
8.3 Complete valuations

Definition 8.3.1: The completion of a ring A with respect to an ideal a is the subring

Aa := lim
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It is equipped with a natural ring homomorphism

i : A �! Aa, x 7! (x+ ak)k.

Example 8.3.2: For any ring R the completion of R[t] with respect to the ideal (t) is naturally isomorphic

to R[[t]].

Example 8.3.3: The ring Zp is the completion of Z with respect to the ideal (p).



Now consider a Dedekind ring A with quotient field K and a maximal ideal p. Pick an element � � p�p2.

Proposition 8.3.4: (a) The set of units of Ap is A◊
p = Ap � �Ap.

(b) The ideal mp := (�) of Ap is the unique maximal ideal.

(c) Every nonzero ideal of Ap is equal to mr
p for a unique integer r � 0.

(d) The ring Ap is a principal ideal domain.

(e) It is the valuation ring for the discrete valuation ordmp on the field Kp := Ap[��1].

(f) The natural homomorphism i : A ! Ap is injective.

(g) It therefore induces an injective homomorphism i : K ⇥! Kp.

(h) For any x � K we have ordp(x) = ordmp(i(x)).






