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(Rq\al-évq Moﬁv-\]'\qlmr‘.s soﬁmmuz:
o (M M2 — Ho (1,10 (3085) 2> HL (M MAB) © HL (M 4B) s HL (M, Mucans))
Il

o
oo isn  we fhawe H;(M)M\(A«‘B)\>= H: (M M) =H(M M®) =0 => H;(M,M\(Au'b)) is Aocked belpeow
Ao 2eros = 2oro  redd(
L& p e H.(M M@)o o paeHu(M Mum) s zece foe ol webu® = ibs Lvno%u m H(M ML) ad H(M M)
Ao aASuer\on.=> Lhee 5 'M‘&uén‘ue) M=o. C(R—ouu (i)\_

At 2O 56

Le-l' “4,:, xe /_\oﬁ 60_ o Q.Dcn(\ cows'-shv\’r aln.wiuz oe a?imsmko\'\s = 3\ VAQH“(M.M\B\) ‘*((SG H_(M,M\bv
Ti]( PA)\A(A = YA\A,‘?,’ vf’\habé H,(ﬂ,M\ (Ac\b\x. its 'umaaa & 2\ H“(M'M\l"ﬁhsix\cE )
Sfec any = AD J,

=> it is 2er0 kel BQ Bssamgiow  ow A — %Q\S exactness, (PA)V‘SB is the iwagq of a wargue o
QQQMAUJJ(’ (\‘A\,‘BGH‘*(M)M\(AJ&D- E V

is Qv‘sgc\—'w

Swera 14 is Qmoug\l\. {0 prove Ao asserbon fev @ ewwmeact  subsek of a s‘w\é‘?,e ok, (Le. w R
AV\Q ebm@mc(— subseb AEM is o wron of o Quke numbes of o wQoch wbses 2.4, cach Q,qem\&s

“:0 [c¥ QL\O\T‘&- _— h)q cawn Q??Qé wduchon ON\C( Sﬁfi.
Tf Ui a charlc, Ahen H;(M,M\ABQ—'H;(H)U\AB 66 extision. 2]

M=R",

=’>.F€om NOW ©n We  AsSSUWe

Swer 2 TP AR i o Suke w‘,&-dﬂ com?an, sh ik Swpliens ose 2 usasl wmbaddad then the asseckow
\uéuckOv\,&mé 7 SN l\naua\n 4o @vow for one SwJQQQx,TF\a lodber Clows fcom Hre ddmkion

Lellowse

of (oca?gg}us\m‘é.

ssm. AQ\Q“ Gompo.c}c
oKeH (R R"\A) © wm\'o.A 66 o velokive aa&z 2 amd & CeR\A 6 a uwion of the Woé% of

‘u\c dwn uqu s\m?q,'\mg tg ‘aa,
A a“§ C o< eomeod = 5&\26 \nawve ?os‘r\‘(uz distane V70 Gokwaan thoen,

w.'H\ L(nc :,5-(0 Cover A ()a one 6\6 chova\'\ S\\u\;eqxs

Gauer A wh a Quﬁa Piecowise av\mv S\'\M?&dm? Qomgezx L&
FFLSTE” (i) 'La‘a éqvicewk'\c. subdivsion st the
diamedes of o piece is ‘eus than ?)4

Gi> tale suwpliens 4ok idessect A
FW(Q same  Chaw 2 ﬁp\‘%ew\'s o dass [ H,‘(D‘)(d\\() Aok waops o e H,(m‘,ph\ABA

Bé} STEP 2, £, =o ‘ccf (?w = K=o ownd Hi_(thJ@H\A)—_o 'Cer L.
Vmo\g a3luwne i_=V\., I—C dK)‘x=0€H‘(Q‘)@"\{'ID go? o\\\ %GA) —th_v\ iJ« one \\oQAs (ruv Q\\ d.ék.

Todeed do ) swolex  A€K  and vy € the wnogp HR RYA) = H (R R s on iso,
Swrs now lmp(’iu thod =0 => o =0, Which  concludas the ?mﬁ’ K O oud uuic\uo,um ot in (L),

E.)_ds-kqvuce: &4 o(AEHh({QRJ@“\A) ‘on jf\nq Lw\aée 0? o/f\lbeuh(m:ﬂ?“\ﬁ)) (,.)\mzce @ s O Q)la (’m\\ CQ“kO‘.\v\‘\v\a A
eisks by defiuition

of \oaa constistaney.

|
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F 1

Last dimme:  Prosf of 26 Apo|
Lovma 3 M7 witlod bomdory, ASMH awpact, R cmmbebioe Ul i
(i) Hilh, MNA, R) =0 [or i>m.
€ Hm (N hNASR) & 320 &
iwogp of o ho Hu (1 RNGXE R) s mero for ofd xe A
(i) My Loedly rsislet doia of ortabion foc e A
2 evih unigut e Ko (, INAZR ) duoppivg 4 jix for all xe A
Today -
?/wf 2 M™ cloged (& Compadt, me e,mdwa) commucied .
(i) Holh: By = ko (0, 0D, ) e for all xetr .
[:4) M ovsdable = W, (M2 2) — H_ (1, KAT<3; 2) < Yxel.

M Mmon- prcantable = H, (1,2 ) =0.

(i2:) Hi(M: 2Y=0 foc i>m.

Note Wt (1) go\(ows S/(o-w Lomma 2 () (il A=T1 B () §(u),
we' A oy, we Lewmwme 3, bud 9edl  Seww. amove. dosls
For 1 wiloud budary | 4 Hecbar p 235
5= § e [ xeM ol pixeHa (1, HNDET ) @ local wrihuchos
Note p:ﬁ~>|‘1,/4x\~)x 4w & A sumicken. For B g clavt 2l
o opsn foall amd @ g bor fug € Ho(HL RN ) ) 4t
0y = [ rce | %eB , pon e of pig o

Ho (Ro088) —5 Py (1, kN3 %

Y

Execiee  Tla M%63 (me Hoo bas "’5 o éwfolo% PO 35
p o a 2. A co,ue«w'aé.

Daé P"Ff — v exlkol Ho Oxedsaben cma og .
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(8% . ~ N N
Cacl /v\,(eﬁ Liar o camomicad omacke bon /uxé L(MCH,T@\\/«,:) c2
cheJromob.; 3 ‘{'cb /"K u.Mdg.r H‘ 9 (:Jc_f

OXCLL B0

> Hua (B, B\ x)

HM (H,ﬁ'\/«x><&-— H.. (U.[/‘g), u%ﬁ)\/,,x)
> HMCN(N\K)

eLcoL, 3

L‘_qg o c:a/laow‘c:owa W"ﬂl’bf/l

Thage, are /&ceﬂ@a coupshut | o

<
PA’D‘“ Lt' IJ U is Comml.&\%&, o - ?'(MOM—(WQJ-QA@:) . oraud<ble

me& M Las od{ﬁu}«a[a.'w/.ix = ﬁ]:{ﬁxlxehg 1) {_/u,q lxe!"lg

QDF‘QM @,ozm

| R los twe Guporsaby Ny, Ny, R Fay ailart an oradbkion
foe 15 Ruck ot ply. 0 Nom2H ac comenigr, TLa, ooy s F
be one~ Slanked toveniigy, e Donmgommorpliisms . !
EXMPIQ S =S¥, JL8, (IR\)ZQ/SZ, me; = g% x S°
Noke Kot ST RP® iy o oraukeble double Contrng, bk mot Hio

orvubhom Coanerung, wlicd & RPPL Re*— RS (sive R i grantable)

Def A soaksu °Sf" A5 a Cout. e o s M ——sﬁQ LKL Pg:zof,_,.
Nefe Kok a sechou S a ma o las « commpomut of Hoas lamecge
PrYD‘D 5 /Ux A o oquntaben &= XESf & a secbion <§
Pl Exercn 0
Del R commubbve unital riy - M7 witloud boumdory |
Locad R—om"mhsz/«x b e gaaber of Ho (H, G2 R )
R- oruc ko : QOQJQQZ) Coms s lend Hioica. o/ Locll R ontebiony
FIIREEAMRER (> Thr exib ar R-oralulbes
E xample {,\mra Mo [ - orludeble, Siua  tae b precialy ens
Load T, - srintedion o soery ‘fJOWﬁ.
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l 63

Def Lot My 1= /«x M, e Ha (N KNDE R DS,

c,mf'e\ 8 i (ag *Fbr%(»aa as
Note P; Mo — M 5 an Rl —shaled ComRng, .

R
P'“’f’ 6 Let ﬁfrzfoéx | o x 1) F&Mm«a,x oS /uK@)fr wneler oo Ao
Ho CH, N @ R — HM(W,H\K)Q>

Jor px & gamabs of o (M, H\X) §

[ xe
M

Tlﬁ-ﬁu" HA-Q HR /;JOP&J - Hd—cﬁ—,r/‘
H,‘-ﬂﬁ =& S A IS,
Mo & H i 7=, and NS [ me-r

Pf: Cxerim 0

Prop 7 o Ar o R orlekbion

><l—:>/-1x A a geaheun «J‘ e RV A eic«Q/b(x & Wk"c’/ Hen (W/h\wﬁ)
PJ\ Exereii Sime lor to p/m‘o § 1

If 0=2 s R = adl M wwr R-erukble

Prp &
jo+2 & R = MN'as R-orunieble A
A 7 eranbdle
P’""’S p=2 = M =M = folos aseckioc & M, = M 1 R-omabl

Assume O =F Q. Gm@‘}mo([ Ho /N, RA\xR) ane ,Jl—&(f;h /b(,(@u.

b pux oo of HolH,P\) and weR awat The u+ —u
= HL{ = g =) FR Llas & SQQL’OL, +o ML’ t'ﬁf ﬁ—DH (1&\5- a S_eCzL-@‘b.ﬂ
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F 6y
(PKY‘”(Y 05 Pﬂ’”r :L (A] M“‘ C/—&') PoiM&-KHJQ- Juum CU-«o( Poim Furté-k_

Q\W‘P(icuf\'% o, PCMIHRB sk an R~mmedule,
He (FHR) — T (1, )

L > (x> Jusae of o ain Ko (17, HONxsRY)

i o Rermomromlivan By Lomwa 3, spplicl to A=W, it
A am omorplisen | ludted Lomma 3 () qalds dipckiviby . Awd
Lewmee 3 (1) qolds sumpckviby (B, we muad « s o
gl Vorriow of Lomue 3N momaly, fo, tutrig Locnlly courslad
Roice wx € Ho(h, hix s R), E(‘,/UA € Hu (M HVALRY) Hat aaps to
Ly focall x The proof s Hoa soms — e mew e ek o gtmanler).

H = MM f O+2
MR- oruhble = {HM:M Ll ok S? o:&}:D Mg = l’&’a M
= 7(h He ) &R (using commaolediass  of M) =) H,(he R) SR,
So Ho (M BYYE foc L M ( Simer ol N e [ — oranbble)
and H, (M) T2 G L eranteble M.

o Pa oy sebion of pp Ger kb Mo DTN, Hp ) o
= Y,z 0. 0
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3 Hag
CDW\(‘M'Q 3 (t) ?;&;E M Be a cjoSeJ R’—- O/";-Q-“"on M—M’)Wgo\ol, TLLOM

Kare exists a Ui g us c/am/.«el-lm (M, RY st foraﬁ@ xe M,

'Ry

e diom  Hy (M, HNDE sR) Seuds i 4o Hle gives
Locak  prevtubion

(k) 1] M & commeekrel, Ha 1 gpmayles Ho(M/R) E€R.

Proof () oliecky P Lomwe 3, (i) Similas b Pop 2. O

De! Tl clan Prow Ce:w“a*a,_j & called  Ha ww-l-od Cleas

OSH/ wrte @ € H, (M) R)
R"_'\J,Yof:@ }mmd&)—fo‘age; R= 7.

Rommarte 40 \g M™ i clojed oud Les a A- comf»[ex Shruckune , Koo :
(1) Every sinaplex of M 4 @ Subsivplex of am  m-sivplex.

() gw«é (m,-/()—s&m'olex A5 G(J‘G(‘-k 0/ IPWL() deon m~s(}wf>baxe3.
[3) i~ ,Qm OMLO Szw-«ua M iy ’VL—S(MP[-QXeS Oxs o) Q':&

L
§ T o oredded, Ko (K] = [Z g0 | wilR Ei=FA

L=

ke
S‘AVQ& }e\a'b L 25; o\T,; , eac/Q Q\A‘“{)—.SQ‘AM’D(‘QX q’ofemvs oma el "’,

=4

Ome wnll, —. Icg M S mot oarautabl |, mo suk fola GOC

L
£ estb. Over R, [HY = [ Foz].

7;«- exo-wrle:
os vp
2
4 ?b
0,
Toeus T I£lein. Gattle 1<

[TI= 2o~y [Klg <lmmror ]
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’D?.X HM, ]\/M CoM()«e'l', Miwkar\, Coﬂvw:.c.kak , ,p: M —= NV Ca/vr."//\qoto'-(_\"

Tl Ko gl o HRe umiyua dckege. alig sE
(o (LHIY= oayf - [&] € H (N
For mot awamerly orucbible 7, N, s o undee @ feh of
La(Trdg)s g . TN € Ho (VAR
This exkuds oue prviows obf of oy for Lo &7 — 5"
Romork 44 oleg Loy = degl - deq g 2asily [ollows .

Theorew 12 (Hop{ 1927)
1[)/9 : '7M—')SM Po.r - QOM/)M'-"'/ wacf{“{) m—:b\‘-e& T/B\}N\

,Pya =D oQa.é«g-——oQQaa

CDMJI'.CJ'WV( [\3 (l’(or&‘ ,?3))
)ﬁ: HM__> /"’IM ﬁr h wa)qch CWC“QA7 MI—Q& T/euu,\ :

f=id, & oleg f = A
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vaofo whee 1% M™ mom- Compd'v'l' N Cofwwt-cakcA
= H, (h:R\=0 for ol izan,
P({Do{ LC‘I‘ ]:2:} E Hi (h} 7: SLowt E.Q._]‘=O, 'P"CL( (/( c HM OFQM st

D’\’“P Hoe R -{-‘M Mot‘:‘{‘;eq e Hleds [;mj . —
Mm(%) < U oud U QOM';QC_L’ Le{' \/: M\u // LL/\:\//

==
Ca/us«:obw l’e& LES QSD(H, Uu\/, \/‘) '\\//E

inclye J_--
HielH, UoVY = H (Uov, V) = H (T V)
AN
QKOCSJO\.\ = TN‘»«C(J(_
H:(u) ——H: (M)

A2me g =D +a(uq%@~a9/0 ko e by Lomema 3 = dop middle e o
Hiul=0 = [{J=ochiwd = Tol=0cH, (M. 7
L=m  [2] defunas a sechon M —2> Mg by

> (92, jwage of [#] e [, (M) — H, M\ =)

Pice 00,6 V. Than 9, v (ge,, ©). M Commrckd =)

J weigus Seckior H—=He willh X, = (k,,0) =D o seckion
o by Tal geuds i (x,0) for ol x.

Lowma 3 = [2]=0€ Hi (V) - Top bt form Ber =
[2l=06 Hi(UoV, V) = Tal<ocel,; () = [2]=0eH, ) O



8. POINCARE DUALITY LECTURE 18 ON 3 MAY
‘ 68
Po imcant DOMaLJ*a,

\(M-L%LL 'on{vie,c,o
T/QJZO’T&M L{' (Poi/\«amé o(mqﬁn%)
Let M be a Closed R~ omunted a-dua ngulo\. T2 J;r 944 }Ze/Z/
H(H:R) & Hpop (HR),

Tlaonem 7M™ Compact (pobulialy il ) =
Ho (M R) & a fowkly guonkd R-medule .
Proo[ Aclea  Use Hat M X seane fonile A - wwpkx
(Hicker A8, AD  p 527) 0
Covollary & M™ closed, [K-orankde (o « [old

He CHe Y = HY (oY = H, (M )
(20}

ucT

Covo\lcw‘a I M" clogd . odd = % CH\=O~
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@QJ’ Let X be a -’-af Spaes R a Commatdne ikl /r-c;x%/
g€ CM(X/ 'R>, e Qk CX;R> Wil B sm.
Tla. eq/o F/roohc‘l‘ AS

T~ = Cf’(o—-lt%w)ekj} f)[ek,.--,ewj e C (xR

Broposibon A
() Sonear exbusion  gives an K- Lilingos mnep

C. (x:R) = C*(x;R) > Cree (X R)
() o~ € =0 for £eC(X,R) &(t)= AV,

(3> CCT/\Qf)r\\f/: O“K\CLF'\_/“]/>
PP Zxereisx 3

(Prmf’c:s—:‘lﬂ‘eul C‘I)kot (0_/\ Lf) = (PJT)AC? — T ~dY

A+l

Pt d(or “F)cgj CF(<T|[6W) ed> () o |

A
[ek) =) e,a: ) ”“eMj

(do) ~ €= 5 (-0 P ) o

[eb)"‘/é\di ) --) e’k-ﬂl [eu+(/ =) eM]

o~ .

Mz

£
+ " (|
£=h+4 [‘Qa)~~~) ek—’l ) U-‘ [ek)--‘ ) é@)-w; €
let
T~ (d1) = ST ey R
’V’%—; (O—l[e"’"" C 1) e‘k‘*l}) W\E€u+4)—~'7 e“"j

a
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‘Prro[)c)ji]—s'&b\ 3 () cycle —~ coegele = Cycle B
(2) boundory — cocyele = boundlory
(3) Cyde M choundury o bowmdary
() For [ e, (xR), [] ed?:r)
fefuemapelh) = [c~<*] e H, . (x:R)
is a well-oifimedd  R- fikinges panap)
() X pahe cammecked, § o (x:R) —>R Ha ao [0 — 4,
[ele Ho(X:R), [ele HM(X:R) |, Ha
$(Le3 —~ [d)= f(c) = e (I%3) (L)

Proal i Cerrire.
Thoorewn b (Poimaord dualiby)
let M be a closed R-omenhd m-duw memifold. Tha for oll L e 2
PD: H(H:R) —> Hapo (N R)
PO(LY]) = [M] —~ []
Ls o Asemmoryillsm .

EQX»& wl dve imbo Hu Cotesm UL cor °(F PD, here ane lve auove
?m'ﬂ-{{-&zs °£ M«l qu Fw&_‘“}.

"P"W(’ 5 (NGMLO o\y C’aP) -ri K ’—9V Conk . ;) & € CM.(X), CEGCI(CC(/)

fela ~ o) = (fea) ~ X

fm?a(f Lo, .
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5 7+

{P\Qlwwwl& 4 S("V‘Nll“'(e‘a as (Fo.r' Jﬂg Cnp Qavu_(\/\/\a.a ,;ﬂg}[mq, a /@quv-e C'_qu
N (X AvgR) = B (X, AR) —s H__ (X, B:R)

Y

uS{M& "e«a‘l:

C, (A+B) == C_, (A08) sudues Aser
H. CX( A"‘B) — H.CX; AUBB.
e 40 vae PD , but J}w}, A ws Bawest gome wiplfaal—fauc’.

Z_Q'I' ws ']rq(/uz l’e\,c gollowwé f@\( 7{0«\{0\
Tlaonem =M™ Compact (pohukally wil 0) =
H, (M R) 4 a gw»w@a WRJ R - mmodule .
rpmaog Adea Use Hat M N semne S:wwk A - @wpkx
(Hiekor A8, A p 527) Q

)
P

M™ closed, [K-orankle (b a (ld k
TR )

Corallary &
He CHo Y = HY (oY) 2 H, (M &)
Simee. H, (1) f.q. by TR T

Pfroog
\,c:;_ # 2 = Swmmomds °S Hk (H)
. -Sumumwo[s °S Hk(h> O“‘"J H(x.—« (n\

—
p—

olowe  H, (M lk )
#* Zf

Pr C/QO.\— {K
U
lime H (5 k)

THLs P/YDVQS "&A ?\'v&“ Alo . T,Z,q fecomd U YD .
Covo\lowa 3 M" clogad | n odd = ¥ CT’l\’—‘ O .
2 Yo = lm-*/(

~ro

Proof (M) = S 0" dim Ho(HIR)
k =o
m+4-1
) "\'[—',()M OL‘AMHZ/\M-\-/{—L‘, (H/{FZ> :O Q

= ST CO o H (M

L(:b
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i3
rpryoqpog;[z?eu Ao M Commucted, cloywd, omanted  S1 H‘ (Tﬂ is ﬁe&
Tlaw o HEH) < B9 — H™ (M) = W) 2 7

PD g : Eo’] A
A Mot - Sng,u)(a,r, e

H“(n) —5 Hom [ H* ™), 72)
el — ([+3 > § (po([+T — [%3)))

Aa) (e V2N J:,)°.

‘Prmo( He (1) free (od assumr;l«‘s« =) Ex-&( HK-A (N)) 7Z> o A
= e s s So e Lave  Ues
H< (M)

eru—

> Hem CHg (F), 7Z)
PDY

5 Homa (H (D, 7)
3‘-\;% macd to Huel. Haat Koy uwvog{k@,\ e’-}uﬁ.ﬂ; B dosived

Rionmormonpdis.  [€3 > ([¥T—>((P0([%T — [+1).
Let [#Te (M), [+]eH™ ™ (). Tlam
PD* (er ( C4TIW([¥I) = ev (L) (P ([4])
= er ([¥1)([T ~ L¥J)
- §((Cv] ~ [¥]) ~[%])
AR APEN IR ARSI SY)
§ ( PD([¥T < [1))

|l

Ul

&
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. -+
Reuwrafl A (/t) M™ closed | ereutble ) H, () Fyﬁa ‘

= H (M) 2 H (M) 2 A1) 5 Ho (1)

—

(2) A bilisac forn b 2" % 27 22 4 o simguidor
& 27— How (27 2) , x> (av—a LCx,3))

A\S aun I:Jc

=Y anwmkare xe 2 (ie x metLivisible La saoalegen z 2,
ov Q‘:}u,l\/wewlfea: X  Cam be exlecoled ‘\"b o gq,r«.‘.x)
3 ye2™ s Lix,g)-A
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. (Of“fw& B
Theoren 0 H'(€P™) & 20x3/()  wil &g x=2.

P By wmduckon sver m.  For m=0, CP°E Y, H (f<§ )2 7
For m=4, CP £5% oud H.(SQ') & 2LT 0K . Assuma w22
owd  H™(CP™" )% 20x1/(x™). The aubedding € P os CP"
idian dsos on HE B R< Qo ( et fow CL - shuckare)
Let % be a goumbe of H(CPT). By mabortitn of o and Mo
cadidion Lgprtars) x5 soamles H(€P™) foc le<2e,

st qemnains do Show b 3™ gawmles HT(QP™)

Simee. & mou- Simgulor (Pm‘o /(o) and X% 4 fmmwve_ ( Sint
Ak geaales) by Rmle (4(2) S Fge B (CP™) o
Xy gl WP & 2. Siwa HTTHEFT) = 257 o

3me 2 il %=fm><”L o Simeal X kéc-rm,x”“ MHZM (Ccp™)

D= x4 D g2 XV D X7 sl HESCar™) . 0
Rowa® 43 Nok Kat [9] e TH(X)

= o L [¥]e H (%) e Lene [«] — (] eTde(x)'
So o mdhess FHU(X) x FHUX) —> FH (XY

el FA = AITA 4 Ho “frew pert’ of o bl ganp A
For [ closed | comneched, omucled,

o FTHYx) < FHK) — FHN(X) & 2.
AS neuw - &»k%u.ﬁmr ( S"-’W""l‘l—" F/WOJ“ as oay' Pn’l)r /(D’) .
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Pr\(\)[)a%\'\'{ou A4 C Ev %—r‘ ofar a-u:«?/; } 48

Let Cobe o o complex, R o commnlalve wmel ey, axd
Moan Rommsdule.
(A Thert § am Somorplism of o dad complrres aues B
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