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Prop 4 Let f : Y-> X be a twofold covering. Then there is a LES

fx
...

-> Hm(Xi R12) -> Hm(Y, R(2) -> Hm(X; 2(2) -> Hu -1 (X> +(2) -> ...

(a special case of the bysin (ES)

Today For the remainder of : Hn(X
,
A) means Hu(X , A ; &(2)

Prop 3 Hu(RP")E /2 if Omek and O otherwise .

Proof We already know this for n = 0 , 1 .

So anume n > 2.

For the covering f: S"-> RPM
,
the Gysin LES breaks into pieces :

g Ta
· -> th(RPY)-> Ho(RD2) -> Ho (SU) E> Ho(RPY) -> O

All homology groups are R12-vectorspaces (by Ruh 2
. 8)

.

f surjective and Ho (SP) => Ho((RPY) ER12 or 0 .

Exactuen at Ho(SY) => Ho((RPY) ER12 => fx = 1 => TA = 0

=> He (RPM) E R12
.

0 -> Ha(RPY) & Hun (RPY) ->O ifk {0, 1 , min+1)

So
,
Hy(IRPY) E Ha(IRP") => Hu((RPM) ER12 for KEm-1

by induction.

fx
0 - Hu+((p2) & Hu(RP"( = Hu(SY) -> Hm(ROY)

&
-> Ha-n(RPY) - 0

- -

R12 R12

Since IRP" has a
CW-structure without k-celle for K In+1

=> He (IRPM) = 0 for Kim + 1 .

=> Hu(IRP") surject onto 112 , and injects into 1/2

=> Hu((RPM) = R/2
. B



Prop 5 The Gin sequence from Prop 4 is natural
,
in if ↳

f
Y -> X

21 ↓B commutes and fif' are two fold coverings , the

Y'-> X

f

... - He(X) Hn(i) Hu(X)GHa-
. (X) - ...

↓Bx ↓A ↓ B* ↓ Bx
... -> Hu(X')-> Hu(Y'l -> Ha(X") -Hm-(X')----T

* f'
commutes

Proof Check that

0 + Cu(X) / Is Ca(Y) Rx = Ca(X) &Rk - 0

Bat sch Bart

· ->Cux 12 - Cali'lak -> (n(x) R- G
T f'

commutes , then use Lemma 2
.

8
.

B

Borsule-Man Theorem f : S"-> H" continuous =>

-x e S" : f(x) = f(- x) .

Proof If no such x exist
,
let g : S"-> S* ,

ga-f, ·

Then g(-x) = - g(x) .

This contradich the following theorem
.

B

Theorem 6 There is a cont - map g : S -> SM with

and g(- x) = - g(x) > ncm
.

Proof (f nam ,
the embedding i : (Xx

..., Xm +e)

#> [Xes-. , Xete , Op -.. 0) Sahifies i(-X) = -i(X) .

For the other direction , ansume n > m ? 1 and



↳
let such a

g be given . 18 Pm(x) = pu(y) ,
then Pmog(x) = Pmog(y) .

Because the coveringpu
is a quotient map , there is h : IPP-IRPM s

.

t.

se gen

PmogPo I - LPm
Rpu -> Rpm
h

commutes.

Now
, apply Prop 5 (naturality of the Gysi sequence) to

the pieces of the Gejin LES (see proof of Prop 3) :
156

0 - Hy(IRPM) -> H (IRP "I -> G
k-1

↓
k x

,
4 ↓ lx-1

0 -> Hy((Rpm) -> H(RPun) ->
iso

commutes for 15K <m-1. Also
,
ha

,
o
iso because MP2

,
Ipm

path-connected => ha
,
eiso => &A iso - ... - ham- iso

.

R)2 O
R/2 R2

iso C iso
-> Hm(RPM) -> Hm (SM) Hm (IRPM) -> Hm-n(IRPY) ->O

does not

↓ iso commute ! ↓ Liso Lis.
0 -> He (IRPM) -> Hm (SM) -> Hm (RPM) -> Hm

-1
(RPM) -> G

iso ⑥ iso
2212 R/2 R12 1/2

Contradiction! B



19L
The Ham Sandwich Theorem An ... Am CR Lebesgue-measurable & bounded

=> I hyperplane in IR" cutting each Ai in half by volume .

Proof Identify IR" with IR" x [13 CIR
+ 1.

1

hyperplane Hx half-space UxR·
-X Ru

+ 1

O
.

7

For XES"
,
let Hx = RYx{13 [yER"

+Y

/ <X , y) = 03

Ux = (R" x 9 13 9 yE/R2* 1 < x
, y) = 03

Let f : SP-R"
, fi(x) = vol (VXnAi) .

f is continuous since the Ai are bounded .

Borsuk-Mam -> EXES" : f(x) = f(-x)
=> vol (VXnAi) = vol (x1Ai) = Vol (AilWx)

=> Hx cuts all A : in half .
I


