
8.5 Completion of a metric space

Consider a metric space (X, d).

Definition 8.5.1: A sequence (xn) in X is ...

(a) ... said to converge to x � X and we write x = limn!� xn, if

⇥ � > 0 ⇤n0 ⇥n > n0 : d(xn, x) < �.

(b) ... called a Cauchy sequence if

⇥ � > 0 ⇤n0 ⇥n,m > n0 : d(xn, xm) < �.

Proposition 8.5.2: Any convergent sequence is a Cauchy sequence and has a unique limit.

Definition 8.5.3: The metric space (X, d) is called complete if every Cauchy sequence has a limit.



Definition 8.5.4: A completion of (X, d) is a complete metric space (X̂, d̂) together with a map i : X ! X̂

such that

(a) for all x, y � X we have d̂(i(x), i(y)) = d(x, y), and

(b) for every continuous map f : X ! Y to a complete metric space (Y, e) there exists a unique continuous
map f̂ : X̂ ! Y such that f̂ ⌅ i = f .

Proposition 8.5.5: A completion exists and is unique up to unique isometry.





Reminder:

Definition 8.4.1: A (non-trivial) absolute value (or norm) on a field K is a map

K ! R�0, x 7! |x|

with the properties

(a) For any x � K we have |x| = 0 if and only if x = 0.

(b) For any x, y � K we have |xy| = |x| · |y|.

(c) For any x, y � K we have |x+ y| ⇥ |x|+ |y|.

(d) There exists x � K with |x| ⇧� {0, 1}.



8.6 Complete absolute values

Definition 8.6.1: An absolute value on a field is complete if and only if the associated metric space is
complete.

Proposition 8.6.2: The completion of a field K with an absolute value | | is a complete field K̂ with the
operations �
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Example 8.6.3: The field R is the completion of Q for the absolute value | |�.



Theorem 8.6.4: (Ostrowski) Any field that is complete with respect to an archimedean absolute value
is isomorphic to R or C and the absolute value is equivalent to the usual absolute value.





Reminder:

Definition 8.4.8: An absolute value | | is called ultrametric if it satisfies the stronger property

(c⇥) For any x, y � K we have |x+ y| ⇥ max{|x|, |y|}.

Proposition 8.4.9: (a) For any valuation v on K and any constant 0 < c < 1 the map |x| := cv(x) is an
ultrametric absolute value on K.

(b) Any ultrametric absolute value arises in this fashion from a valuation.

Proposition 8.6.5: An ultrametric absolute value | | on a field K is complete if and only if the associated
valuation v is complete.




