
Proof of the UCT (1) Constructing the SES
15 March 27

Bu = indut1 E Zu = ker du
- -

n-boundaries u - cycles

Make Bu
.
En into chain complexes , taking 0 as differential.

There is a SES of claim complexes :

:
inal d

0 -> z + c -> B -> 0
N + 1 M+ 1 M

O ↓ dh ho
inal d

0 - Zu -> Cn -> Burn -> O

:

Bu free by Thm7 => each now spliks => tensoring with M

preserves exactren (Exercise). The SESM inducs a LES :

indidr

... - By0M zu0h- dide-> Bn-1M -> Zn 10M - ...

im duxidM
112

=> SES 0+Hn(C)M -> Hm(CiM) -> few indidn -> 0

-

E coler so by
Lemma 11

There is a SES

0-> Br > Zu
-
-> Hur(C) -> 0

which is a free resolution of Hn-(C) .
So

her indidn Tor (Hm-1(C) , M).



(1) The SES splits In free => = Pm : C -> En St. Lo
ich 0 pm

= id
zu

Correction 5April p :C-Z is in general not

a chain map ! (Indeed , p
chain

map => differential of C is zero)
.
Proceed instead

as follows :
Let t En -> Hn(C) = Zu/Br be the projection .

Then noPr

is a map (n-Hr(C) ,
and this is a chain

map when one considers

Hu(C) as complex with zero differential (since forxe(m : dm(X) EBm-1EZm-1
,I Iso Pm(dm(x)) = dr(x) and Tm-1(Pm-r(dn(x(l) = [du(x)] = 0)

Thus ( 10idm : COM -> HnCC)QM is also a claim map , inducing a

map Hn(C >M) HnCM on homology .

To see thatq is a splitting map,

check that q([XQm]) = [x]0m for all XEZn and m EM.

(2) Naturality (Sketch)
f : C -> C'chainmap => f(z) = !

, f(B) B !.

So f induces a map between the SES of chain complexes

0 + z -> C -> B -> 0 and 0 - z -> c+ B 0
n - n - 1 M

also after M ,

and so also between the ansociated LES
,

and so also between the SES in the UCT.

(3) Unnaturality of Splitting : Exercise 2
.

4

Prop 12 Towo(M,) MON.

Proof ... - F Fo -> 0 deleted free res of M .

=> Toro (M , N) = coken(didp) Coker (de)QN

= Ho(F/QN = MON I

Remark 13 For fiM-> M
, g : N -> N

,
one may set

Torm (fig) : Torn (M ,
N) -> Torm (M', N') to be

given by (9) · Fixing one argument then makes

Tor into an additive functor R-Mod-> R-Mod
.

M



L
Prop 14 Let A

,
B

,
2 be abelian groups.

(1) B free = Tor (A ,
B) = 0

(2) If 0 -ABC-> 0 is exact
,
then

OftTOBETorp
o

is exact
.

(3) Tor (A , B) E Tor (B
,
A).

(4) B torsion-free => T(A ,B) = O

(5) +(A , B) E Tor (T(A) ,
T(B))

·

(6) Tor (R(n
, A) E EXEA / mx = 03

(7) Tor (AOB ,
C) E Tor (A

,
C) Tor (B

,C)

(8) Tom (A , B) = T(A)T(B) if A and B are F . g .

↑

Proof (1) 0 -> F - Fo -> A + 0 free res of A =>

0 + F
,B -> FB -> AB -> 0 is exact => Tor (A ,BIO .

de

(2) Pick free res 0 + F -> Fo + D +> 0
1

id f id9
1 T

0 + F
,
01 - F0B -> ( -> 0

1

=> deidAL d, id ↓ droide ↓
0 + F. A -> F.B -> F. C -> 0

ideOf id
+ G

commutes and has exact rows
.

It is a SES of chain complexes !

(Each complex made of two groups). The associated LES in homology

is the desired sequence . ~



de ↳
(3) Apply (1) to a free res 0- F + F

.
+ B +> 0

> LES O because Fr free O becauseFo free
--

o

TOSFOTOris-o
idAQ de

=> Tor (A ,B) er (idde) = Tor (B
,A) by def of Tor

,

using ABE BA. ~
d+

(4) Pick fre s 0 + F + . A + 0.

It's enough to show that FB -> FoQB is injective .

So let EFB with deid(x) = 0 be given. To show : 4 = 0
.

Claim There is a f. g . subgroup B & B will <EB' and didz(x) =0
.

Pf that Claim => < = 0 Btorionfree => B'torionfree . Bitorionfree and Fig .

=> B free by clarification of S.g .

ab
. groups .

We already know that tensoring
With a free module is exact => deidz injective => 2 = 0

.

1

PS of Claim Use construction of Q : FoB free module U will basis

FoxB modulo submodule U generated by

(2x + x
, y) - x(x, y) -(x/, y)

(x)
(x , xy + y) - x(x

, y) - (x
, y))

Write
= fibi .

Then deid() = 0 E de (fi) bi = 0

= elements of the form (* ) E Ifo B
j = 1

Let B'EB begenerated by bes
..., bm

and all elements of B appearing
in the sum on the RHS .

Then &EF
,
B'

,
and

d id , (x) = 0 ~



↳
the following proofs were shipped in the lecture

(5) Apply (2) to the SES 0 -T(B) -> B -> B/+(B)+ >0 :

0 - Tor(A , T(B)) -> Tor (A , B) +> Tor (A
, B/(B)) +>.

. .

-

0 by (4) Since

B/T(B) torion-fore
=> Tor (A , T(B)) E Tor (A , B)

.
Now use (3) and repeat

the argument. ~

(6) 0 + 2 = 2 + RIm -> 0 is a free res of Alm.

=> Tor (k(n , A) = kuw (A= A) = Ex+ A(nx =03

(7)0 -> F
1
+ Fo -> A -> 0

3 free wes.

0 -> 6
- -
> 60 -> B + 0

=> 0 -> FG + Fo Go -> AB-> 0 freenes

Now Tor (AB, C) = ber ((F.
0Gn/C -> (Fo Go) C)

= ber (F10( ->F.C)

⑦ her (G -

C + GoQC)

= Tor (A ,
C) Tor (B

, c) -

(8) Using (7) ,
(3)

,
(1) and the clamification of S. g .

ab groups ,

it is enough to check this for AE Fla ,
BE /b.

This will be an Exercise on Sheet 3. -

B


