Dr. D. Semola Introduction to Lie Groups FS 2024

Solutions to Exercise Sheet 1

Exercise 1 (Product of topological groups). Let A be a set and for every a € A, G, a topological
group. Show that
G =[] Ga

acA

with the product topology' is a topological group.

Solution. We first consider the multiplication m: G x G — G, ((9a)as (ha)a) — (gaha)a- Let
O =[] U, be an open set of the basis of the product topology; this means U, open and U, = G,
for all but finitely many oo € A. Now

m=(0) = {(g h)erG'gh60}={((ga>a,(ha) ) € G x G: gaha € Us}
~ {(ga eHG X Ga)t gaha € Us} = H{ga, ) € Ga X Ga: gaha € Ua}

:13

where we identified G x G = [[(G4 x G4). Since G, are topological groups m;*(U,) C G X G4
open. For all but finitely many a € A, U, = G4, so m;*(U,) = Go X G4, so m™1(0) is open in
[[(Ga x Go) =2 G x G.

The inversion i: G X G, (ga)a + (g5 1) satisfies i71(0) = [[U, . Since iy: G4 — G, is contin-
wous, Uyt =i 1(U,) is open and equal to G, for all but finitely many o € A. Hence i~1(0O) is
open.

A general open set of G is a union UO; of open sets of the basis. We note that m~1(UOQ;) =
Um~1(0;) and i~1(UO;) = Ui~1(0;), so the preimages of any open set are open. This means that
m and ¢ are continuous, and G is a topological group.

Exercise 2 (O(p, q)). We consider the orthogonal group O(p, ¢) of signature p,q > 1.

a) Show that the connected component of the group O(1,1) containing the identity is homeo-
morphic to R.

b) Show that for all p,q > 1, O(p, ¢) has a subgroup isomorphic to R.
Solution. a) We recall that

0(1,1):{geGL(2,R):tg(01 ?)g:(ol 2)}

LA basis of the product topology is given by the sets [] Un, where Uy, open and U, = Gy, for all but finitely many
a € A




Now if
a b
o= (2 1) cou.
2 2

we obtain the conditions a? — ¢? = 1,d?> — b? = 1 and ab = cd. Rephrasing a = cd/b and

b = cd/a we obtain
2 2
(Cd> —c2=1 and d*— <Cd> =1
b a

— A2 =p and ?d® - A% =d?
—= 1=d>-=0?/* and 1=d>—c?=d?/d*

— b= and a®=d?

so a = £d and b = +c. By ab = cd, both signs have to be the same. We obtain that

0(1,1) = {(Z Z) € GL(2,R): a® — b :1}u{<_“b _ba> € GL(2,R): a> — b* = 1}.

Every a,b with a? — b®> = 1 can be written as a = & cosh(y) and b = sinh(¢y) for some unique
¢ € R. Thus

[ (cosh(yp) sinh(p) —cosh(p)  sinh(yp)
O, 1) = { (sinh(tp) cosh(yp) Y sinh(p)  —cosh(yp) Y
cosh(yp) sinh(¢y) i cosh(y) sinh(yp)
—sinh(p) — cosh(yp) —sinh(p) cosh(y)/ [
The description of O(1,1) above shows that there are four parts of O(1,1), all of which are
pathconnected, (parametrize the paths using ). We claim that the four parts are distinct

connected components:

Note that the determinant on the first two parts is a> —b? = 1 and the determinant on the last

two parts is —a?+b% = —1. Since the determinant is a continuous map O(1,1) — R this shows
that those parts are in different components. To distinguish more, we consider the continuous
map g = (gs5)i; — g11. On the first and third part this function is at least 1, while on the
second and third component, this function is at most —1. These two observations imply that
all four parts are contained in different connected components. Since they are path-connected,
they are exactly the four connected components of O(1,1).

We note that the first component contains Id when ¢ = 0, so the connected component of
the identity is

0(1,1)° = {(Z Z) € GL(2,R): a — b* = 1} = {(Zﬁgg z;‘;}ﬁ((“;D € GL(2,R): p € R}

and the last description shows that it is homeomorphic to R.



b) Equipped with the ideas from part a), we consider the subgroup

cosh(p) O --- |sinh(p) O

0 1 0 0

G={g(p): o eR} for g(p)= sinli(tp) 0. .. COS}-l(QD) O.
0 0 0 1

Explicit calculations show that g(¢) € O(p, q).

Exercise 3 (Compact-Open Topology). Let X, Y, Z be a topological space, and denote by C(Y, X) :
{f:Y — X continuous} the set of continuous maps from Y to X. The set C(Y, X) can be endowed
with the compact-open topology, that is generated by the subbasic sets

S(K,U) ={feC(Y,X)|f(K) C U},
where K CY is compact and U C X is open.
Prove the following useful facts about the compact-open topology.

If Y is locally compact? , then:

a) The evaluation map e: C(Y, X) xY — X e(f,y) = f(y), is continuous.

b) Amap f:Y x Z — X is continuous if and only if the map

f1Z -0, X), f2))="Ff-2)
is continuous.

Solution. a) For (f,y) € C(Y,X) x Y let U C X be an open neighborhood of f(y). Since Y
is locally compact, continuity of f implies there is a compact neighborhood K C Y of y such
that f(K) C U. Then S(K,U) x K is a neighborhood of (f,y) in C(Y, X) x Y taken to U by
e, so e is continuous at (f,y).

b) Suppose f: Y x Z — X is continuous. To show continuity of f it suffices to show that
for a subbasic set S(K,U) c C(Y,X), the set f~'(S(K,U)) = {z € Z|f(K,z) C U} is
open in Z. Let z € f*I(S(K, U)). Since f~(U) is an open neighborhood of the compact
set K x {z}, there exist open sets V' C Y and W C Z whose product V x W satisfies
K x{z} cVxW C fYU). Indeed, f~1(U) = U;e;V; x W; and we can choose a finite
family I’ C I with K x {z} C U;ep'V; x W;. Then set W = N,ew,W; and V = U,cw, Vi.

2A subset C' C Y that contains an open subset U C Y with y € U C C C Y is called a neighborhood of y € Y.
Then Y is called locally compact if for every y € Y there is a set D of compact neighborhoods of y such that every
neighborhood of y contains an element of D as a subset.



So W is a neighborhood of z in f~1(S(K,U)). (The hypothesis that Y is locally compact is
not needed here.)

For the converse of b) note that f is the composition Y x Z — Y x C(Y, X) = X of Id x f
and the evaluation map, so part a) gives the result.



Exercise 4 (General Linear Group GL(n,R)). The general linear group
GL(n,R) := {4 € R"*" | detA # 0} C R™*"

is naturally endowed with the subspace topology of R™*" &2 R, However, it can also be seen as
a subset of the space of homeomorphisms of R™ via the injection
j: GL(n,R) — Homeo(R"),
A (z— Azx).

a) Show that j(GL(n,R)) C Homeo(R") is a closed subset, where Homeo(R™) C C(R™,R") is
endowed with the compact-open topology.

Solution. Note that
J(GL(n,R)) = {f € Homeo(R") : f(Ax +y) = Af(z) + f(y) for all A\ e R,z,y € R"}.
Since evaluation is continuous also the maps

F) 2.y : Homeo(R™) — R"
fro fOx+y) = Af(z) = f(y)

are continuous for all A € R, z,y € R™.

Thus,
Jj(GL(n,R)) = m F;;y(O) C Homeo(R")
AeR,z,yeX

is closed as the intersection of closed sets.

b) If we identify GL(n,R) with its image j(GL(n,R)) C Homeo(R™) we can endow it with the
induced subspace topology. Show that this topology coincides with the usual topology coming
from the inclusion GL(n,R) C R**™. Hint: Exercise 3 can be useful here.

Solution. Consider the inclusions

i: GL(n,R) — R™*™,

\ \
A— | Aey --- Ae, |,

| |
where eq, ..., e, denotes the standard basis of R"*".

Further, consider the maps
o R™" — C(R™,R"),

Vi o Vp | =X vt Ty V),



and
P : C(R™,R") = R™"™

| |
[ f(?l) f(Tn)

It is easy to verify that these form the following commutative diagram.

Since both topologies under consideration on GL(n,R) come from pulling back the topologies

of R™ " resp. C'(R™,R"™) via ¢ resp. j they will coincide if we can show that the maps ¢ and

3 are continuous?.

The map 1 is continuous because it is the product of the evaluation maps
eve, : C(R™,R"™) — R", eve, (f) = f(e;)
(i=1,...,n).
Further, observe that the map
evo(p x Id) : R™" x R" - R", (4,z) — Ax
is continuous. This implies that ¢ is continuous.

Exercise 5 (Isometry Group Iso(X)). Let (X,d) be a compact metric space. Recall that the
isometry group of X is defined as

Iso(X) = {f € Homeo(X) : d(f(z), f(y)) = d(x,y) forall z,y € X}.

Show that Iso(X) C Homeo(X) is compact with respect to the compact-open topology.

Hint: Use the fact that the compact-open topology is induced by the metric of uniform-convergence
and apply Arzela—Ascoli’s theorem, see Appendix A.2 in Prof. Alessandra Iozzi’s book.

Solution. The compact-open topology on Homeo(X) coincides with the topology induced by the
metric of uniform convergence

doo(f,9) = sup{d(f(z),g(x)) : x € X}.

3Let 7, 7; denote the topologies, so that 7; is the smallest topology on GL(n,R) such that i is continuous and 7;
is the smallest such that j is continuous. If ¢ is continuous, then

j=¢oi:(GL(n,R),r) — C(R",R")

is continuous, thus 7; C 7. Analogously, if 1) is continuous, then 7; C 7; and so the two topologies coincide.



Note that by Arzela—Ascoli (Theorem A.1 in the lecture notes) a family F C C'(X, X)) of continuous
maps is compact if and only if F is equicontinuous, and F is closed.

Equicontinuity of F := Iso(X) is clear, because we are dealing with isometries. We check that
Iso(X) is closed.

Let f € C(X,X) and let (fn)nen C Iso(X) be a sequence converging to it. Let x,y € X then

0 <[d(f(z), f(y)) — d(z,y)]

= [d(f(), f(y)) — d(fa(), fu(y))]

< d(f(2), f(y)) — d(fu(2), (y))|+ld(fn( ) F(y)) — d(fn(2), fu(y))]
< d(f(x), fu(2)) +d(f(Y), faly)) = 0 (n— o0).

Hence, f is an isometry as wished for. Because f was arbitrary this shows that Iso(X) C C'(X, X)
is closed.

)

Exercise 6 (Homeo(S!) is not locally compact.). Let S' C C\ {0} denote the circle. Show that
Homeo(S') with the compact-open topology is not locally compact.

Solution. We will prove a more general fact, namely that Homeo(M) is not locally compact for
any compact manifold M of positive dimension. Note that we can think of M as a compact metric
space (M, d) by Urysohn’s metrization theorem. In the case when M is a smooth manifold this is
even easier to see by endowing it with a Riemannian metric. This puts us now in the favorable
position of being able to identify the compact-open topology on Homeo(X) with the topology of
uniform convergence.

We denote by

doo(f,9) := sup{d(f(z),g(z)) : € M}
the metric of uniform convergence on Homeo(M ). Further denote by B°(r) the ball of radius 7 > 0
about a homeomorphism f € Homeo(M). In order to show that Homeo(M) is not locally compact
we will construct in every ¢ > 0 ball about the identity B{J(¢) a sequence of homeomorphisms
(fx)ken with no convergent subsequence.

Let ¢ > 0 and denote B = BfY(e). Further, let 29 € M and choose a coordinate chart ¢ : U C
Bej3(w) — R™ centered at x¢ (i.e. ¢(xo) = 0) contained in the e/2-ball B, 3(z0) about z¢ in M.
Consider the homeomorphisms

Yr : B1(0) = B1(0), x> [lz]*z

on the closed unit ball B;(0) in R” which fix 0 € R” and the boundary n-sphere pointwise. Note
that the sequence (¢ )ren converges pointwise to

oo = z, if z € 9B41(0),
>0, ifze Bi(0).

Now, define
fola) = x, if z ¢ = 1(B1(0)),
e (r(p(@)), if z € ¢~ 1(B1(0)).



It is easy to see that the maps fr : M — M are indeed homeomorphisms: fk|¢,1(§1(0))c =1d :
0 Y(B1(0))¢ — ¢~ 1(B1(0))¢ is a homeomorphism, =t oy 0 ¢ : = 1(B1(0)) = ¢ 1(B1(0)) is a
homeomorphism and both coincide on ¢~1(9B1(0)).

Further, the homeomorphisms f;, map the ¢/2-ball B, /5(x0) to itself and fix 2¢. Therefore,

d(fr(x), z) < d(fr(x), fe(zo)) + d(zo,2) <&,

=xq

for every o € B./3(w0), and clearly fy(z) = x for every x ¢ B, /2(x0). Hence, the sequence (fx)ren
is in B (1d).

However, the sequence (fx)ren converges pointwise to

L fa e g (BU0)),
fool) = {xo, if z € = 1(B1(0)),

If there were a subsequence (fx, )ien converging to some f € Homeo(M ) uniformly then this sequence
would also converge pointwise to f, i.e. f needs to coincide with f.,. But f. is not even continuous
which contradicts our assumption of f € Homeo(M ). Therefore (fx)ren C B (Id) has no uniformly
convergent subsequences.

Exercise 7 (Coverings of topological groups). Let H be a topological group, G a topological space
and p: G — H a covering*. Assume that both H and G are path-connected and locally path-
connected. Show that for every é € p~!(ey) there is a unique topological group structure on G
such that € is the neutral element and p is a group homomorphism.

Hint: You may use the lifting criterion: If p: (X,a?o) — (X, z0) is a covering and f: (Y,yo) —
(X,z0) is a continuous map, where Y is path-connected and locally path-connected, then there is
a unique continuous lift f: (Y,y0) — (X,Z) of f,ie. pof = f,if and only if f,(71(Y,50)) C
pa(m1(X, Zo)).

Solution. We will lift the multiplication and inversion maps to G and show that they define a
group structure on G.

Letm: HxH — H and ¢ : H — H denote the multiplication and inversion maps of H, respectively,
and let eg be an arbitrary element of the fiber p~'(ey) C G.

GxG —" 4G

HxH ——" - H

1A covering p: G — H is a continuous map such that for every h € H there is an open neighborhood U;, C H
and a discrete space Dj, such that p~1(z) = gep,, Va and for every d € Dy, p|Vd : Vg — Up, is a homeomorphism.



We note that mo (p x p) : G x G — H x H is a continuous map and if we want to lift it to m, it
needs to satisfy (mo (p X p))«(7m1(G x G, (eg,eq))) C pe(m1(G,eq)).

Lemma: my([v], [@]) = [7] o [a] for all loops v, « in H based at e, where o is the group operation
inin m (H, epq).

Proof: If 1: ¢t — ey denotes the trivial loop in H, we have by definition that m,([v],[1]) is the

equivalence class of the loop [0,1] — H,t — ~(t) - em = (t), so m«([7],[1]) = [7] and similarly
my([1], [a]) = [@]. Now since m, is a group homomorphism

m.([v]; [a]) = ma (0 D ([ [e])) = ma([y], [1) e ma([1]; [o]) = [7] o [a].

Now given any [y], [a] € m1(G), we have (mo (p x p))«([7], []) = mu(p«([7]), px([a])) = pe[7] o pile]
and this is contained in the image of p, since

p«([voa]) = p.([7] o [a]).
The map mo (p x p) : G x G — H thus has a unique continuous lift m : G x G — G satisfying
m(eg,ec) = eg and pom =mo (p X p).

By similar reasoning, iop : G — H has a smooth lift i : G — G satisfying i(eg) = eq and poi = iop:
G G
H H

We define multiplication and inversion in G by xzy = rm(z,y) and z—' = i(z). By the above
commutative diagrams we obtain

—

]
i

—

p(zy) = p(x)p(y),  p(z~') =plz)~".

It remains to show that G is a group with these operations, for then it is a topological group because
m and ¢ are continuous and the above relations imply that p is a homomorphism.

First we show that eq is an identity for multiplication in G. Consider the map f : G — G defined
by f(z) = egx. Then

p(f(x)) = plec)p(z) = enp(z) = p(z),
so fis a lift of p : G — H. The identity map Ids is another lift of p, and it agrees with f at a
point because f(eqg) = m(eg,ec) = eq, so the unique lifting property of covering maps implies
that f = Idg, or equivalently, eqx = x for all x € G. The same argument shows that xeg = .



Next, to show that multiplication in G is associative, consider the two maps ar,ar : GXGXG — G
defined by

ar(z,y,2) = (vy)z, agr(r,y,z) = 2(yz).
Then
plar(z,y,2)) = (p(z)p(y))p(2) = p(z)(p(y)p(2)) = p(ar(z,y, 2)),

so ay, and ag are both lifts of the same map a(x,y, z) = p(z)p(y)p(z). Because ar and ar agree
at (e, eq, eq), they are equal. A similar argument shows that z = 'z = 27! = eg, so G is a group.

The uniqueness follows from the uniqueness of the lifting property.
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