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Exercise Sheet 11

Exercise 1. Let R be a ring. Prove that the affine scheme Spec R is disconnected if
and only if R = S x T for two non-zero rings S and 7.

Exercise 2. For n € Ny, an n-fold point over an algebraically closed field K is an affine
scheme Spec R that contains only one point, and such that R is a K-algebra of vector
space dimension n over K.

a) Show that every single point over K is isomorphic to Spec K.

b) Show that every double point over K is isomorphic to Spec K [z]/(x?).

c) Is part b) correct without the assumption that K is algebraically closed?
d)

Find two non-isomorphic triple points over an algebraically closed field K. Here
we mean: there is no isomorphism Spec R, = Spec R, coming from a K-algebra
homomorphism Ry; — R;. Can you describe them geometrically?

Exercise 3.
a) Let K be a field. Show that Spec K|z|/(z® — 2*) = Spec K [x]/(z*) U Spec K.

b) For R = K|x,y| calculate the scheme-theoretic intersection X; N X5 of the two affine
subschemes

X, = Spec R/{z* +y* — 1) — Spec R and X, = Spec R/{y — 2*> + 1) — Spec R..

How many connected components does X; N X5 have?
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