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Long Example 17 (cont . 'd) MY closed

, simply connected .

Shown last time : HoEHER , HeFHz = 0 , Hz = ** for some m20.

What about the cohomology ring ? ~: H" (MIXH2(M) -> H"(M)

is non-singular (Prop 10) and symmetric (since

[2] - [c] = (1) [C] - [21]) .
Pick an orientation of M :

that yields an isomorphism HY(M) -> & (via H* Hot R )

Pick a basis for H2(M) , in an iso H2(M) E XM . Then -becomes

a non-singular symmetric bilinear form Rmx +*-> .

Such a form may be willen as a matrix AE prexer with

~- w = v Aw for v
,
we Rm

.

Eg for M = CP2 we find A = (1) or A = (- 1)
, depending

on the orientation on CP?

~ Non-singular => det A = 1 1
.

~ Symmetric => At = A . Picking a different basis for H (M)

transforms A into TEAT for TEXmxm with det T = In.

Picking the opposite orientation for M transforms A into-A.

18 MIN via a map f: M-N

call f E orientation-preserving (op) if deg f = 1 3- reverung if deg f = - 1

thei An = (degf1 . T
+

ANT for some T .

Ex DP2 and F are not o . p .

hom
, equir-

Sime (1) = T
+

(1) T forT = ( + 1)
.

The (Whitehead) The convere holds :

M. N iff Am = TEANT
.



⑨ Cohomology with compact support & Proof of PD Las
Roofidea for PD : induction over mumber of charts , using Mayer-Victor's to

glue chart together. Problem : Union of chark may be non-compact .
K

Solution : Define a new cohomology theory He st H = H if
M compact , and extend PD :

Theorem 1 (PD without compactness assumption) R Commutative sing with 1,

M"be oriented. Then we have an ison (to be defined later)

PD : H (MiR) -> Hurr (MiR)

Motivation for HE X a locally finde A-complex ,
in every -simplex is

Sace of only finitely many (K +1)-simplexes.

Let the simplicial cochain complex with compact support be

Cs(X) : = [4t((X) 14 (2) = 0 except for finitely many
Note C* &Co is a subcomplex. l-simplexes &EX3
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Since XER = H8(x) = H(x) **, HAWEH(X) 0 VRe1,

S PD doesn't hold for 1 .
Let us check that it does when using Has !

vi(vj) = ei(ej) = Sij .

↓
(is(x) = ⑰

i do (s(x) = O i
V & 2

↓E R itR

vinci-ge

-
since d'(vi)(ej) = vi(de(ej)) = vi(Vj - Vj) = Sie - Si
Sober do = 0 and coker do = & generated by [e"] for any i.

=> H](x) = 0 , H](X) = & and PD holds
.



↳
Def X top , space ,, A as,

group .

Let the singular cochain

Complex with compact support of X with coefficients in A be

ch(Xit) : = EYEC"(XiA) / Ecompact KEX St

4 (0) = 0 for all w : Sk-X with in (5) nk = 03

Note CC is a subcomplex , became YeC"(X = A) =>

dY(5) = 4 (dm+) = 0 for 2 : S* -> X with in ()-K = 0 ,

Since im (da) in(r) => im (do) - K = 0.

H * (X; A) : = cohomology of C& (XA) is called singular

cohomology with compact support of X with coefficients in A.

Remark 2C2 (XiA) = Ch(X ; A) if X is compact (take K=X)

Def Let I be a set partially ordered by< (ic < is reflexive,

antisymmetric and transitive) . If Fa,B I TVEI with 0, BEX

then (I , E) is called a directed set.

eg subset of a fixed set X ordered by inclusion ,

or open subsels of X , or compact subseh of X.


