
Reminder: Let G be a finite cyclic group of order n with a generator g. For a commutative ring R we

are interested in the ideal IG := (g � 1) of the group ring R[G] and the element

NG :=
X

g��G

g
⇥ ⇥ R[G].

Definition 12.1.1: For any R[G]-module M we define the Tate cohomology groups:

Ĥ
0(G,M) := M

G
/NGM,

Ĥ
⇤1(G,M) := ker(NG|M)/IGM.

Definition 12.1.2: If these are both finite, the Herbrand quotient of M is defined as

h(G,M) :=
|Ĥ

0(G,M)|

|Ĥ⇤1(G,M)|
.

Consider a finite cyclic field extension L/K with Galois group �. For any representation M of � we write

Ĥ
i(L/K,M) := Ĥ

i(�,M).

Proposition 12.2.2: We have Ĥ
i(L/K,L) = 0 for each i.



Proposition 12.2.3: We have Ĥ
⇤1(L/K,L

◊) = 1. (Hilbert theorem 90)

Proposition 12.2.4: We have Ĥ
i(L/K,L

◊) = 1 for each i if K is finite.



For the rest of this chapter we assume that K is a nonarchimedean local field with normalized valuation vK

and valuation ring OK and residue field k = OK/mK of characteristic p. We let vL denote the normalized

valuation on L and � = OL/mL its residue field.

Proposition 12.2.5: If L/K is unramified, then:

(a) The norm map NmL/K : O◊
L
! O

◊
K

is surjective.

(b) We have Ĥ
i(L/K,O

◊
L
) = 1 for each i.

(c) We have Ĥ
0(L/K,L

◊) ⇤= Z/[L/K]Z.





Proposition 12.2.6: For any cyclic L/K we have

��Ĥ0(L/K,L
◊)
�� = [L/K].



12.3 The reciprocity isomorphism

Now we fix a maximal unramified extension K̃/K. We take a finite Galois extension L/K and set L̃ := LK̃.

Then L̃/K is Galois and we have a natural surjection

dK : Gal(L̃/K) � Gal(K̃/K) ⇤= Gal(k̄/k) ⇤= Ẑ.

We are interested in the set of generalized Frobenius elements

Frob
L̃/K

:=
⇥
⇥ ⇥ Gal(L̃/K)

�� dK(⇥) ⇥ Z⇥1
⇤
.

Clearly this subset is closed under multiplication. Take ⇥ ⇥ Frob
L̃/K

.

Proposition 12.3.1: The subfield L� := L̃
⌅�⇧

is finite over K and L̃/L� is unramified.

Proposition 12.3.2: The residue class

r
L̃/K

(⇥) := [NmL�/K(⇤L�)] ⇥ K
◊
/NmL/K O

◊
L

is independent of the choice of a uniformizer ⇤L� of L�.



Proposition 12.3.3: This defines a multiplicative map

r
L̃/K

: Frob
L̃/K

�! K
◊
/NmL/K O

◊
L
.

Theorem 12.3.4: There exists a unique homomorphism

rL/K : Gal(L/K) �! K
◊
/NmL/K L

◊

with

rL/K(⇥) = [NmL�̃/K(⇤L�̃)]

for any ⇥̃ ⇥ Frob
L̃/K

with ⇥̃|L = ⇥ and any uniformizer ⇤L�̃ of L�̃.



Proposition 12.3.5: The map rL/K is an isomorphism if L/K is unramified.



Proposition 12.3.6: Consider finite extensions L
⇥
/L/K and L

⇥
/K

⇥
/K such that both L/K and L

⇥
/K

⇥

are Galois. Then we have the following commutative diagram:

Gal(L⇥
/K

⇥)
rL�/K�

//

res

��

K
⇥◊
/NmL�/K� L

⇥◊

[NmK�/K ]

��

Gal(L/K)
rL/K // K◊

/NmL/K L
◊



Theorem 12.3.7: The map rL/K induces an isomorphism

rL/K : Gal(L/K)ab
⌃

�! K
◊
/NmL/K L

◊

for the maximal abelian quotient Gal(L/K)ab of Gal(L/K).


