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Theorem 13 X top · space , [4] EH" (X ; RI

,

[t] -H*

(X : R) .

Then Hatcher Tum 3
.

1
, p .

210

[4] - [4] = (1) [4] - [4].

Proof For 5 : 1 - X
,
let F : 1 -> X

be = = 00 (natural home [lo) ..., en] -> [en s em-e ... Ce , es]),
i

.

e. F (li) = W(en -i)
.

Ge+ p : C
. (x) + C

. (X)
,

H ( 1) F
,

When En =

(n + 1) m

-

Claim 1 : I is a chain map

Claim 2 : f = id
c

. (X)

Pf that Claim 182 => Thm :

En + k

(4 *
(4 - 4))(0) = ( 1) 4(5/semm

...,
er]) ↑ (w/[em

...,
203)

1(+
*4 - ( +

+ Y))(0) = (- 1)En
+ 3

+ (0/(en
. ...
203) (4) dem

+ m .....
en])

=> [4] - [4] = [4- 4] = [e
*

(4 - 4)]
nk

= (-1)En
+ m + = +

2n(((*+( - ( +* 41] = (- 1) [+
*+] - [e * 4]

nk

= (-1) [4] - [4]
.

Check theat Enth + En + En = rb (2)

Pf of Claim 1 : (du = e)
...,ei ... (

=u festen [em -.. , is -o e

-de = 3 (1) + En

/[em
...., en -j , ..., es] n-j =ij = 0

=
n - i + En

Ul[em
-ss --- Co]

Check : En
..

= n + Em(2)() n +w=



Pf of Claim 2 : Need homotopy s : Cn(X) -> Cu +
1(X) with ↳

Im+Sun In-iden (x)
Construction of s is inspired by the prism operator :

cut the prism Ax[0 , 1] IRXR = AM
+2

into n + 1 many (n + 1-simplices.

Wo We 1 x [13

Let viele d and

des↳ich
cos i 21

V
2

Vo :
W1

21=
Vo

!
W1

Let #t : Six [0 ,
13 be the projection ,

so that h (Wil = # (Vi) = ei
.

Define

i + En -i

Sn(t) : = = (1) Wo ([Voc -- s Vie Was -..Wi

Let us check by calculation that (* ) holds.



Skipped in lecture 55(1)
-

L
dn +1(Sn(t)) = 2 (- 1)i

+En- i +j
Cott ([Vo . ...,

jc ..., VisWm1 - - .

,
Wi])

OEji < n

*

(2)
z c)

En-i
+ n +j + 1

To ([vo
. .., Vi , Wa , ...,Ej , ...wi])

On ↑
index n -j + i + 1

Consider the summands with i =j .

(-1( (ot([Wm ...,
Wo]) +

n + 1

+ & (- 1)En - i

Ott ([Vos ... Vi-1 / Wn) ..,Wi])
i = 1

En
- 2 + n +k + 1 g+ ( 1) Tot ([Vo ..., V ,

Wm , ... , Wmin])-
k = 0

-

~
+ ( 1)50 To ([Vos

..., V m]) these cancel :

index shift K = int
,
check

Ex-i = En -i+1
+ n + i (2)

= ( 1)
-

5 + t = pu - +

So
,
to prove (X) ,

one has to check that the summands with i j

equal - Sn-s(dn(t)

== Sne (2 (1) 8)[v
.. ..., f) - - - v3)

j = 0

7 1 +j +h + En - k - 1

= 2 (1) 50+( [Voc
..., j - . . , Vp +11 Wm) ... , Wk +1])

0jk= n

index shift : k = i-1
.
check i + En-i

+ j = 1 + j + i - 1 + En -i

=> equals summands of (1) with j < i

+ I (- 1)
1 + j + i + En -i - 1

20 + ([Vo . . . . , Vi , Was ... Ej , .. - wi])
0xi <jn

check : Eni + n + j + 1 = 1+ j + i + En-i - 1

=> equals summands of (27 with i<j
A



56Remark 14 We'll
prove later that : L

Ho(CPM) = R[x]/(xm+ ) with deg x = 2

(commitative since H (CP1 = 0 for odd K)
Ho (P ; (2) = 12 [X]/(xm+ 1) with deg x = 1

(commutative because of R12 coefficients)
Ho(((

+

m) = (xx
..., xn) / (XiXj + xjxi) Xi)

With deg Xi = 1

(not commitativs
,
but graded commutative)

Reminder from AlgTop 1 X top . Space ,
A ,
BE X.

Cn (A + B) E Cn (AuB) is generated by Cn(A) v (n(B) [[n (AuB).
i

En (A + B) is a chain complex , and C
. (A +B) > C

. (A UB)

is a homotopy equivalence (proved by barycentric subdivision).

Lemma 14 There is a (natural) iso

j

Hm(X ,
AuB ; R) -> (X

,
A + B i R) induced by i.

Proof (shipped in leature
0 + Cn(A +B) - Cu(X) -> Cu(X

,
A + B) +> 0

hie Lidy ↓
0 - Cu(AB) -> (m(x) -> Cu(X

,
AuB) -> 0

commutes
,
has split exact rows. Apply Hom(- , R) and take the

natural LESs in cohomology :

... H" (A +BiRl H(X : R) HY(X
,
A + B ; R) E ...

M

iso Pi * Tial Ic
- ↓ H (AuBIR) H(XIRIE H(X ,

AuB) ;RE ...

j is an iso by the five lemma. A



Def Let X be a top . Space and A
, BEX .

Let the
↳7

relative cup product
~: H(X

,
A ; R) x He(X

,
B ; R) -> H(X ,

ABR)

be the postcomposition withj of the bilnearmap on cohomology induced by

k n+ k

v : C"(X, A : R) x C (X ,
B ; R -> 2 (X,

A +BiR)

(4 - + /(H) = 4(O((
, ...,

en]) (O/[en
. ...,

en+1])↑ ---
in&A or O if im A O if in &B
im T& B


