])LOO, i.e. step functions approximate continuous func-
tions in the L> topology. But in [0, 1] we have || - ||z1 < || - ||z, so step functions
approximate continuous functions also in the L! topology. The conclusion follows
from point 1.

4. No, since the function
o

f:ZX(l 1 )GLOO(O,l)

2i°2i—1

cannot be approximated in L> by step functions. Indeed, since step functions are
made by finite linear combination of characteristic functions of intervals, the L>
distance between a step function and f will always be > 1.

5. This follows from 1, after observing that L>(0,1) C L'(0,1).
6. No, for example the L*° distance between 1 and any f € C.((0,1)) is always > 1.

assignment: February 21, 2024 due: February 28, 2024 4 / 4



