
Last time ↳
To prove

the UCT
, we need a fundamental tol of homological

algebra .
Let R be a commutative sing .

Def A free resolution F of an R-Module M is a LES

... Er F- M - 0

where the Fi are free R-Modules.

Today 13 March

Note that ...
-> F

>
E To ->0 is a chain complex .

It is called

deleted resolution
, devoted FM,

with Ho (FM) M
,
Hm(FM) ECO

M

für n + 0. Understanden
q
Hn(F ; N) is a

special case of understanding Hm(C ; N) for all complexes !

M
--

Ex For R = R :.. + 0 -> 0 -> 1- 2 - R13 -> 0

... 0 -> R -> n -> 0

... 0 ->REBR -> 02

? -> Q -> 0

Prop 5 Every module has a free resolution.

Lemma 6 For
every

module M there exist a free moduleF with

a surjection p : F-> M
.

Proof
F := Rx with RxER. Fis free (with bas

indexed by M) and p : F-> M
, RyJ1NX is surjective. B
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Proof of Prop 5 Pick do : Fo-> M will do surjective , Fofree .

Pick di : Fr -> Ker do will di surjective ,
Es free and let

de : Fn-Fo
,
de = (Kerdo > Fol o di

Pick de : Fa -> Kerd
,
with da surjective , Fe free ...

etc. Is

The 7 Every subgroup of a free ablian group is free ablian.

Proof using Zorn's Lemma (Ser eg Lang
"

Algebra" Appendix 292)

Prop 8 For R = R : Every abelian group M has a free resolution of
di do

leugter 1 ,
in 0 -> F -> Fo -> M -> 0

Proof Pick do :Fo -M with do surjective , Fo free . By Them
,

Ker do is free .

So let Fr = her do
,
and do the inclusion

. 1

Prop 9 ("Comparison Thm" ,
" Fundamental Them of Homological Algebra")

(2) If f : M-> N is R-linear and F
,
G are free resolutions of M

,
N

,

N

then f may
be extended to a chainmap F :-G

,
in

di do
... F -> Fo -> M -> 0

FF 7 Fo ↓ f
... G -> G - N ->0

es Co

(2) I is unique up to homotopy.

(3) F, G free resolutions of M => The unique chain map
FM-> GM

extending id. is a homotopy equivalence.
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Proof (e)

-

Fo
fodo

Since Co surjective and to free,
7 fo L there is To : To-> Go making the diagram
Go-> N

Co commute (proof : for each basis element

b of Fo , pich folb) such that e. (Fo(b)) = f(d .
(b)

.

Fe f (do(d ,
(x(l) = 0 x => 20(fold , (x))) = 0 x

~ ode

=> im Foode E Ker lo = im 2. .G--> Go
es

=>7 In : IntE making the diagr commute etc.

(2) Let two such chain maps be given ,
and let q be their difference .

Then : da
... Er-> F, To M -> 0

826
,
/ 18r/no 180

↓

o
li

... Ga -> Es -> G
. -

> N -> 0

ez Co

commutes
.

Of Oodo = Logo
Es im

so E Ker eo= im en

=> I ho with eroho = go

e. (ge-hoode) = 20ge-good .

= 0

=> The with 220h = Ge-ho ode etc.

1

(3) F ,
G free res. of M => 7 chain maps f : F

*
-> Gand

M -n M

: G -> F" that extend idp : M -> M => Gof : F -> F

-

M

and fog : G-> G" extend ide ,
but so do id , idet

1

=> By uniqueren , 9 of =id +*, fogeide
.

⑰
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Def Let M

,
N be R-Modules

,
andF a free resolution of M ,

then Torn(M , N) : = Hm(FM , N) for 1 = 0
.

Proof that Tor does not depend or choice of F : F
,
G free res . of M

=> FM =GM = FMQN = GMQN (Con &. 7 (3) =

Hm (FM , N) = Hn(GM, N) .
1]

Remark 10 Over R = R
,
Torn (M ,

N) = 0 KM22 since M

has a free res. of length 1 (Prop 8). So we write

Tor (M ,N) : = Tor
,
(M

,N) .

Lemma 11 f : M -> N R-linear
,
PR-module =

(Cokerf)P E Coher(fidp) . Proof Exercise .

Proof of the UCT (1) Constructing the SES

Bu = im dut E Zu = ker du
--

n-boundaries -cycles

Make Bu
.
In into chain complexes , taking O as differential.

There is a SES of chain complexes :

!
incl d

0 -> 7 + c -> B -> 0
n + 1 n+ 1 M

oh de Lo
ind d

0 -> Zu -> Cr -> Bur -> 0

i


