Reminder:

We fix a field K with a nonarchimedean valuation ord, for a maximal ideal p of a Dedekind ring A with
Quot(A) = K. Let O C K denote the respective completions and m C O the maximal ideal. Let L/K
mle finite extension.#%#% and ﬁhe integral closure of A in L. For each extension of ord, to a
valuation on L let L; be the associated completion with valuation ring O; and maximal ideal n;.
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Propositions 9.5.2 and 9.5.6: We have a natural isomorphisms

Log K = Xii—( d‘ B0 =2 X0,
[ 1=1 A L 1=1

Proposition 9.5.7: (a) The prime ideals of B above p are precisely the r different ideals q; := n; N B.

(b) For each of them we have eg,, = en,jm and fq,, = fni|m.>

Note 9.5.8: This explains the formula [L/K] = 3"._, €q.p - fqp in terms of extensions of valuations.
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Proposition 9.5.9: (a) The isomorphism in Prop. 9.5.6 induces an isomorphism

LdiﬁB/A@AO = Xdiﬁ@i/@. (

(b) The embedding A C O induces an equality
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Proposition 9.5.10: If L/K is galois with Galois group T, then ea@ galois with Galois group
I'y,, and the respective inertia groups are equal: I, = I,,. —
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( Note 9.5.11: Passing to the completion is therefore similar to passing to the decomposition group.

drokor o Aran
r::,: bt \,:%Q ) %EIL(;,: B M:,A:tam&&aitdé_qj
R> fh.e——( 4;. = o (n;)= S8 (g) < T o
" rtat\: TH‘ N U‘/_uj = [L\'/Q]\

A - ki/Q Sab, LK GQ((.¢'/G/= I\Lfﬁ_ _

i
n
Y
(L9 . W4 } = W L/lz
7““"‘\)""?’ ‘LU.};'E id..e‘\ L'ld, Wole o Feu J~45-- u@._) ~ 5“‘7‘! v .

lefny)
9.



9.6 Local and global fields

Recall that a Hausdorff topological space is called locally compact if every neighborhood of every point

contains a compact neighborhood. For example R" is locally compact, but an infinite dimensional Hilbert

or Banach space is not. On locally compact spaces one can do analysis in much the same way as on R".

Theorem 9.6.1: For any field K with an absolute value | | the following are equivalent:

(a) K is locally compact.

(b) | | is complete and, if it is nonarchimedean, the associated valuation is discrete and has finite residue
————ee . —_— —_—
field.
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(c) K is isomorphic to a finite extension of R of Q, or F,((¢)) for a prime p, and | | is equivalent to the
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unique extension of the usual absolute value on Uhrat field.

Definition 9.6.2: Such a field K is called a local field.
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Remark 9.6.3: The characteristic of a nonarchimedean local field is either zero or equal to the charac-
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teristic of its residue field.

Definition 9.6.4: To exhibit the analogy we sometimes write Q,, := R and denote the usual absolute

value by | |so-




Definition 9.6.5: A field that is isomorphic to a finite extension of Q or F,(¢) for a prime p is called a
global field.

Proposition 9.6.6: A field with an absolute value is a local field if and only if it is the completion of a

global field at an absolute value.
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Remark 9.6.7: There is a delicate interplay between properties of global field and properties of their
associated local fields, which can go both ways.



