
9 Extensions of valuations

Throughout we fix a field K with an absolute value | |.

9.1 Normed vector spaces

Definition 9.1.1: A norm on a K-vector space V is a map � � : V ! R�0 such that

(a) For any v ⇥ V we have �v� = 0 if and only if v = 0.

(b) For any v ⇥ V and x ⇥ K we have �xv� = |x| · �v�.

(c) For any v, w ⇥ V we have �v + w� ⇥ �x�+ �y�.

Definition 9.1.2: Two norms � � and � �� on V are called equivalent if there exist constants c, c� > 0

such that
⇤ v ⇥ V : c · �v� ⇥ �v�� ⇥ c� · �v�.

Theorem 9.1.3: If K is complete and dimK(V ) < ⌅, any norms on V are equivalent. In particular V is
then complete with respect to the metric induced by � �.





9.2 Extensions of complete absolute values

Assume that | | is complete.

Proposition 9.2.1: If | | is archimedean, it possesses a unique extension to any algebraic extension of K.
It is given by the formula |y| = |NmL/K(y)|1/[L/K], and is again archimedean and complete.

For the rest of this section we assume that | | is complete and nonarchimedean. Let Op be its valuation
ring with the maximal ideal p and the residue field k := Op/p.

Definition 9.2.2: For f(X) =
Pn

i=0 aiX
i ⇥ K[X] we set

|f | := max{|ai| : 0 ⇥ i ⇥ n}.

We call f primitive if |f | = 1.



Proposition 9.2.3: (Hensel’s Lemma) Consider a primitive f ⇥ Op[X] and a decomposition (f mod p) =

ḡ · h̄ with coprime polynomials ḡ, h̄ ⇥ k[X]. Then there exist g, h ⇥ Op[X] with (g mod p) = ḡ and
(h mod p) = h̄ and deg(g) = deg(ḡ) and f = g · h.





Corollary 9.2.4: Consider a primitive f ⇥ Op[X] whose reduction modulo p possesses a simple root
� ⇥ k(p). Then f possesses a unique root a ⇥ Op with a+ p = �.

Corollary 9.2.5: Consider any irreducible f(X) =
Pn

i=0 aiX
i ⇥ K[X] with an ⇧= 0.

(a) Then |f | = max{|a0|, |an|}.

(b) If |f | = 1, then all irreducible factors of f mod p are equivalent.



Theorem 9.2.6: Consider any finite field extension L/K of degree n.

(a) There exists a unique absolute value on L which extends | |.

(b) This is given by the formula |y| = |NmL/K(y)|1/n.

(c) This extension is again nonarchimedean and complete.

Corollary 9.2.7: For any algebraic extension L/K there exists a unique absolute value on L that ex-
tends | |.


