Reminder: We fix a nonarchimedean local field K with normalized valuation v and valuation ring O and
finite residue field k = O/m of characteristic p.

Proposition 11.1.1: The reduction homomorphism O* — k* is surjective and has a unique splitting,

that is, a homomorphism £* — O*, a — @, such that @ + m = a. 1,_15{ X:r-l p
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Definition 11.1.3: A generator of the ideal m is called a uniformizer of K. k(<]

Proposition 11.1.4: In the case char(K) = p we have:
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(a) The ring homomorphism O — k has a unique splitting, that is, aring homomorphism k — O,

« +— @, such that @ +m = a.
(b) For any uniformizer u of K there is a natural isomorphm
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Remark 11.1.5: One might think that this makes the theory of local fields of positive characteristic

boring. But it does not tell us anything about the galois theory of such fields, which is as intricate as the
galois theory of p-adic fields.

Proposition 11.1.6: (a) The group px of roots of unity in K* is finite.
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(b) If K is an extension of degree n of Q,, there is an uncanonical isomorphism
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K* =2 7 X ug X 7.
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(c) If K has characteristic p, there is an uncanonical isomorphism

K* = Zxk* xZk.
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ie. e =) ={L/C])
11.2 Unramified extensions — c—') Tt oy =T

Proposition 11.2.1: For any integer n > 1 there exists an unramified extension L/K of degree n. It is
unique up to isomorphism over K and galois over K. Its residue field ¢ is an extension of degree n of k,

and Gal(L/K) = Gal(¢/k) is cyclic of order n.
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Proposition 11.2.2: Consider a finite extension M /K with intermediate fields K’, L.

(a) M/K is unramified if and only if M/L and L/K are unramified.
(b) If L/K is unramified, then so is LK'/K'.
(c¢) If L/K and K'/K is unramified, then so is LK'/K.
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Definition 11.2.3: An algebraic extension L/K is called unramified if it is a union of unramified finite

extensions of K.

Proposition 11.2.4: (a) There exists a maximal unramified extension K™ and it is unique up to isomor-

phism over K, though the isomorphism is not unique.

(b) The extension K™ /K is galois. The residue field k of O is an algebraic closure of k and there are

canonical isomorphisms

Gal(K™/K) = Gal(k/k) = Z.
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11.3 Tame extensions
CLie

Definition 11.3.1: A finite extension L/K is called tame if its ramification index is not divisible by p.
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Proposition 11.3.2: (a) Any extension of the form K(/a)/K for pfe > 1 and a € K is tame.

(b) If in addition v(a) is coprime to e, the extension is totally ramified of degree e.
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