
10.4 Kummer theory

First consider a commutative unitary ring R and a group G. Then giving an R-module with a left G-action

is equivalent to giving a left module over the group ring R[G]. Giving a G-equivariant homomorphism of

such R-modules is equivalent to giving a homomorphism of left R[G]-modules. We will always mean left

modules below.

Proposition-Definition 10.4.1: To any R[G]-module M we associate

(a) the R-module of G-invariants MG
:= {m � M | ⇥g � G : gm = m}, and

(b) the R-module of G-coinvariants MG := M
� P

g�G(g ⇤ 1)M .

Here

(c) MG
is the largest R[G]-submodule of M , on which G acts trivially; and

(d) MG is the largest R[G]-factor module of M , on which G acts trivially.

Any R[G]-module homomorphism f : M ! N induces R-module homomorphisms

MG ! NG
and MG ! NG.



Proposition 10.4.2: Let G be a finite group of order n, such that n is invertible in R. Then for any

exact sequence of R[G]-modules M ! N ! L the induced sequences

MG ! NG ! LG
and MG ! NG ! LG

are exact.



Now consider an integer n and a field K of chacteristic not dividing n. Let L/K be the maximal abelian

galois extension whose galois group has exponent dividing n.

Proposition 10.4.3: If K contains all n-th roots of unity µn, then L is generated by the n-th roots of all

elements of K◊
and there is a natural isomorphism

Gal(L/K) // Hom(K◊, µn),

� � //

⇥
x 7!

� n
⌅
x

n
⌅
x

⇤

for any choice of n
⌅
x � L.





Proposition 10.4.4: In general, if n = p is a prime, the above map induces a natural isomorphism

Gal(L/K) ⇧= Hom(K(µp)
◊, µp)Gal(K(µp)/K .





11.6 Abelian extensions of Qp

Fix a prime number p.

Proposition 11.6.1: For any m � 1 and any primitive pm-th root of unity ⇥ we have:

(a) Qp(µpm)/Qp is totally ramified of degree (p⇤ 1)pm⇥1
.

(b) Gal(Qp(µpm)/Qp)
⇧= (Z/pmZ)◊.

(c) Zp[⇥] is the valuation ring of Qp(µpm).

(d) 1⇤ ⇥ is a prime element of Zp[⇥] with norm p.



Proposition 11.6.2: The maximal abelian extension of Qp whose galois group has exponent p has degree

p3 if p = 2, respectively p2 if p > 2.


