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Def Let I be a directed set.

Let An be an R-module for eachse I
,
and faß : An -> Aß

a homom
. for each pair LiBEI with LEB ,

such that

fac = id
A and for faß = fas.

A module B with homous
. Ga : As + B for all de I st

gofia = ge kauß
is called direct limit of the Ax ,

denoted B = lim Ax
, if it sahifies the following universal property :

->
LEI

if C is a module with homous ha : Ax -> C and Apofia-ha
then 7 ! i : B -> C stioga = ex ·

- faß I -
- -> 1 ---

-- -

-Aax T
BY

Sgat
gi
ta Ih
·im i

Prop 2 li An exist
,

and is unique up to unique isomorphism.
->

pf Existence : B :=/ < X-fop(x) /XeA,
inal Proj

and
ga : Ax-> B is composition of An Ax-B

.

Given C and ha
,
let i : B + C send [x]EB

, XzAc to ha(x) ·

Uniquenen : the usual proof. 13
-

Ex 3 * Every module is the direct limit of its f . g .
submodules

* The direct lint of

2 = 2 gr = ...

is Q
,
with

maps
: · ----

Q



Prop4 * top. space ,
I = &KCX 1 K compact] . Then ↳

R l

H
,
(X i A) = lim H (X

, XA) .

->
Kel

Proof Suppress A coefficients from rotation in this proof .

Write L := lim--
->

l l
C (X ,

X(k) = (4C(X) 14(0) = 0 if imveX1k}
-

() im ak = 6
So we have an inclusion of cochain complexes

h -

j : c(X
, X(k) > C

.
(X)

l

By univ. property ,
7 ! i : -> H (X ; A) st

R 94
H(X ,

X(k) ->L- HE(X) commules .

-
j

l

-surjective [4JEHc(X) => 7 compact HEI st4(r)
= 0

l e
X

for im Ink = 0 => [4] in image of j : H (X
,

X (k) -> Hc(X)

=> [4] E im i.

i injective XEL with i(x) = 0 => Pick KEIst

l

X = gm([4]) for [43CH(X, X(V) . Then j
*([4]) = i(x) = 0

l- 1

=> 7 TEC
, (X) with doX = j (4) .

Pick K'compact with

↑ (r) = 0 for im (2)nK' = 0 . Then YeCP(X, X(Kuk'))
b

=> [4] = 0 H(X
, x)(kuk'l = x = gux([4]) = 0 D

Prop 5 Shipped in lecture

* top . Space ,
If Powerset of X , partially ordered by inclusion .

Suppose I is directed, X = Un
,

and UKEX compact JUEI with KIU
UEI

(the last property follows eg if
all UEI are open) .

Then Hr(U ; A) with

inclusion-induced maps
has direct limit

lim Hr(U : A) = Hr(X = A)
-

Proof Exercise
,
similar to proof of Prop 3. B



Prop6 JEI directed sets st FCCIFBe] : <B
.

The
lin A ~ li Aa

.

=

-> B
->

BeJ XEI

Proof (Skipped in Lecture)
Each Ap has a map gr : Ap- limA .

These are compatible
->

LEI

with the fi .

So the Universal property for in Ap yields

I : li A -> lim Ac
BEJ

7 B ->
-

LEI
BE7

-

Conversely , for each to 7 1 with <B ,
and thus a map

-

faß g
Ac -> Ap-> lim Aß

->

BEJ

These are compatible with the fac. So the univ. properly for

li to gilds ↑: hinAnli ALEI ->

& EI

By the uniquenes part of the universal properties ,
404 and

↑of are the identities .
B

Ex 7 To calculate H : (R" ; A)
,

use

2 = [Br(0))we91 ,
2
, 3

, ...
33 EI.

We have Hell
,
(Br(0) ; A) = St be by LES of pair.

h h
Inclusions induce isos It (IR"

,
IR" (Br(0) ; A) -> H (IR*, IR

*

(Bs(0) : A)

for -S. So

l b l

H (I" ; Al = lin HIR" -KIA) =H (MT
,

M
*

-Br(0) ; A)
kef

h

for any v
.

Thus Ha(RA) St I

So PD as in Them I holds for 12 !



84L
Theorem 1 with def of map PD Let M"be R-oriented. Then the map

PD : H (MiR)> Hre(M ; R) defined as follows is an iso :

For KEM compact ,
there is a unique MpE Hm(M ,

M(K ; R) St

Mu maps to the generator of Hu (M
,
M/x ; R) given by the orientation

for all XeK /Lemma 7
.

3). The relative cap product yeelds a map

He(M
, M(K ; R) > Hne(MiR),

[4] +> Mn - [4]

16 LEM compact ,
KEL

, then inde(M) =Mm . Using that and

naturality of relutive cap product (
the following commutes :

ha
H (M

, MIK ; R) -> Hn-e (MiR)

Linc
*

-
He (M

,
M L - R)

h

So the univ . property yields a
map

lie HP(M
,
Mik ; R) - Hn-e(Mir) .

Precomposing with the ison
.
HE (MiR) -> Lim H (M ,

MIU , R)

gives our map PD !


