
⑪ künneth Theorem (not in examt 27
If A and Bare R-algebras , then AQB is too

,
via

R

(a0b) . (aQb)) = aabb!.

If A and B are graded , then AGB is too
,
via

deg (ab) = deg a + degb.

UTheorem +X
,

1 spaces , Hi (X / R) fre of finite rank for all i.

Then there is an isomorphism of graded R-modules

H
·

(XxYjR) = Ho (X , R) @Ho(T ; R),
The ring structure is respected up to sign.

Example 2 H%SxS') = H
*

(SH·S')
as graded rings ,

with multiplication only respected up Co sign

= 2[x]/(x)@2(23/(24
= X(x , y]/(x2, y4

This is the result we obtained in Example 6
. 8

, up to sign

Example 3 H
*

(SixSY) = * [x , g]/(x2, 24
with deg x = 2 , degy

= 4
.

This iso respeck multiplication including

the sign ,
since all degrees ar even. .

More explicity :

H
*

(SSY) ER gen . by X X20

HY (53xSY) = & gen . by y y20

tensor productHS(SSY) ER gen . by XY
of chain complexes
- to be defined !

Proof idea forTheorem
↓

(1) Eilenberg-Zilber Thm : C
.
(XxY) = C

. (X)0C . (T)

(2) Compute Hi(C. (X)@Co(Y) - similar to Hi (C · (X)@ A)
for a R-module A



↳
⑫ Twisted Homology (not in exam

Motivation K & S a hnot
,
in KESV

. Corrider the composition

surjection iso scj
-> He (S3(k)
Hurewicz'sMeisten

M

Theore

T

By the clarification of coverings , ber&t . (53(K) corresponds to

a two-sheeted connected covering Mr -> S37K .

What is He (Mr) ?

It depends on K !

O O D
He(Mr)E R H (Mu) = R*R13 Hi(Mul = RGR15

So these are three distinct knots !

Moreover
,
it illustrates that homology of coverings of X can be

a rich invariant.

Def For a (non-abelian) group
G ,
let the group ring RTG]

be the free R-module with basis G
,
and multiplication

(agg) : (Zbge) := [agbalgineG
-sie

- I S
finite R linear combinations

of elements of G

2) [G] is a unital sing ,
and commutative if and only if G is abelian .

Ex R[Rim] = R(t]/(tr-1)
, R[R] = R[t , t1]

R [S] = R(x , y)/(X2- 1
, y - 1 , xyxy - 1)



↳
↑ X a regular covering with deck transformation group G

(group of homeos g : Y+ Y with
p = pog)

& ach from the left on Y .

G also acts from the left on Ci(i) by g
. v : =

got
·

That makes Ci(i) into a left RTG] -module.

The differentials of C . (i) are RCG] - linear !

Def We wile Ct(X ; R(ET) for C
.
(Y ; 1) with the above

left & [G]-module structure and call this a twisted chain complex.

Its n-th homology HE(X ; R[G]) interibs the left
& [G] - module structure !

weImparticular , if X admite a universal covering * , may consider

C (X , R [TeX]) ·

Remark Citr(X ; REE]) is a free RCET - module ! But

HE(X ; R[G]) need not be free

Ex Ct(S" , &[S]) using cellular homology :
-

= [[t ,ti]

C
tv

tr 2

V tv tr
2
~ V ⑧ > E · Ze ⑳

CW(S) : * RCtF/(1 CtwCW (s ; RCt]]
-

2-R [[t
*

] FRCtr]

=> HE (S"; R(t*r]) = Kardi = 0

Hotw (S" ; R[t F2]) Ecoled. = RCtFy/ (tre)



L
O & D6

In (53/4 ; R[tF]) He (S314 ; R[tF]) Hn (53/4 ; R[t* J)

= 0 = R[tFr] /(t- e +t) = 2(t=r]/(t" - 3 + t)

Theorem (Twisted Poincare Duality (

If X is compact and Y orientable
, then

HÖ (M ; R[G]) = HI (M ; 2[G])

Ex Ct(RP2; R[R12]) again using cellular homology :

esC ~ Atv ⑨ V

and a 2-all f ef
R
-

CW(RP) GR/(t - 1) Ctw ,
CW

(IRP ; RCt]/(E-l
R

S-
O t+1 t- 1

& R R R-> R -> R

HEWER/(t -1)

Ho

Hat = (t - 1)
t+1

Couch (RP"; R) is the dual of C ,
C

: RRR

So Hi = (t +1)
,
HIr = O

, HE E R((t + 1)

Indeed
, we find HEWEHEw

,
H Hew

, using the iso

R -> R
,
tre-t


