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First consider a commutative unitary ring R and a group G. Then giving an R-module with a left G-action
is equivalent to giving a left module over the group ring R[G]. Giving a G-equivariant homomorphism of
such R-modules is equivalent to giving a homomorphism of left R[G]-modules. We will always mean left

—

modules below.

Proposition-Definition 10.4.1: To any R[G]-module M we associate
(a) the R-module of G-invariants M€ := {m € M | Vg € G: gm = m}, and

(b) the R-module of G-coinvariants Mg = M / > geclg — M. Ve V.f) €C.
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(¢) M is the largest R|G]-submodule of M, on which G acts trivially; and /

(d) Mg is the largest R[G]-factor module of M, on which G acts trivially. ~tl AXQ ~ e, L&

Any R[G]-module homomorphism f: M — N induces R-module homomorphisms <~ Div = e 1.
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Proposition 10.4.2: Let G be a ﬁ’pite g'“roup of order d, such that o is invertible in R. Then for any

exact sequence of R[G]-modules M = N — L the induced sequences
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Now consider an integer n’and a field K of chacteristic not dividing n. Let L‘/ K be the maximal abelian

galois extension whose galois group has exponent dividing n.

Proposition 10.4.3: If K contains all n-th roots of unity p,, then L is generated by the n-th roots of all
elements of K* and there is a natural isomorphism

Gal(L/K) ——>Hom(K*, 1),
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VT

7'#‘(33!—)

for any choice of ¥z € L.
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Proposition 10.4.4: In general, if n = p is a prime, the above map induces a natural isomorphism

rGal (L/K) = Hom(K(1p)", ttp)Gal(K (1) K) ]
= ('t [ & ll',-

eyl f At Hcéf_

P B (l)ep. ot k;..k(r’/ = A =
ML"GK b~ e, "-&-Cn\“b\#k —/%,&Hf_m L/‘L ';S"“L"ﬁo
— A 0 el — @l /u/—j Go(lc | =8 — 7 St
tape | P Y oep, A e pelop
o ce(Uley) S (e X &
L Ll otas f 4t P 6e (V) —» ce(L/i )
AN 1yl ) \ 2y /
/l’ = W'l atel fems |p
Lic' - Lle'cl R N
) N
'\L“K L ]
I“M“ =l AL e L Ak i bt U/ Lt Lese s s,
“4-4.\' ke = Q(u‘ fe] Q((,/U/x&t[lt’/z/ ted ~4 4 (| I/L‘) Q(('/Qé
T T el T
Ca (L' [u) A = Lk'cl”

- U'sUe' Doy GL(UY) 5 ~ vam £ @e (V1G] ~t &
N e = ce () = GROLYL) & A
J

23Tl wa atl/C) 2 &ay Ge(t /u/~é$(L."£i'1



( b

e :CL((..I/M'/A ‘
) T e (L' /ut) =ce (LUl')
L Ge(llw) =

' X
¢2 = = N\h..(K ,h)
(o 4

—

A



11.6 Abelian extensions of Q,

Fix a prime number p.

Proposition 11.6.1: For any m > 1 and any primitive p”-th root of unity ¢ we have:
(a) Qu(pym)/Q, is totally ramified of degree (p — 1)p™ .

(b) Gal(Qy(ppm)/Qy) = (Z/p"2)".
(c) Z,[¢] is the valuation ring of Q,(pm ).
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(d) 1—( is a prime element of Z,[(] with norm .
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roposition 11.6.2: The maximal abelian extension of Q, whose galois group has exponent p has degree
p?if p = 2, respectivel( p? ?_f p > 2.
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