Reminder: Let G be a finite cyclic group of order n with a generator g. For a commutative ring R we

are interested in the ideal I := (g — 1) of the group ring R[G] and the element

=(1-¢) Ne = > 4 € R[G]
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Definition 12.1.1: For any R[G]-module M we define the Tate cohomology groups:

HY(G, M) = MS/NgM.
H(G, M) = fex(No|M) /16T

Definition 12.1.2: If these are both finite, the Herbrand quotient of M is defined as

nGary = HEL
| [H(G. M)
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Consider a finite cyclic field extension L/K with Galois group I'. For any representation M of I' we write

HY(L/K,M) = H\T,M).

Proposition 12.2.2: We have H(L/K, L) = 0 for each i




Proposition 12.2.3: We have H~'(L/K, L*) = 1. (Hilbert theorem 90)
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Proposition 12.2.4: We have _HL(L/K L*) =1 for each i if K is Hnite.
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For the rest of this chapter we assume that K is a nonarchimedean local field with normalized valuation vg

s

and valuation ring Ok and residue field k = O /mg of characteristic p. We let vy, denote the normalized
valuation on L and ¢ = Op /my, its residue field. — r X ( X
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Proposition 12.2.5: If L/K isthen: ag, ¢ (&)
L =1 (—
(a) The norm map Nmy /x: Of — Of is surjective. (e) & & o
(b) We have H(L/K,O}) = 1 for each i.
A~ N~
(c) We have H°(L/K, L) gf/[L/K]Z)
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Proposition 12.2.6: For any cyclic L/K we have
|H°(L/K,L")| = [L/K].
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12.3 The reciprocity isomorphism

Now we fix a maximal unramified extension K /K. We take a finite Galois extension L/K and set L := LK.

Then L/K is Galois and we have a natural surjection

di: Gal(L/K) — Gal(K/K) = Gal(k/k) = Z.

We are interested in the set of generalized Frobenius elements

Frobz . = {0 € Gal(L/K) | dk(o) € Z°'}.

Clearly this subset is closed under multiplication. Take o € Frobj .

Proposition 12.3.1: The subfield L, := L) is finite over K and L /L, is unramified. o L L N
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Proposition 12.3.2: The residue class

ri/x(0) = [Nmg,/x(7r,)] € K*/NmpxOf

is independent of the choice of a uniformizer 7 _ of L,. Llg © C ‘“"SE{"' - Ox

M., 6* ) cl &Y. = P Cws
e ez\.t—.ﬂh{- “\Lﬁ'["( \_“_) hb(gﬁ ¢ v
x A

L
X

v



Proposition 12.3.3: This defines map

Tf,/K: FI‘ObE/K —>KX/NH1L/KO;.
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Theorem 12.3.4: There exists a unique{homomorphism )

rik: Gal(L/K) — K*/Nmp i L™

73
with )

70L/K(O-) = [NmLa—/K(ﬂ—L&)]
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for any & € Frobj ;. with 7|L = o and any uniformizer 7y, of L;.
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Proposition 12.3.5: The map ry/x is an isomorphism if L /K is unramified.
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Proposition 12.3.6: Consider finite extensions L'/L/K and L'/K'/K such that both L/K and L'/K’

are Galois. Then we have the following commutative diagram:

L Gal(L'/K') — 2o K%/ Ny g0 L'
AN l l{NmK/ /K]
V‘HI'!C l ;'_ Gal(L/K) - K*/Nmpp L™
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Theorem 12.3.7: The map rz,x induces an isomorphism

ro: Gal(L/K)ay = K*/Nmy i 1 = RC(L/e, )

for the maximal abelian quotient Gal(L/K),;, of Gal(L/K).



