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Proof of UCT (1)

There is a SES of claim complexes :

:
inal d

M + 1

0 -> z + c -> B -> 0
N+ 1 M+ 1 M

oh du + 1 h Oh
inal d

A0 - Zu-> Cu -> Burn -> O

:

Bu free by Thm 4.
.

7 = each now spliks => SES of cochan complexes
dn

- 1

inc)
*

0 -> Hom (Bn
-. ,
M) -> Hom/n

,
M) -> Hom(7n

,
M) -> O

oh deL of
0 + Hom(Bm

,
M Hom(Ente .

M) c Hom(Zm+1 , M) ->0

This induces a LES

- - 7

-> Hom (Zm-1
,
M)

n
- 1

d
-> Hom(Bu-

,
M) -> HM(2 ; M -> Hom (EusM)

de
-> Hom(Bn

,
M) ->

.n

Check that 0" = Hom (Bm2> Zu ,
M)

=> SES

0 -> Coher (m -> H(C : M) -> herdw -> 0

- -

- Ext (Hn - 1 (C) , M) = Hom (coher Bu- Zu ,
M

(by Lemma 6)

↳ = Hom (Hn(C) , M)

besause : free res 0 -Bunn-> Zu
-1

-> Hm
-e
(C) -> 0

ju
- 1

-> coChain complex OF Hom (Bu - 1, M)5- Hom17m-1 ,
M)

With HE color O"" , and H Ext by def of Ext .
D



↳
Prop 11 Singular cohomology satisfies axious that are analogue

to the Eitenberg-Steenrod axious for homology (see) :

Cat > M) are contravariant functions <Pairs of Space] -> R-Rod
There are natural connecting homom. 0 : Im (A ; M) -> H

**

(X
,
A; M)

Axions
--

Homotopy (1) f = g = fx = g
*

*

Excision (2) A = ind : H (X
, A,M) -> H (X >U , ALUM) iso

Dimension (3) H (E3 ; ME M for n = 0 , trivial for +o.

Additivity (4) Hm(XaiR) = I H(X , M) is an iso,
L

L

with i given by ix = (inclusion Xa -> #Xa)*.

Exactness (5) There are LESs
imcl
*

...

+ H(X
,
A ; M) - H(X ;M) HSA I MI HW (X

,Am .. -

Similarly as for Homology with coefficients , all axious follow
more or len directly from homotopy equivalences of

singular chain complexes being send to hom
. equin of singular

cochain complexes by the additive Hom)- , M) functor.
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Proof of (4) AlgTop I :(indalc: (2) - C XC·

is a homotopy equivalence => So is

Hom (C
. ( Xx) ,

M Hom([lincsc, M)
> Hom (((X) , M)

&

↓ iso

isa ↓ ↑ Hom (C
. (X)

,
M

(by def)
Liso (by def
->( Xx;M) x-component is

#(Xa ; M)
I

Linclak

Further good properties of cohomology :

Thur12 (Mayer - Victoris) A
,
BEX , AB" = X => LES

..

+ Hm(X , M) - H (A ;M H (B > M) -> H(An B;M) -> HY
*

(X) +.

Remark 13 Understanding the connectin homomorphisms in the

Mayer-Victoris - sequence :

Homology Hn(X) -> Hm
- 1
(AMB) :

-

Represent a homology clan [X]EHu(X) as [2 + z],

where & ECn(A) and E - Cn(B) .
(Here

,
we abuse motation

and write
y
also for the image of y under Cu(A) (n(X)

,

similarly for8 . ) Now send [x] +-> [dy J .

(since 0 = dx = d(y + z) => dy = - dz ,
so dy E Cn-s(AB),

again abusingnotation) .

See Hatcher p . 150
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A similar understanding for cohomology is more complicated. The following

wasn't discussed in the lecture
.

Chomology H (AnB) - H"
+

(X) :

Extend a cohomology class [4] EH
M

(AnB) ,
which is a

map In(A1B) -> R
,
to a map ↑ : Cn(A) -> R

,
in

a cochain ↑E [
*

(A). Correction 30 April

For each XeOnte(X)
,
Choose yeCute(A) , zeCn + r (B) such Kat

X - (y + z) is a boundary .

Then send [4] to the cohomology clas

in Hm+ 1(X) that sends each X to ↑ (dy).

The 14 (Good Pairs) AEX non-emphy closed
,
A a deformation

retract of an open neighborhood of A in X =

the projection (X , A) -> (X/A
,
Ex3) induces an iso

Hw(X /A
,
(*3) -> Hu(X , A)
-

= Fu(X/A)
Def For X#0, the nith reduced cohomology group F (X> M)

is the m-th cohomology group of the augmented cochani complex

0 -> M = ((X = M) -+ ( (X = M) +
...

with 5(m) (W) = m for all 5 : 5
o
-> X.

Prop 15 HW(X , M) = #" (X ; M) for m = 1 ,

Ho(X , M) = #(x ,M) M



S(n
, k) ↳

EX16FM(S") E I
k =0 : V

.

Assume now = 1.

1st Proof ( (54) = Hom(((5") , 1) = CS(S")

2nd Proof Ho(S") free HM(S) = Hm(S")

3rd Proof A = S" 29213 ,
B = 5" -en3 - A ,

B contractible

=> Mayer-Vietoris gives iso H (AnB) -> Hi (S..)
-

= sk-1
Proceed by induction.

4th Proof Hi (SY)
↑

iso h LES of Pair (D*, S4)

Hitjpk+1, Sm)

iso ↓ due to good pair

Hi+ (gx +e)

Prop 17 Let~1 . If f : S- S" has degree & E A
,
then

f *: H (S) -> H(S) is multiplication by K

Reminder "I has degreek" is by def equivalent to :

fx : He(S) -> Hm(SM) is multiplication by k

1st Proof

O

- - (5) . apply ... (: CYcw(5) ...
Sanctor

↓ fc = mult by b
- ↓ f = Hom(fR)Hom( :, 2)

= mult by i

..

= (5) = ...

- ( (v(577 ...



2nd Proof Use naturality of UCT . (Shipped in lecture ↳
Ext (Hn-e(S)

,
REO since Hum(S") is free (namely ,

it

is O (if 122) or (if u = 1) .

So we have an iso

er : Hm (S") -> Hom(Hm(S") , R)

It is natural , so the following commutes :

H(S)- Hom(Hm(S)
,
R)

Isa

L
* ↓ Hom(fx , 2) = mult by k

H(S- Hom(Hm(S) , 1) B


