Dr. LukAS LEWARK ALGEBRAIC ToPoOLOGY II SOLUTIONS SHEET 6
ETH ZURICH SPRING, 2024

PROBLEM 1

By definition,
@( X—%Zx—%zx—%m) ~PDz/(n = 2n,)

Let Z [%] C Q be a subring of fractions of the form

1 a

Then we have that lim ( RN ANy AR ) is isomorphic to Z [1] with the

morphisms
7 X2 . 7 X2 . 7 X2 .
\ ll ,/’//
2 1_-~
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PROBLEM 2
Wang Xiwes

Ci(U,) =A{¢lim ¢; C Uy} C Ci(X). So we have an inclusion
j : Cz(Ua) — Cl(X)

By the universal property, there exists a unique homomorphism f : hg H,(Uy; G) —
H;(X;G) with

H;(Uy; G)
@H(UQ,G SN H{(X;QG)

f is surjective: Assume [c¢] € H;(X; G), that is im ¢ C X. The image of a chain as
a finite sum of simplex is compact, it is contained in some U,. Thus [c] € H;(U,; G)
and j.([c]) = [j(c)] = [d]. f(ga([c])) = j(lc]) = [c].

f is injective: Assume z € hﬂHi(Ua;G) with f(xz) = 0. By construction of
direct limit there is some U, such that x = g,([¢]) with [¢] € H;(Us; G). Then
[1(@)] = j«([¢]) = f(z) = 0.(Note: we cannot claim [p] = 0 here since j, is
not necessarily injective). There exists ¢ € C;11(X) such that diyp = j(¢). Pick
some Ug containing the image of ¥, ¢ € Ciy1(U, U Ug). We have the following
commutative diagram,

w € C¢+1(Ua U UB) ;> ’(/1 € Cerl(X)

| | |a

p e Ci(Ua U Uﬁ) ;) Y e OZ(X)
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Thus [«] _[ ] [dj ()] = )] = Juld(@)] = jilgl = 0 € Hi(Ua U Up).

v = gallgl)
PROBLEM 3

Viadimir Nowak
Proof by contradiction. Suppose H? (X;G) # 0. Then Jp € C? (X;G) — 0 such
that d%p = 0. Since ¢ is a compactly supported cochain, per construction there
exists a K C X compact such that

(o) =0,Yo: A" = X st. im(o) N K =0

Since X is non-compact, X — K is non-empty, i.e. 3x € X — K. Furthermore, as
¢ is non-trivial, 3y € K such that ¢ (y) # 0. Let 7: A' — X be a path from z
to y (which exists due to the assumption of path-connectedness). Then we have
d’o(1) = ¢ (d1(1)) = ¢(y) # 0, in contradiction to d°p = 0.

PROBLEM 4

a). By Poincaré duality, we have
He (R"\ {0} Z) = H,(R" \ {0}; Z) = H,_(S""}; Z),
where the last isomorphism holds as R" \ {0} is homotopy equivalent to S"!.

b). no solutions for starred problems

PROBLEM 5

Viadimir Nowak

Note that ¢ (S™) C S is compact as the image of a compact set under a
continuous map. Furthermore, as S™ and S™*! are both compact, any continuous
map between them is proper. Due to our assumption on ¢ being injective, ¢ is an
injective proper map, which is equivalent to ¢ being a closed embedding, where we
use that S"*! is Hausdorff and locally compact as a topological manifold. Since
S™ is locally Euclidean, it is locally contractible, and since ¢ (S™) is homeomorphic
to S™ it is also locally contractible. Since ¢ (S™) # 0, S™*! due to dimensionality
reasons of the given manifolds we can apply Alexander duality, which gives:

Hy (5™ — o (87) = H" (0 (S") = Z

Due to the definition of reduced homology, we get that S™*1 — o (S™) has two
connected components.
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