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Example 3 KES" with KES" is called a knot
. By Alexander

Duality ,
Fi (S" (K) = F-1(S ; R)

Ho(S" (K) = Hr(S" (K) EX ,
and all offer homology groups are trivial

This is easy to see geometrically for an "unhnolted" K
,
since then

SKES'

n - 1

Corollary 4 M non-orientable
, compact .

Then M does not embed into SV.

Proof Assume M = O (
M & S"

. By Alexander duality :

H"- (M) = F2 (M) = Fo(SMM)
So HU-(M) is free . By UCT we also know :

Hm (M) = Hom(Hm-e(M ,R)(Hm-z (M) , R)um

= O because = T(Hm-2(M))
↑ non-orientable

since Hu-z (M) f. g.
(Prop 7 .

2 (ii))

Hu-1 (M) free => Ext-term Jero => Hm-z (M) free and H" "(MI = 0
.

Again by UCT :

Hr" (MilF) = (Hn-- (M) , IE) @ xtp (Hu-z (M) , 152)
=0 as above O because Hm-z (M) free

=> HW-(MilFzlEO .

But PD = Hur(MilEz) = Ho(MilFz)
,

which is non-trivial since MF ·
Contradiction. D
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Lamma 4 KII" with h compact and locally contractible

(1) There is UoER" open with KEUo and
a retraction r : U-> K

.

O

(2) For all open UElo with KEU ,
there exist an open VEU

with KIV st inclusu is homotopia to ind · Flv
.

ku

Proof (1) Hatcher Thu A
.7

(2) Skipped in Lecture

Because we're in R"
,
one may simply define a "linear" homotopy

h : UXI -> R"
, h(x , t) = (1 -t(x + tr(x)

between ide and r. However
,
this is a homotopy through maps to 14,

not maps to U .
&" (U) is open in UXI . By def. of the product

topology , for every tel there is Vel open , Etso such that

Ve X ((t - de ,
t + (e) - [0, 1))ab - (4)

.

We have [0
.
13 = U (t-Et , ++Ez)v0 .

1]
,
and since [0

,
1]

te[o, 1]

i compact , these is a finite subcovering. The interection of the corresponding

Ve is an open set V such that VXIch"(n) =>

he yields a homolopy from VU to ru through maps to U .B



↳
Proof of Theorem 1 Treat the case i 0 first .

Ther

F
: (S" (k) E Hi (S(k) ·

= H (S (k) PD1

= lim He
:
(SMIK ,

SU(Kr(1) by Prop 9 .
4

->

LCSuk

Kompakt

= lim Hm-i(gmsm2) incl
*

is iso
->
L by excision

- lim Fn-i = (gm(L) LES of pair=

->

L

↓ in
-i -

1(k)

Proof of the last iso : Let us prove iso for unreduced cohomology. This

implies iso for reduced .

Pick peSIK .

Then KES"\p=R" So one

may pick to as in Lemma 4(1) and retraction r : Uo-K.

By Prop 9
.

6
, him li . Then

,
the univeral property yields a maps :-> -

S UoEL

S

-
incl
*

G LAn
-i-

(k)) Hm- (942) -> lim Hw-
-r

(g4(L)
- ->

fols2)
* S"1401 LESUIK

& ↓fiz-ind
Colsun)

*
-H
: -

(5-2)



Let us show that s is an iso. ↳
Sjectivity of s : olguy ind = ide =>

ind* /ganz
*

= idymiss => inc
*

surjective.

Injectivityof :

Let Xe lim with s(X) = o be given .

Pick ( such that X = gz (y)

=> s(x) = inc
*

(y) = 0 . By Lamma 4(2) , pick L'with LEL'8k

st S"L'2> SL is homotopic to Night'

=> f2
.
2
= (wlsui

*
o inc

*
=> fc, (y) = flgn)* (inc * (y)) = 0

= x = g((y) = gy)fz
,
v(y)) = 0 . ~

Case i = 0 : As before , we have Ho (SIK) =Li H (g ,
572).

LES of pair :
= O Since (#0 ,

LSY

=O => S21 L non-compact manifold

i -

Hh(gr) -> Hm-154/2) +> A
* (S

, S4(2) ->1) -> H
*

/S"(L)
= R

=> H4(S"
,
542) =H(SL) 0 R

.

=> Ho(S"(k) = HW-(k) R

=> Io (5" (k) = Hm-1 (K)
. D


