
12 April ↳
Example 6 18.1 , then Ho(SE , R) ER[x] /IX With

deg X = 1 (X = 0 since since there is no non-trivial

cohomologydars of deg 21).

Def For a -complex X , define~ in the same
way as before

on the simplicial Cochain complex ((X = R) =

Hom(C(X) , R) , and on in cohomology Hi (X ;R).

Prop 7 The chain homotopy equivalence Thm 2
.
27 in Hatcher

& (X) -> C
.
(X)
, sending simplex to simplex ,

induces a chain homotopy equivalence ((X) +C (X)
that preserves the cup product.

Proof Immediate from def D

Example 8 X = Sx S. Know Ho(XI = R , (X) = R2 ,

H(X) = R .

So
may

be interesting on H(X).

Put a -complex-structure on X :

9 be Ch

·

(((1)
>

C
, ((2)

⑳ A & C(X)
,

be
,
bu

, by EC(X)
(z((c) (1 ,

22 EC& (X) =
C

by dbi = 0 ,
-

-

be -c b2 dc
,

=da = be - by + b2

2
One computes that :

C(lo A

(2(lo) Ca(es) Ho(X ; R) has basis [a]
· 7 ·

a

bi
a H& (X ; 2) - . - [b]

,
[32]

H2(X; 2) -.. - [c - cz]
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Since H
.
(X ; 2) is torion-free , the UCT implies

#(X ; R) = Hom (H ! (X : A))
.

So the dual basis of the
A

basis [9]
, [b] ,

[b2]
,
[c-c] is a basis for H(X ; R) :

[4] . [4] .
[4]

. [2]
deg 01 1 2

with ( (a) = 1 , Pi(bj) = Sij , n(c -c) = 1 .

Let's calculate [4] ~ [4] ! Since [4] ~ [3] EH (X ; R)

=> [4] - [4] = [m] for some < ER.

Evaluate both sides on [1-c2] :

x = ev([1] - [+Y])([c- - ( 3)
= ev([t-43)([c - c2]) by def of ~ on cohomology

= (4 ~42)(cn - an) by def of ev

= (44(e) - (4) (22) by linarity

= (c((20e1) (on(en) - ↑ (c) Leoien) (Clfeiert
by defof-on cochains

= + (b2)42(be) - ↑v (b1) 42(32)
== 1

=> [1] - [47] = -[2] .

Similarly , one computes [2] [4] = [22]
and [4] - [4] = 0.

So Ho (S1 x S ; R) = R (x ,y) /(xy = -

yx , x z=
y
=0)

-

free algebra generated by x
, y



Prop 9 (Naturality of~( ↳
fix -> Y cont . map of top · spaces , [MEH(T; R), [T]EH (4 · R)

S

=> f
* ((4)- [47) = (f

+[4]) - (f *[T])

Proof (shipped in the lecture
E

For all (n +b) -simplexes : If (4 -4) (0) = 4- ↑ /fox)
= 4(fo/( . ..., enz) ↑ (fo Ul[ens

-..,
en+2])

= f9(01
...
) . fY(41 ... ) = ((f 4) -(f+)(r) .

Now f
*

([4] - [+]) = f
*

([4 - 4]) = [f (Y-+)]
= [(f(y) - (f+)] = [ f 4] - [ft] =

f
*

([4]) - f
*

([4]) D

In other words : f
↑
is a homomopliam of graded R-algebras !

Prop 10 X
,
Y top spaces -> We have graded R-algebra isos

() # (XwY ; R)T
Ho(X ; R) x H(Y ; R)

(2) #
·

(XvY ; R)-> Subalgebra of Ho (X ; R) X HJY ; R)

I finc containing in dog 0 only those (4
, 4)

with C(xo) = ↑(yo)

wedgeproduct XrY/Exody for some X0Ex
, you that

are deformation retracts of neighborhoods Nx Ny .

Proof (1) We know (indA) is an R-module isom . Leguse MV).

It's an algebra homon by Prop 9 .

(2) Mayer-Victoris gives isos for 21
,
and a SES

0 -> Ho(XvY ; R) -> H(X - N > R) Ho (YNx > R) -> HP ( NxnNy ; R)+0Y
- - -

=X -Y ↓ =&A3

the Gernel is
the desired Subalgebra D



Example 11 /SivSvS2)E ↳
R <X1

, X2 ,xs) / (xi Xi =0 for all isi)

deg .

= degx = 1 , deg X3 = 2

This is not isomomplic to the ring H (SXS) , which
contains elements of degree 1 with non-zero product.

=> sus's S xSt

Theorem 13 X top . space , AEX , YEH(X ,
A ; R)

,

PEH(X , A : R). Then

9 - 4 = ( - 1) +- y

Proof : next lecture.

This property of the graded R-alg. H(X , A ; R) is called

graded commutative.


