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12.1 Cohomology of cyclic groups = ”‘[(Ja

Let G be a finite cyclic group of order n with a generator g. For a commutative ring R we are interested

in the ideal I_G__—__(_q_\l ) of the group ring R[G] and the element &
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Definition 12.1.1: For any R[G]-module M we define the Tate cohomology groups
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Definition 12.1.2: If these are both finite, the Herbmnd uotient of M is defined a
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Proposition 12.1.3: If M is a free R[G]-module, then H’(G M) =0 for all z and h(G M)=1.
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Proposition 12.1.4: If M is finite, then h(G, M) is defined and equal to 1.
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Now consider a short exact sequence of R[G]-modules 0 — M; — My — M3 — 0.

Proposition 12.1.5: There exists a natural exact hexagon




Proposition 12.1.6: If two of the numbers h(G, M;) are defined, so is the third and we have
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12.2 Some Galois cohomology

Consider a finite cyclic field extension L/K with Galois group I'. For any representation M of I' we write

~

HY(L/K,M) = HT,M).

Proposition 12.2.1: (Normal basis theorem) There exists b € L such that the elements 7b for v € T" form
a basis of L over K.
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Proposition 12.2.2: We have H(L/K, L) = 0 for each i.
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Proposition 12.2.3: We have H~'(L/K,L*) = 1. (Hilbert theorem 90)

Proposition 12.2.4: We have H(L/K,L*) =1 for each i if K is finite.



