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Theorem 12 H

*

/PU) = R[X] / (Xh + 1) with deg X = 2
.

Proof By induction over m .

For m = 0 ,
Cp= [*3

,
Ho(*3) = T

For n = 1
,

CPES2 and Ho
·

(S2) = [[x]/(X) .

Assume m = 2

and H*CDU-r1ER[X]/(X)
.

The embedding CPK -> Ph

induces isos on He for b < 2n (evident from CW-structure).

Let X be a generator of H
<
(CPY) . By naturality of ~ and the

induction hypothesis ,
x" generates H2(DPU) for 152m.

It just remainsdo show that xmgenerates H
&

/CPM).

Since - is non-singular (Prop10) and X" is primitive (since

it is a generator) , by Rumb 11(2) = JyEH2-2 (CPM) st
2u

* ~ y generates H (CPM = X
.

Since Him-2((p") = RX* =>

7mEX with y
= mX* Since X-y = mX

*

generates H2((pm)

=> m = 11 = y = 1Xn
- 1

= X"generates H
*

" (CP2)
.

D

Remark 13 Note that [4] ETH"(X)

=> for all [4] EH"(X) we have [9] - [TJe THk
+

e(X)
.

So~indues FH(X) = FH((X) -> FH* +e(X)
.

-

recall : FA = A/TA is the "free part" of an ab . group A-

For M closed
,
connected

,
oriented

,

~: FH"(x) x FHm
- 4

(x) -> FH-(X) = R
.

is non-singular (similar proof as for Prop 10).
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Proposition 14 (EV for other ringe L
Let C be a clair complex , R a commitative unital ring ,

and

M an R-module.

(1) There is an isomorphism of cochain complexes overR

i : Hom (C) M) -> Homp (COR ,
M)

· R

9 -> (corr y(dr)
with invene i :

(c++ (1) 4
.

(2) eve : H
*

(C , M) -> Home (Hu(( ; R) , M)
[4] - ([a] m> i(9)(x) (

is a well-defined R-linear map.

(3) HM(C > MI
*

Hom (Hu(C) , MI

evt
Homm(Hu(Cir) , m) Fre (Cabref((or]

Computes
.

(4) If R is a field , then evp is an isomorphism.

Proof (1) To check : A in (4) is an R-homom . CnQR -> M

* in is an R-homom
.

at each homological degree

* i is a cochain map

A in is an R-homon .

2
.

-> M

* to i
,
i'oI are identity maps .

(2) To check :

E
X boundary ,

4 is cocycle on

i(4)() = 0 if ↓ is cycle , 4 is coboundary

(3) By def of er and evr

14) Same proof as UCT, using Extr is always O since all R-modules
are
free
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Prop15 M" closed

,
connected , Ik-oriented for a field Ik

Then HOM / (K) is a Poincar algebra of formal dim . N.

Proof (i) H
*
(M; ) = 0 for ja m

Since HF(Mil) = Hm-j (Milk) = 0 since n-j < 0.~

(ii) Hm(M ; (K) El Since H(Mi)Ho(M ;1) I .V

(iii) The IK-bilinear pairing
~ H

* (M ; (1) -Hm (My (K) -> HY (Milk) EIR

is non-singular Es the adjoint homom -

H5 (M ; 1) - Homp (H
*-2
(Milk) , 11 )

[4] - /[4] S(PD/[4] - [T]())
is an iso

.

Show (similarly as i Prop10) that the adjoint

equals the composition of
Ho (M =(1) Home (Hj (Milk) ,

(k)

PDX
-> Homp (HW-(Mi (K) , (1) D

Corollary 16 H * RP"; IFz) = #2[X] /(x7) With deg X = 1
.

Proof Same as Thu 12 , using Prop 15. D
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Long Example 17 MY closed

, simply connected.

What do we know about He (M7
,
HIMI !

Simply connected => connected => Ho * Ho = R

-- = orientable => HyFH* = R and PD holds

--> He = 0 by Huraicf Thu = H3 = 0 by PD

UCT = H' = FH1THo = 0
.
PD = Hy = 0 .

UCT = H = FH2OTHe = FHe ,
so He is torion free and thus

bee (because Hof . g . by Them 7) · PD = Hz = H2

So Ho (M)
,
H
*

(M) are determined except for oh Hz (M) E 50 ,
1 1 2, ... 3

What about the cohomology ring ? ~: H" (MIXH2(M) -> H"(M)

is non-singular (Prop 10) and symmetric (since

[2] - [c] = (1) [C] - [21]) .
Pick an orientation of M :

that yields an isomorphism HY(M) -> & (via H* Hot R )

Pick a basis for H2(M) , in an iso H2(M) E XM . Then -becomes

a non-singular symmetric bilinear form Rmx +*-> .

Such a form may be willen as a matrix AE prexer with

~- w = v Aw for v
,
we Rm

.

Eg for M = CP2 we find A = (1) or A = (- 1)
, depending

on the orientation on CP?

~ Non-singular => det A = 1 1
.

~ Symmetric => At = A . Picking a different basis for H (M)

transforms A into TEAT for TEXmxm with det T = In.

Picking the opposite orientation for M transforms A into-A.


