
Reminder:

Proposition 11.6.1: For any m � 1 and any primitive p
m

-th root of unity � we have:

(a) Qp(µpm)/Qp is totally ramified of degree (p� 1)pm�1
.

(b) Gal(Qp(µpm)/Qp) ⇥= (Z/pmZ)◊.

(c) Zp[�] is the valuation ring of Qp(µpm).

(d) 1� � is a prime element of Zp[�] with norm p.

Proposition 11.6.2: The maximal abelian extension of Qp whose galois group has exponent p has degree

p
3

if p = 2, respectively p
2

if p > 2.







Theorem 11.6.3: Every finite abelian extension of Qp is contained in Qp(µn) for some n.





Corollary 11.6.4: The maximal abelian extension of Qp is

Qab
p

= Qp

�S
n
µn

⇥
.

Its galois group over Qp possesses an isomorphism

Gal(Qab
p
/Qp) ⇥= Ẑ◊ Z◊

p
.

Remark 11.6.5: Since Q◊
p
⇥= Z◊Z◊

p
, this induces an uncanonical isomorphism between Gal(Qab

p
/Qp) and

the profinite completion (Q◊
p
)̂ . In local class field theory one actually makes this isomorphism canonical.

Remark 11.6.6: For R = Q⇥ there is also a natural isomorphism

Gal(Qab
⇥/Q⇥) ⇥= {±1} ⇥= (Q◊

⇥)̂ .



11.7 The Kronecker-Weber theorem

Theorem 11.7.1: (Kronecker-Weber) Every finite abelian extension of Q is contained in a cyclotomic

field.





Corollary 11.7.2: The maximal abelian extension of Q is

Qab = Q
�S

n
µn

⇥
.

Its galois group over Q possesses a natural isomorphism

Gal(Qab
/Q) ⇥= Ẑ◊

.


