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Fxercise Sheet 7

1. Let J# be a Hilbert space and T' € B(4#) a normal operator. Show that

IT|| = sup{[{Tz, z)| : [l=] <1}
Hint: Use
IT|| = max{|A| : A € Sp(T)}
and the spectral theorem for normal operators.

2. Let 42 be a Hilbert space and T € B(4) a normal operator. Suppose there is an operator

S € B(#) such that
S = / fdEy
Sp(T)

for some f € B> (Sp(T)). This implies that S is a normal operator. Prove that the resolutions
of the identity Fr and Eg associated with T and S by the spectral theorem are related by

Es(w) = Er(f~(w))
for each Borel set w C Sp(.5).

3. Let G be a finite group and H < G a proper subgroup. Recall that G acts on a set X doubly
transitively if for all 1, 2, y1,y2 € X with 21 # 29 and y; # yo there is g € G with x1 = gao
and y; = gys. Define the Hilbert space

H = {fefQ(G/H): > f(gH):O}

geG/H

and put (7(g)f)(zH) := f(¢g~'xH) for all f € 5 and g,z € G. This G-action defines a
unitary representation of G on ##. Show that 7 is irreducible if and only if the G-action on
G/H is doubly transitive.



