
Reminder: Fix a prime number p. The ring of p-adic integers is the subring
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Proposition 8.1.10: (a) The set of units of Zp is Z◊
p = Zp � pZp.

(b) The ideal (p) of Zp is the unique maximal ideal.

(c) Every non-zero ideal of Zp is generated by pr for a unique integer r � 0.

(d) The ring Zp is a principal ideal domain.



Definition 8.1.11: The ring of formal Laurent series with finite principal part

Qp :=
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all ai � {0, 1, . . . , p⌅ 1}
and ai = 0 for all i ⇧ 0

⇧

with the addition and multiplication defined as above. The elements of Qp are called (rational) p-adic

numbers.

Proposition 8.1.12: We have Qp = Zp[
1
p ] = Quot(Zp).

Remark 8.1.13: Again the digits of a rational p-adic number are uniquely determined, and one computes

with them by hand in the same way as with real numbers by writing them with a decimal point as

. . . a2a1a0.a�1 . . . ak for some k ⇧ 0.

Remark 8.1.14: We have card(Qp) = card(Zp) = card(R).



Proposition 8.1.15: We have

(a) Q◊
p = pZ ◊ Z◊

p .

(b) µ(Qp) =

⌅
µp�1 if p > 2,
µ2 if p = 2.

(c) Z◊
p =

⌅
µp�1 ◊ (1 + pZp) if p > 2,
µ2 ◊ (1 + 4Z2) if p = 2.

(d) The second factor in (c) is isomorphic to Zp.





8.2 Valuations

Definition 8.2.1: A (non-trivial rank 1) valuation on a field K is a map

K ! R ⌃ {⌥}, x 7! v(x)

with the properties

(a) For any x � K we have v(x) = ⌥ if and only if x = 0.

(b) For any x, y � K we have v(xy) = v(x) + v(y).

(c) For any x, y � K we have v(x+ y) � min{v(x), v(y)}.

(d) There exists x � K with v(x) �� {0,⌥}.

Remark 8.2.2: The map with v(0) = 0 and v(x) = 0 for all x �= 0 is called the trivial valuation. Some of

the results below also hold for it, and sometimes one allows it as well, but we exclude it without further

mention.

Definition 8.2.3: (a) A valuation v is called discrete if v(K◊) is discrete in R.

(b) A discrete valuation v is called normalized if v(K◊) = Z.

(c) Two valuations v and v⇤ are called equivalent if v⇤ = c · v for some constant c > 0.

Proposition 8.2.4: Every discrete valuation is equivalent to a unique normalized valuation.



Proposition 8.2.5: Let A be a Dedekind ring with quotient field K, and let p be a maximal ideal of A.

For any x � K◊
let ordp(x) denote the exponent of p in the prime factorization of the fractional ideal (x),

and set ordp(0) := ⌥. Then ordp is a normalized discrete valuation on K.

Examples 8.2.6: Consider a field k and a prime p.

(a) The polynomial ring A = k[t] with K = k(t) and p = (t⌅ a) for some a � A.

(b) The field K = k(t) with v(f/g) := deg(g)⌅ deg(f) for any f, g � k[t]� {0}.

(c) The power series ring A = k[[t]] with K = k((t)) and p = (t).

(d) The ring A = Z with K = Q and p = (p).

(e) The ring A = Zp with K = Qp and p = (p).



Basic Properties 8.2.7: For any valuation v on K we have:

(a) For any x � K◊
and n � Z we have v(xn) = n · v(n).

(b) For any root of unity � � K we have v(�) = 0.

(c) For any x � K and n � Z we have v(nx) ⇥ v(x).

(d) For any x, y � K we have v(x+ y) = min{v(x), v(y)} if v(x) �= v(y).



Proposition-Definition 8.2.8: For any valuation v on K we have:

(a) The subset Ov := {x � K : v(x) � 0} is a subring, called the valuation ring associated to v.

(b) We have Quot(Ov) = K.

(c) We have O
◊
v := {x � K : v(x) = 1}.

(d) The subset mv := {x � K : v(x) > 0} is the unique maximal ideal of Ov.

(e) If the valuation is discrete, then Ov is a principal ideal domain.


