
Reminder:

We fix a nonarchimedean local field K with normalized valuation v and valuation ring O and finite residue

field k = O/m of characteristic p.

Proposition 11.3.2: (a) Any extension of the form K( e
�
a )/K for p � e � 1 and a ⇥ K is tame.

(b) If in addition v(a) is coprime to e, the extension is totally ramified of degree e.

Proposition 11.3.3: Any finite extension L/K that is tame and totally ramified of degree e has the form

L = K( e
�
u ) for a uniformizer u ⇥ K.

Proposition 11.3.6: (a) There exists a maximal tame extension Ktr
and it is unique up to isomorphism

over K, though the isomorphism is not unique.

(b) The extension Ktr/K is galois and contains a maximal unramified extension Knr
.



Proposition 11.3.7: (a) The galois group of Ktr/Knr
is naturally isomorphic to

Ẑ(p)(1) := lim
 �
n

µn(k̄) :=
n
(�n)n ⇥◊

n

µn(k̄)
��� ⇤n|n� : �n

�/n
n� = �n

o
,

where the product extends over all integers p � n � 1.

(b) The galois group of Ktr/K is isomorphic to the semidirect product

Ẑ⇥ Ẑ(p)(1),

where 1 ⇥ Ẑ acts on Ẑ(p)(1) by the map x 7! x|k|
.



11.4 The lower numbering filtration

Fix a finite galois extension L/K with galois group � and residue field ⇥ = OL/mL. Let vL denote the

normalized valuation on L.

Definition 11.4.1: For every real number s � ⌅1 we define the s-th ramification group of L/K in the

lower numbering as

�s :=
⇥
⇤ ⇥ �

�� ⇤ a ⇥ OL : vL(
�a⌅ a) � s+ 1

⇤
.

Proposition 11.4.2: (a) For every s we have �s = �⇥s⇤.

(b) For every s we have �s ⇥ �.

(c) We have �⌅1 = �.

(d) The subgroup �0 is the inertia group.

(e) There exists s with �s = 1.



Proposition 11.4.3: (a) There is a natural isomorphism �/�0
⇧= Gal(⇥/k).

(b) Any uniformizer u of L induces an injective homomorphism

�0/�1 ⌅�! ⇥◊, [⇤] 7!
h�u

u

i
.

(c) For any integer s � 1, any uniformizer u of L induces an injective homomorphism

�s/�s+1 ⌅�! (⇥,+), [⇤] 7!
h�u⌅ u

u

i
.





Proposition 11.4.4: (a) The factor group �/�0 is cyclic.

(b) The factor group �0/�1 is cyclic of order prime to p.

(c) The subgroup �1 is a p-group.

Corollary 11.4.5: The galois group � is solvable.



Proposition 11.4.6: The extension L/K is ...

(a) ... trivial if and only if �⌅1 = 1.

(b) ... unramified if and only if �0 = 1.

(c) ... tame if and only if �1 = 1.

Definition 11.4.7: (a) The subgroup �1 is called the wild inertia group of L/K.

(b) The subfactor group �0/�1 is called the tame inertia group of L/K.



Proposition 11.4.8: For any intermediate field K �
of L/K and any s � ⌅1, the s-th ramification group

of �� = Gal(L/K �) in its own right is equal to �� ⌃ �s.

Remark 11.4.9: Thus the lower numbering filtration behaves well with respect to the passage of sub-

groups. But to extend it to infinite galois groups we must study its behavior under passage to factor

groups.



11.5 The upper numbering filtration

We keep the situation of Section 11.4.

Lemma 11.5.1: There exists an element b ⇥ L such that OL = O[b].



Definition 11.5.2: For any ⇤ ⇥ � we set iL/K(⇤) := vL(�b⌅ b).

Lemma 11.5.3: For any ⇤ ⇥ � and any s we have ⇤ ⇥ �s if and only if iL/K(⇤) � s+ 1.

In particular iL/K(⇤) is independent of the choice of b.



Now consider an intermediate field L�
of L/K which is galois over K. Let ⇧ denote the canonical projection

� ⇤ �� := Gal(L�/K) with kernel ⇥ := Gal(L/L�).

Proposition 11.5.4: For any ⇤� ⇥ ��
we have

iL�/K(⇤
�) =

1

eL/L�
·

X

�⇧⇥⇥1(��)

iL/K(⇤).




