
8.7 Power series

Fix a complete nonarchimedean absolute value | | associated to the valuation v on K.

Proposition 8.7.1: (a) A series
P
n�0

xn in K converges if and only if lim
n!�

xn = 0.

(b) Convergent series in K can be arbitrarily rearranged and subdivided without changing convergence
or the limit.



Proposition 8.7.2: If v is normalized discrete, fix an element � � K with v(�) = 1 and a set of
representatives R of Ov/mv with 0 � R. Then:

(a) Every element x � K can be written uniquely as a convergent Laurent series

x =
X

i⇥Z
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with ai � R and ai = 0 for all i ⇥ 0.

(b) Such an element lies in Ov if and only if ai = 0 for all i < 0.



Now we assume that Q ⇤ K and that the restriction of | | to Q is | |p.

Proposition 8.7.3: For any x � K with |x⌅ 1| < 1 the series

log(x) :=
X
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converges and satisfies
log(xy) = log(x) + log(y).

Lemma 8.7.4: For every n � 0 we have ordp(n!) =
P
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Proposition 8.7.5: For every x � K with |x| < p⇤
1

p�1 the series

exp(x) :=
X
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xn

n!

converges and satisfies
exp(x+ y) = exp(x) · exp(y).

Proposition 8.7.6: Exp and log induce mutually inverse group isomorphisms

(K,+) >
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1
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⌅ ⇧=
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x � K◊ : |x⌅ 1| < p⇤

1
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⌅
< (K◊, ·).



Example 8.7.7: Exp and log induce mutually inverse group isomorphisms

(pZp,+) ⇧= (1 + pZp, ·) if p > 2,
(4Zp,+) ⇧= (1 + 4Z2, ·) if p = 2.


