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Bitte stellt Fragen in den Ubungen und/oder im Forum.
Bitte stell sicher, dass du die Webseite https://kahoot.it/ in der Ubung am 05. Miirz 6ffnen kannst.
Freiwillige Abgabe bis 07. Mérz 8:00. Nachher kann selbststdndig mit der Losung verglichen werden.

Aufgabe 1.1 (liminf and limsup of sets)
Let (A,) be a sequence of events on a probability space (€2, F,P). Recall (from measure theory) the
definitions

liminf A, := U ﬁ A,

n>1lm>n
limsup A, := ﬂ U Am.
n—roeo n>lm>n

Intuition: liminf,,_, o A, consists of the elements w € €2 that appear in almost all' sets A,,.
Intuition: liminf, . A, consists of the elements w € ) that appear in infinitely many sets A,,.
(1) If Q@ =R, give the set limsup,, ,., A» in the following three cases (please justify your answers):
(a) An=[-1/n,3+1/n]
(b) An=[-2— (—1)",2+ (~1)"*)
(¢) A, = psN, where (pn)n>1 is the sequence of prime numbers and p,N denotes the set of all
multiples of p,.
(2) Show that

P (lim inf An) <liminf P(4,) <limsupP(4,) <P <lim sup An) .

n—o0 n—oo n—oo n—oo

Aufgabe 1.2 A collection of sets A is said to be a generating m-system of a o-field F if o(A) = F and if
A is a m-system?.
(1) Show that A = {[0,a]: a € [0, 1]} is a w-system generating B(][0, 1]).
(2) Prove that A" = {(—00,a1] X --- X (=00, aq]: a1,...,as € R} U {R%} is a m-system generating the
o-algebra B(R?).

Aufgabe 1.3 (Questions and operations on o-fields)

(1) Is the set of all open sets of R a o-field?

(2) For every n > 0, define on N the o-field F,, = o ({{0},{1},...,{n}}). Show that the sequence of
o-fields (Fn,n > 0) is non-decreasing but that |, -, Fn is not a o-field.

Hint: argue by contradiction and use the subset of even integers.

(3) We throw two coins. To model the outcome, we use the probability space = {00,01, 10, 11} equipped
with the o-field P(Q) . Let P be the probability measure on € corresponding to the case where the
two coins are fair and are thrown independently. Let Q be the probability measure on €2 corresponding
to the case where the second coin is rigged and always gives the same result as the first one. Show
that the set {A € P(Q) : P(A) = Q(A)} is not a o-field (this gives in particular an example of a
Dynkin system which is not a o-field).

1 Almost all means “all except finitely many exceptions”. An equivalent definition of the lim inf is lim inf, oo Ap =
{lweQ|In>1:Vm>n:wée An}.

2In Notizen 2 (Seite 6) we have defined that A is a m-system, iff it is closed under finite intersections (meaning
that for every A, B € A we have AN B € A).
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(4) Let (E x F,A) be a measured space and m : E x F — E the canonical projection defined by
m(x,y) = x. Is the set Ag := {w(A), A € A} always a o-field?

(5) Let (E,.A) be a measurable space. Let C be a collection of subsets of E, and fix B € ¢(C). Alexandra
says: there always exists a countable collection D C C such that B € o(D). Is she correct?

Aufgabe 1.4 Let (E, &, u) be a measured space with u finite. Let A be a collection of subsets such that:
(a) Ee A (b) if A€ A, then A€ A (c)if A,Be€ A, then AUB € A (d) o(A) =€.
The goal of this exercise is to show that for every F € £, for every € > 0 there exists A € A such that

w(EAA) <e® To this end, set S = {E € £ : Ve > 0,3JA € A: u(EAA) < ¢}.

(1) Show that S is stable by finite unions.

(2) Show that S is a o-field (for stability by countable unions, justify that one may assume that the
events are pairwise disjoint).

Wenn du Feedback zur Serie hast, schreibe bitte in das Forum (oder eine Mail an Jakob Heiss).

3In Notizen 2 (Seite 24), we have visualized the symmetric difference XAY = (XUY)\(XNY) = (X\Y)U(Y'\ X).
Note that intuitively u(EAA) < € means that A is a good approximation of E.
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