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LocAL AND GLOBAL CLASS FIELD THEORY

1. Let K be a nonarchimedean local field. From Corollary 12.4.4 (a) we know that the
map L — N = Nmp, sk L™ is a bijection from the set of finite abelian extensions
of K up to isomorphism to the set of closed subgroups of finite index of K*.
We also showed that L; C Ly <= N, D Np,. Prove the remaining parts of
Corollary 12.4.4 (b), that is, the formulas

NL1L2 = NLIHNLQ, and
NLlﬁLQ = NLlNLQ’

2. Let My be the set of places of a global field K, and let S, be the subset of all
archimedean places. The ring of adeles of K (this is a contraction of “additive
ideles”) is the subring

Ag = {(av)v e X K, ‘ Y'v:oa, € (’)K,U}.
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It is endowed with the topology for which the subrings

Af( = {(av)ve XKU‘\V/UQ.SiavGOK,U} =~ XK, x X Ok,
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for all finite subsets S C My with S, C S are open and carry the product
topology. We identify K with its image in A under the diagonal embedding
x> (x,z,...) and any K, with its image under z, — (1,...,1,2,,1,...).

(a) Show that for any finite extension L/K, there is a natural topological iso-
morphism A; = A ® L with respect to the topology on Ay ®x L = (Ag)"
induced by any ordered basis of L over K.

(b) Show that K is discrete and cocompact in Ag.

(c¢) Show that for any fixed place v € Mk, the subring K - K, is dense in Ag.
(This property is called strong approzimation.)

(d) Show that the group of ideles I is topologically isomorphic to the group of
units Aj with the topology induced from the embedding

A¥ s Ag x Ag, ar (a,a™t).



(e) Does the analogue of (c) hold for I, that is, is the subgroup K* - K¢ dense
in I for any place v € Mg?

3. Let K be a finite extension of F,(¢). Let Mg denote the set of normalized val-
uations on K and let k, denote the residue field at v € Myg. Prove the product
formula for all z € K*:

IT ikl = 1.
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