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⑥ The cup product
Reminder about Simplexes If Voc .... Un ER S .

t
. V- Vo ... Vn Vo are

lin indep ., then the convex hull of NV.. ...,
Vm3

,
in

Saei (1, (-. / [0M ER

together with the tuple (Vos
...,
Vn)

,
is called an n-simplex ,

devoted

[Vo ....,
Vn]

.
Every pair of n-simplexes [Vo . . . . , Vn], [Vo . . .

, Vi]

is naturally homeomorphia via iVi iv

The standard n-simplex is A : = [eo ..., em] ER

A singular nnsimplex of a top . space X is a cont
. map & : 1 -> X.

They form the basis of Cn(X). The boundary operator
d : Cu(X) -> Cu-1(X) is given by d(H) = U

[los
,
Ei, ..., em]
-

means i is left out

I where we implicitly identify the non-standard simplex [eo , ..., Ei , ...,
en]

with A via the natural homeo),

Throughout ,
let R be a commutative unital ring.

Def X top space ,
YECM(X ; R)

,

EC(X ; R).

Let the Cup-product 4-T E (
+*
(X ; R)

1

L (smile ,
not Icup ,

in LaTeX

be given sending singular simplexes 5 : Awth = [20 , ..., enth] -> X to

( ((4-4)(2) = 4(0/0
... m] :

↑ (0)[em)
. . . , (n+h]- I -

↑ multiplication ↑
in R

"Front face" "back face" ofa
of +



Prop 1 (1) v : (M(X / R) x ("(X , R) - (
*

(XiR) L
↑ is R-bilinear

.

(uses distributivity & associativity of R)
(2) - is associative : (44) ~ 2 = Y ~ (T - M)

Cuses associativity of RC

(3) Let EEC(XiR)
,
ECH = 1ER for all . Then

4- s = E - 4 = 4. (uses unit of R

Proof Exercise

Remark 2~makes ((X : R)= C"(X ; R) into a

(generally non-commitativel unital R-algebra (by Prope)

Moreover
, Co(X; R) is graded -

a grading on an R-algebra S is a decomposition
5 = ⑦ Sn as an R-module , such that SuS Sutr

n E R

We write deg X = n for XESm/X#O · deg is not defined if XSn Vm.

Example 3 (0 ; R) = the zero ring

· (Ex3 > R) : For all 20 , Cm({3) is genealed by the

constant on :1-53
,
and [ (+3; R) by Yn : In 1.

Check 4n-Yn = Yuth .

So we have an isomomphism of graded

R-algebras : co([* 3 ; R) -> R[x] ,
4n + X.

Here
, deg on REX] is different from the usual deg of polynomials :

deg (vx) = m
, deg not defined for non-monomials.

Prop 4 (Graded Leibniz rul). For YEC(X / R) ,
E((X; R) :

d(4- P) = (4) - 4 + (- 154 ndT

↑
Koszul sign rule :

"

when d jumps over something of degree I , (1) "appears
"



Calculate : ↳
Proof
(dY) T) (0 : [20 1 . . cen + n +1] + X)

= (d9)([e
...... en +r

31) · (H)
entes ..., em +n +r])

= 4(dt)
...

1. + ( ...)
n + /

= 4)
..,

...

ente]) - ) --

n+1

= 2 (1) 3([ ...
--- en+) (U/

entes ..., en+ n +1)i = 0

andi

(4 - d) (H) =

x + 1

-= z (1) 4(W(
. ...,
en]) (W)(em

, ..., Entf , - -- en+ +
1))

j = 0

Now plug this into :

((d4( (T)(0) + (- 1) (Y - &4)(o)

Notice the last summand (i =
u +1) cancels the first (j = 0) !

= ( 1)
:

4(Ulfea
...,
ei

, ...,
e +
13) (8)

ent ...
emente)

N
i = 0

n + k + 1

1+
(- 1) 4(0([e0 . ..., an3) + (0/[ems e men])---sms

-r

.,
2

m = n + 1

Findex strift m = j + m

= (d(Y-+1) (r)
B



↳
Prop 5 (1) cocycle ~ cocycle = Cocycle

(2) coboundary~ cocycle = coboundary and

cocycle ~ coboundary--

(3) For [4] (X/R) , []EH" (X : R) ,

[4] - [4] : = [4-4] EHM
+
(X ;R) is well-def

(4) - makes (XiR) := H(X , R) intoa

graded R-algebra

Proof (1) 1fdY = dt = 0 => d(4-4) = (dY) - 4 = Y-d= 0
.

(2) If Y= dy and d = 0 => 4- 4 = (dy) -4 = d(y-T) .

(3) Y-Y is a cocycle by (1).

18 4' = 4 + dy ,

1
= 4 + d)

,
the

[4'- 43 = [4- 4] + [4- d3] + [dy- 4]
--

= G = 0 by (2)

(4) Follows from Prop 1 I


