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Construction of connecting maps & and Proof of Axiom (5) (Exactness)
incla incla

0 - C(A) - ((X) -> C(X
, A) -> 0 i a SES of

chain complexes of free abelian groups =
inda

o + ((A) M (M-> ((+ ,A)M - G

is also exact ! (Exercise)

This concludes the proof , using :

Lemma 8 (Als Top I) If 0 -> 2 fo DEE -> 0 is a SES

of chain complexes over a sing ,

then there is a LES in homology :

...

- Hn() Hm(D) Hu(E)- Hm-1))- ...
Moreover

, the O
may

be chosen naturally , which means :

f g
0 -> C -> D -> E -> 0

If < ↓ Bl Wh is commitative with exact rows

o -> C -> D - E -> 0

Hn(e) Hm-1()

ther Wxh ↓ <* commutes
.

Hm(E) Hu
-1(C) I

Useful trosens for homology with D-coefficients may now

be generalized to arbitrary coefficients M in one of the following ways :

* Deduce from Eilenberg - Steenrod axions

* Deduce from the -version

* Prove in the same way as for R

Prop9 Ho(X > M)E [[TzOm3lmeM3
-

where one chooses

zeTo(X)-
T: A

°

-> X
,
u() E E for each path-connected comp. . ZETo(X).=

{"k3



↳
Theorem 10 (Mayer-Victoris) If A ,

BEX with A - B = X
,
then Hare

is a LES

(inc (indx - inca)

...

-> Hu(AnB ; M) + Hu(A ;M) Hm(B: M) -> Hn(X, M) -> Hm-1 (AnB;M)-...

Theorem 11 If (X ,
A) is a good pain lie

ACX is closed and a strong deformation

retract of X) , then the projection map p : X -> X/A induces isos

Px : Hm(X
,
A ,M) -> Hu(X/A

,
A/A ; M) E Fm(X/A : M)

Remark 12 Reduced homology groups En (X : M) may be defined

as over I coefficients for X-6 .
One has

Fu(XiM) = Hm(X , Exo3 : M3 igo Hu(X)

and Ho(X ; M) E M * Fo(X ,M).

Def (AlgTopI) X a CW-complex with cells E4. Let

CN(X) = free ablian group with basis 2 and

d : C(x) + C (X) given by dei = E daß Im,e

where daß E * is the degree of
go-e-> Xw/(xm Levj) = grave

attaching M

map of e ↳ -
(n-1)-Skeleton of X = U e

kan

CCW(X) is the cellular clain complex of X and

HQW (X) : = Hm ) C (X)) the cellular homology of X .

Theosem 13 Hu(X ; M) : = Hn(C(X)M) = Hn(X, M)



↳
③ Calculations & the throsem of Borsuk-Mam

Prop 1 For all 620
, FluCS" ; M) =M if m = k

,
trivial otherwise

Three ways
to
prove
it (1) SP has a CW structure with one 0-all , one h-all .

(2) Mayer-Victoris with A = SPLe ,
B = SP2-2

(3) LES of the good pair (D" , 0D") D

Def Real Projective -space IRP" : = 5 "/xerx
K
-Runk 2 * (RP = ((p+1T) /Xnxx for all &EIRLO

* IRP
°

= onepoint space ,
IRPESU

R n = 0

R12 1 EnEK-1
,
Modd

O 1 MK-1
,
n even

* Alg Top I : Hu (RP4 , (2) E R n = K oddE O n = 4 even

O k+ 1 -> n

Prop 3 Hu(RP" ; 212) E /2 if Omek and 0 otherwise.

Prop 4 Let f : Y-> X be a twofold covering. Then there is a LES

fx
---

-> Hm(Xi R12) -> Hm(Y; &(2) -> Hu(X; 212) -> Hu-1(X; (2)- ...

(a special case of the bysin (ES)

Proof Recall that : a cont . map 2
: E -> X on a contractible

space I has exactly two lifh E
,
&2 : E-> Y

.

Here
,
a

lift is a map & : E -> Y so that

-

↑

~ ↓ f commutes.

z- > X
-

·

-



Define the so-called transfer homomorphism T : Cn(X) -> Cn(i) (
by T(W :A-> X) = E + F2

.

Check that T is a chain map.

We'll show that the short requence of complexes

T fa
0 -> C(X)GRK -> C(YGRK- C(XGRk-> G

is exact. This induces the desired LES in homology (Lemma 2 .

9)
.

Lifte exist .

m

*samsche e. For a sing simplex 7 , eine

let Pr : C(X)& R12
+ 212 be the projection [WQ- + St .

c= 2 0* 10 #0 - 7 T with &
+
= 1 for some I

T

=> &E(T()) = 1 for a lift of i => T(c) #0. V

* ) = her fo . fck = * war) =0
↑

=> P = (fc(c) =0 T :A-X .

Since P = (fc(c)) = PE(c) + PE2K) , it follows that

f( = 0(c = 2 Xt(E + E2) = T(- &
= 1)

[if"- X

ECEim(T). B


