
Goal Chain complexes & homology groups with any cofficients ML
have all the good properties proven for T coefficients in AlgTopI.

Ruck 4 Recall Ci(X) is a free -module with basis the singular

simplexes - : A-> X => Ci(X) M E & M
.

So one may
T :-SX

think of a chain in Ci(XIOM as a finite linear combination

with coefficients mjEM of singular simplexes Ti :

5. j

28 Feb

Def (Eitenberg-Steenrod Axions from Alg Top I)

A homology theory is the following .

Data : For all n = R :

-

* Functors hm from Cat of pairs of spaces -> D-Mod
.

* Natural Homomorphisms & : hm(X ,
A) -> hm(A) : = hm(A,)

--

↳ Antr (X,
A) hn(t) commutes for all

fxh ↓fx
Cont

. f : (X , A) -> (T , B)
kn +r(Y , B)- hm(B)

Axioms : (1) fEg -> fx = 9 * (Homotopy)

(2) ECAO
,

inclusion i : (XLU , ALU) -> (X
,
A) = if iso

(Excision)

(3) In (one point space) = 0 for +0 (Dimension)

(4) For inclusions is : Xx -> AXc,

④kn(Xx) Exidtche (1Xal is an iso. (Additivity)

(5) There are long exact sequence (Exactness)

incx incx G

...

- br(t) - kn(X) -> kn(X , A) -> km-1 (A) ->
...



A more precise Goal Them 5 Hu)- ; MS is a homology theory. L
Prop 6 F : -Mod -> E an additive functor .

(1) An additive funchor Ch(1-Mod) -> Ch(2)
,
which we

also denote by F
,

is given by sending a chain complex C
.

T-de
F(C) =

...

- FCEFC -> FCo -> G

and a chain map f : C -> C' to F(f) with

F(f)i = F(fi) .

(2) If f , g
: C-> C'are homotopic ,

them so are

F(f) and F(g) .

(3) f : C -> C'a homolopy equivalence = so is #f
.

Proof (1) Fdeo Fdz = F(dode) = FO =0

di Fdi

Ei -> Ci
-1 FCi -> FCi-1

F

fil
I

E ↓ fü-m - Ffi ↓ E ↓Ffür
ci - Si-1

di FC Fa #Cre

Check that I is an additive fuctor .

(2) f =

g = I homotopy 4 : C-C'
,

is hi : Ei-Cites

dCi
+ t
-> Ci Ci with

h

fle,/ flis, the hd + d = f-g
Ci

+

-> CiCind'

=> Fh : FC- FC homotopy and ThFd + Fd'Th =Ff - Fg .

(3) g
: C'-> C and fogfide , gof = ide =>

F(f) . F(g) = idF(c' I
F(g) . F(f) = idF(c)

↳



↳
Corollary 7 (apply Prop 6 to F= -* M)

(1) ( (X ,
A) M is a chain complex (that was Prope)

(2) Cont
. f : (X

,
A) -> (T

, B) induce chain maps

foid : C(X
,A)QM - ((Y ,B)M .

(3) fEg = faQM = 9 ,
M

.

(4) fcQM induces fx : Hu(X
,
A ; M) -Hu(Y , Bi M)

Notation We'll write fo for fo id..

Overview of function

(X
,
A) Cont f

ConstructionI Iin AlgTop I -QM

C(X , A)- C(X
,
A) M chaimaps fa- fo

homologI Thomolog I E
Hu(X , A) Hm(X , A ; M) homom fx f

Rink 8 For a commutative ringS ,
C(X

,
A)S is a chai complex

over S
,

Hi (X,
A ; S) is an S-module ,

and f, and f

are S-linear. Particularly useful for S a field !
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We have constructed half of the data to show Hm(- - M)

is a homology theory ,
and we have proved axion (1) (Homotopy)

Proof of Axion (2) (Excision) ic : C(X(U
,
A14) -> C (X , A)

is a homotopy equivalence (Alg Top I).
- M : Ch (R-Mod) -> CLCR-Mod) preserves homestopy equir.

(by Prop 5 (3)
.

=> ic M is a hom
. equiv .

=> ix : Hu(XLU ,
ALU ; M) -> Hu(X

,

A : M) is an iso
.

T

Proof of Axion (3) (Dimension ( For X the one-point space ,

1 G 1 G

c(x) -
--

-> R-> M -> R -> M -> 0

idM idM
=> C(X)Me

...

-> M = M - M- M ->o

M n = 0

=> Ha(X , M) = & O else (J

I(ia)

Proof of Axion (4) (Additivity) & C(Xd) -> C(X) is

X

(Ilial)Gide
a homolopy equir . (AlgTop I) => so is (C(Xd(M-> CINOM,

= (in) ide

which is isomomplic to /C(Xa)EM)-> CIXIQM B


