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⑤ Echanology
Goal Dualize the singular chain complex ,

in apply Hom(- , R)

low Hom(- , M) for any aldian group M) -> cochain complex

with cohomology . Why ? Cohomology 32

* ... has more structure than a homology (it is a wing !)

* ... may frise
in a natural way from grometic applications

Def A cochain complex Cover a commutative ring M is a

collection [of R-module, for me T called cochain modules
/

R-linear
maps &" :C-C

*

with d" od = 0 called differentials
.

The n-th cohomology modile of C is

n-cocycles

anx
HW(C) =

Ker

im aust
n-coboundaries

-

A cochainmap f : C - D is a collection of R-linear

fr : C" -> D" St fret1o dic = d o f "Fr.

fig : C-D are homotopic ,
written f = g , if I a homotopy

h : C-D
,
in a collection of R-linear hi : <" -> DM-V

,

s .

t
. fu-gn = dijohn + but

,
o d

Remark 1 C cochain complex

E D with Du = C
"

,
di = d is a chain complex

Under this 1 : 1-correspondence , cohomology E homology ,

cochain maps charenaps ,
homotopies of homotopies etc.

So everything that is true for chain complexes also holds

true mentatis mutaudis for cochain complexes , eg Prop 2.
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Prop 2 (1) f : C-D a cochain

map =>

& *: H" (C) -> H" (D) , f
*
([x3) = [f(x] is a

well-def R-homom .

(2) H (-) is an additive functor

CoCh(R) -> R-Mod
-

Category of cochain complexe over R , cochain maps

(3) f = g = f
*
=
g*.

No proof

Prop 3 If F : R-Mod -> R-Mod is a contravariant additive
--

femator , then F: Ch(R) -> CoCh(R) is also contravariant additive :

F(dn)
... Cn -C.....

...

F((n)- F((m- 1) ---

cochain complex FCC)
with F(C)

"

= F((n)
,

die
FI)

= F (d*")

No proof
Def X top - space , ACX , M an abolian group.

Them the cochain complex obtained from C(X,A) by

applying Hom(- , M) is called the singular cochain

complex of (X ,A) with efficients in M ,
denoted C" /X

,
A ; M)

and its cohomology the singular cohomology of (X . A) with

coefficients in M
,
denoted H"(X

,
A ; M). Wemay drop", M" for M = 1.

For f : (X , A) -> (Y ,B) continuous ,
write f for the

cochain
map ["(Y , B;M) -> ((X , A : M)

,

- = Hom (fc , M) ,
and f

*

for the induced

homon. H (Y , B = M) -> H" /X , A ; M).
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Ex4 (o(X , M) = Hom(Co(X) , M) . Corresponds to

functions X -> M
.

Let HEC(X ; M). Then (4) sends

: 11 = [0
,
1] -> M to 4(de(r)) = 4 (0 (1) - 4((0))

So d (4) = 0 ( 4 (5 (011 = 4(t(1)) - E Y constant on

path-connected components. Hence
note : for o(X) infinite

H
°

(X , M) = berdo E i HO(X ; 2) EHo(X;A(I
To(X]Runk 5 A hands-on approach to cochains :

T R S R

An u-cochain 4E C"(X;M) is a homon . (n(X) -> M.

S n-chains correspond to functions0

Esingularn-simplies W:1 -> X 3 -+

The (n +1)-cochain d"(4) sends 5 : 1
*
-> X to 4 (dml) .

So 4 is an -cocycle >4 is zero on n-boundaries EBn
.

↑ is an n-coboundary => 4(t) is determined by dn (5) .

-> 4 is zero on u-cycles & Zu-

Correction 22 April The implication "E" does not generally hold : there may be

cochains I that are zero on u-cycles ,
but that are not coboundaries .

Indeed
,
thisI happens if 4 is a cocycle ,

[4] OE(X/M) , and er ([4]) = 0 .

I
Thus : An n-cocycle 4 induces a homon. (n(X) /Bu-> M

.

I

by restriction it also induces a homon .

Zu(Bn = Hm(X) -> M
.

-

for n-coboundaris 4
, this homom . is zero . Thus We

have a homom
. called the evaluation homomorphism

ev : H(X ; M) -> Hom(Hn(X)
,
M)

which may be seen to be natural in both X and M.
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Universal Cofficient Them for Cohomology

Let C be a chain complex of free abelian groups and A an abelian group

(2) There is a split SES

0 -> Ext(Hu-1(C) ,A) -> H"(C : M) - Hom(Hm(2) ,A)
->

↑
to be defined !

(2) These SES are natural in C and A
.

(3) The splittings cannot be chosen naturally


