
Chapter 7: Manifolds and Orientations

Motivation

Manifolds
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⑤

Def (Poincarealgebra) A connected (1) gea
=# over a field I

j=0

is called a Poincare algebra of formal dimension in if.
( A = 0 for jon.

(ii) A = Ik

(ii) the bilinear pairing"-Alk is now-degenerate
= the map -> Hom (Ar ,

(k) is an isomorphism.

Clim Let M" be a closed connected orientable manifold
-

Then HCM :R) is a Poincare algebra of formal dimension n.

⑪

Def (Topological manifold) A Hansdorff second countable topological space A is called a topological
manifold (resp. top.

mufd with boundary) of dimension n if each point M has a neihborhood
g

homeomorphic to an open subset of R (resp .

of RR").

P (Boundary) Let I be a manifold with boundary.The subset & of points cet that do not have

a neighborhood hemeomorphic to an open subset of R2 is called the boundary of M.

Def (Closed manifold) A compact manifold withoutGoundary is called closed.
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Civil n-dimensional torus "

,

cir real and complex projective spaces RP" & CP!

... ithboundary: (ilD ;

(ii) solid torus SxD2.

xamples: (i)
(iil RP8:RP" & CD-CP"

n= C)

Proposition1. Let As be a topological manifold.Then for any e: Hi S
,KOREin

-> Let B be an open
ball around a (sits inside of a neighborhood 1i
of homeorphic to a subset of R"). *

Chart

=> Z:= MIB is closed
. C
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By excision therem

, Hi, ;RLH : (ALZ ;(i)Z:R) Hi LB
,

Bi:R
&

=>> ... - Hi(B ;R- H; (B ,

B1;R)=Fi (Bin ;R-Fi (B ;R- ...

"
Hi

..

:R) '

Def (Local homology) Hil, ;R local homology group
H(1

,

11;RL local cohomology group.

Def (Homology manifold) A Hansdorff second countable space is a homology R-manifold of dimension n

if for
any
e H.(,13;R) .

(S:R).

⑪

Def (Local orientations) A local orientation Mo in I is a generator of the local homology
group Hr(, (6;).

Note that there are two choices of a generator in 2.

=> At each point there are two possible orientations .

D.of (Drientation) An orientation of an n-dimensional manifold

is a choice of a local orientationH ,
M;2) at every 1

,
st. chart

.1it is locally consistent
,
i.e.

if yel can be covered by a ball B
x
↳ I&

within one chart
.

then Mo andMy map one to each other ⑳
under the isomorphisms :

H.(1
,
Mix;2) H

.
(1

,

MIB;2)= H
-
(M

,M:2)C
((non-Drintable manifold) A manifold is orientable if there exists an orientation on M

.

* manifold is non-orientable if it is not orientable.

Examples : (i S is orientable.

(ii) The Mobius band is non-orientable.

*posi Let I be a closed connected manifold of dimension n.

( The homomorphism Ha(1; -He( ,
#1;2) is an isomorphism for any

cel.

(ii) IfM is orientable
,

then Hu(;)-> H-(M
,
M;) is an isomorphism for any

cel.

#M is non-orientable
,

then Un( ; )= 0
.

(ii) Hi(:) = for in

an Lemm
.

Let AEM be a compact subset of a manifold M of dimension n . (not necessary compact).

(is Hi(Y
,
MIA;R) = If is n.

& Hn(M
,
MA ;R) is zero iff its image in He(, ;R) is zero for every

A.

ci For
every locally consistent choice of Orientations MCCCA ,

exists a unique MASH (M ,
ALAIR) s .

A
.

is Moc for all CA.
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-
> If the assertion holds for compact A

,
B and AuB

,

then it holds for ArB
.

Relative Mayor-Victoris sequence :

Mnx(
,
/(AcB)- He( ,M/(AB) Ha(M

,
MIA)OH(M

,
MIB)EH . (M ,

MIAB)
b

For isn we have Hi(, (A)= Hi(
,
MIA) = MILL

,
MIB) = ->> HiLM

,MILAUB) is locked between

two zeros zera itself.

If MeHn( ,
MIAUB) is st

. MoHu( ,
MID) is zero for all eAuB => its images in Hu(M

,
MIA) and HOSM

,
MIB)

are zero by the assumption. -> Since O is injective, M = 4
.

(Proves (i)

Let M ,
AuB be a locally consistent choice of orientations

-> 7! Hu(M
.
MI)

, M-H( ,
MIB)

= M .
M = MlaMB/AH( ,

/(AB)
.

its image is zero in Ha(M
,
Min)

since is injectiv
for

any
Ce Au ↓

=> it is zero itself by assumption on AnB.= By exactness
, <MA , Mrs) is the image of auinque

&.

element Mavis H-( , 1 /(AuB)
.

1

2. It is enough to prove the assertion for a compact subset of a single chart
.

(i
.
e

.
inR

Any compact subset AFM is a union of a finite number of compact subsets
,
sit

.
each belongs

to a chart= > We can apply induction and

If L is a chart
,

then Hi(M
,
#(A)Hi(L

,
HA) by excision

.

2

=> From now on we assume H= R"
.

#3 If AER is a finite simplicial complex,
st

.
its simplices are linearly embedded

,
then the assertion

follows by induction
,
and it is enough to prove for one simplex. The latter follows from the definition

of local consistency.
3

↳ &R compact
LEHI("

,
RMA) is represented by a relative cyclez and let CERA be a union of the images of

the singular simplices of Oz.

# and C are compact - they have positive distance 8 between them.

Cover A with a finite piecewise linear simplicial complex K with KnC =: (i) cover A by one big enough simplex:

from STEP (ii) take Garycentric subdivision s .

t. the-

diameter of a piece is less than 8

Civil take simplices that intersect A
.

The same chain z represents a class XEL(RYK) that maps to <H
. (R, R&A).

ByS for in = and Hi(R"
,
RYA) = > for isn.

7

Finally, assume i = n. If
K

= EHn(RRiss) for allA
,

then it also holds for all ok
.

Indeed
,

for
any simplex ACK and

any EA the map HLRR)-> HOLR
,
Rise) is an iso.

3 now implies that k= => x = 0
,

which concludes the proof of cit and uniqueness part in (ii)
.

Existence : let ASHR
,
RMA) be the image of HLRRYB)

,

where B is a big hall containing .
↑
I

exists by definition
of local consistency.


