
Last time : Proof of 26 April Se
Lamma 3 M without boundary , AEM compact , R commitative wite ring.
(i) Hi/M ,

MA ; R) = 0 for i >n .

<E Hm /M . M/A ; R) is zero (

image of a in Hm(M ,M\{x3 / R) is zero for all XA.

(ii) Mx locally consistent choice of orientation for XEA

=> existe unique MACHr(M , MAR) mapping toMx for all xA

Today :

Prop2 M"Closed (E) Compact , no boundary) connected .

(i) Hu(M ; (E) +> Hu(M
, MIEx3 ; E) iso for all XeM .

(ii) M orientable => Hu(M : R) -> Hu(M , MEx3 ; R) iso AxeM .

M non-orientable => Hu(M ; R) = 0
.

(ii) HilM ; l = 0 for isn

.
t

Note that (iii) follows from Lemmas (1) with A = M .

For (i) E(ii),

we'll also use Lemma3
,
but need some more tools.

For M" without boundary ,
let Hatcher

p .

235

↑ : = SMx(XEM and MxCHn(M , M15x3) a local orientation3

Note p : -M
, MxHX

is a 2 : / surjection .
For Be chart &M

an open ball and a generator MzEHu(M , MLB)
,
let ↑

U(B) : = EMxEMIXEB , Mx image ofMB under

Hu (M , M(B) -> Hu (M ,
M((x 3) 3

Exercion The Url form the base of a topology on M
,
st

p
is a 2 : 1 covering.

Def p
: M -> M is called the Orientation covering of M.



Eal MxEM has a canonical orientation HuCT
, Frx) S

corresponding to MX under the isos

He (M , ↑Mx) Exciou He (U(r) , Urs Mx)
-> Hu (B

, B(x) -> Hu (M , Mix)
excision

These are locally consistent
,
so M has a canonical orientation.

-

Prop 4 If M is connected
,
then : M non-connectedE) M orientable

Proof Mhas OrientationM => M= em3 ~E-Mx (xM}
-

open open

If M has two components Ne
,
N2

,

then they intent an orientation

from M
. Check that PIN:: Ni-> M are coverings .

Then
, they must

be one-sheeted coverings ,
i. e

.

homeomorphisms TS

~ -
-

Example 52 = STrs2, IRPES2
,
Klein Bottle = Six S

Note that S3-1RP3 is an orientable double covering ,
but not the

orientation covering ,
which is RPPvMP3-> MP3 (since RRP3 is orientable).

Def A section of p is a cont .

map s : M -> Ma with ps-ide.

Note that a section of a covering map has a component of Mas image

Prop 5 Mx is an orientation #S XXMx is a section of p

Pf Exercise B

Def R commutative unital ring ,
Mr without boundary.

Local R-orientation :Mx is a generator of Hr(M , MIX : R

R-orientation : locally consistent choice of local R-orientations.
MR-orientable : E) There exist an R-orientation

Example Every M is /2-orientable
,
since these is precisely one

local IF2-orientation at every point.



↳
Def Let Mr : = [ax / xM

, xxHu (M .
MEx3 ;R)3,

with similar topology as M
.

M -> M is amNoth pi R IRI-sheeted covering.R

Prop 6 Let Mr = Exx / xx is the image of MxQV under the iso

Hu(M , Mix)@R -> Hu) M ,
M(x ; R)

for Mx a generator of Hm (M , M(x) 3

Then : MrEMp is
open ; Mr = M-r;

Mr1 Ms = 0 for # IS;

MrEM if w = -w
,
and MrEM if r = -r-

PS : Exercise D

Prop 7 My is an R-orientation #S

X-Mx is a section of p with each 1x a generator of Her (M ,M) iR)X
R

Pf Exercise
,
similar to Prop 5. B

Prop g If 0 = 2 in R => all M" are R-orientable

160 + 2 in B => M" is R-orientable iff
it is R-orientable

Proof 0 = 2 => My EM => Pehas a section do Me = M is R-orientable

Assume OF2. Generators of Hr/M ,
Mix ; R) are of the form MxQ u

for Mx a gen. of Hn(M ,
M(x) and UER a unit. Then UF -U

=> Mu Y = Prhas a section to Mu iff M-M has a section
.
D



↳
Proof of Prop2 (i) and (ii) Pointwise suc and pointerise

R-multiplication turn ↑(M
, Mr) into an R-module .

Hu(Mir) -> ↑ (M
, Mr) ,

- (X- image of <in Hm (M
,
M(x;R)

is a homomoghism. By Lemna3 , applied to A = M ,
it

is an isomorphism ! Indeed , Lemma3 (i) yields injectivity. And

Lamma 3 (ii) yelds sarjectivity /here ,
we need a slightly more

general version of Lemma 3 (ii) : namely , for every locally consistent

Choice xHm(M
,
MIX ; R) , 7 ! MACHu(M ,

MA ; R) that maps to

&
x for all X .

The proof is the same- we never use that ax generates).

E = MwM if 0 F2
M R- orientable => SMr = M forallweR if 0= 23 => Mr* M

=> (M
,
Mr) = R Jusing connectedness of M) = ) Hu(M> RIER.

So Hm(M ; Ez) ElEz for all M ( Since all M are Fz-orientable)
,

and Hu (M/ ERC for all orientable M.

M Non-orientable => F is connected =>

M= Now
--

EM

So the only section of p2 goes to Mo => ↑ (M
, M2) = o

=> Hm(M) = 0 .

D


