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Def Let M
,
N be R-modules

,
andF a free res. of M .

Then let

n

EXt(M , N) : = H (Hor (F"
,
N()

FM unique up to hom
. equiv .
= De of Ext independent of choice of F.

As with Tor
,
we have :

* EXtO(M ,
N) E Hom (M

,
N).

* Extr, (A ,B) = 0 for all 12
,
so we

Write Ext(A ,
B) for Ext, (A ,

B)
.

For the proof of the first point , one needs :

Lemma 6 M
,
N

, PR-modules , f : M -> N R-linear

=> Hom (cokerf , P) E her (Hom (f , P()

Proof M -> N -> coherf ->0 exact

=>O -> Hom (coherf , P) -> Hom/N , P) -> Hom(M
, PI is exact

I same argument as in Ex Sheet 1 , 26) B

Rech 7 * Ext is not symmetric : Ext (RIm
,
&) =RIu

Ext (R
, R(n) G

(as we shall see from Prop 8)

* Ext can behave unexpectedly :

Ext(Q
, 2) E uncountably -dimensional

④ - vector space



↳
Prop 8 For all ab groups A , B

,
C

,
the following hold :

(2) Ext(AB ,
C) E Ext(A ,) Ext(B,4)

12) Ext/A , BC) E Ext(A ,B) Ext(A ,C

(3) A free = Ext (A , B) EO .

(4) Ext (R/m ,
A) E A/mA

Note this suffice to compute Ext (f . g . group , A) .

(5) Ext (A , B) E T(A)B if A , B f . g .

Compare (4) , (5) to Tor : Tor (R/n
, A) E {xEA/mx = 03

Tor (A ,B) T(A) T(B) for A , B fig .

Proof of (4) O -> T => R -> Mm -> 0 free res. F

Hom(F
*"

,

A) = 0 Hom (R
,
A) Hom (R , A)< 0

EA EA

=> Ext = H of this cochain complex A/m A B

Rmb 9 Let R-modules M
,
N be given. An extension of N by M

is a SES O -> N -> P-> M -> 0
. I is equivalent

to another extension 0 -> N -> P' -> M-> 0 if 3 f : P-SP'st

0 -> N -> P -> M -> 0

idek ↓ f ↓ id
0 -> N -> P' -> M -> 0

commutes
,
Five-Lemma => f is iso .

So equivalence is an equir . rel .

One finds {Extensions of N by M3/equin E > Extr (M ,N) .



↳
Prop 10 Assume Hu(X

,
A) is fig. . for all m. Them

H(X ,
A ; 2) E X

, A) T(Hm-1(X
,
Al)

free part F(B) : = B/T(B)

Proof UCT - HY/X
,
A ; 2) E How)Hu(X , A) , 2)

④ Ext(Hm
-1
(X
, A) , R)

E Hom (F(Hu(X
,
All I , 2) EF(Hn(X

,
All

④ Hom (T(Hu(X
,
All , 2) E o

④ Ext(F(Hm
-
(X

, A)) , 2) E O

④ Ext (T(Hn-(X ,All , R) => T(Hu
-
(X , All B

Def The cellular cochain complex Cir(X) of a

Ch-complex X is Hom (Cw(X) , M). Its cohomology

HYw(X ; M) is the n-the cellular cohomology group.

Them 11 Hw(X-M) H"(X = M).
2 G

Example 12 C: ((RP4) = 0 + 1 -> 4 ->

HER , H ER12
, He = 0

Hands-on Trick : C a chain complex of f.g . free al. groups

with a chosen basis
,
then

(Matrix of dn) = Matrix of Hom(dm ,
R)

cort to the basis cort the dual basis

=> (w(IRP: ) = of&* &* T

and HiwER , Hw =O , HiwE M/2


