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Exercise Sheet 9 - Solutions

1. Let F be a finite abelian group. Prove F~F.
Solution: Let G1, G2 be topological groups. Every character x: G; x Go — T satisfies

x(91,92) = x(g1, )x(1, 92)

for all g1, g2 € G. This means we get an isomorphism

Gr x Gy — G1 X Ga, (x1,x2) = ((91,92) = x1(91)x2(g2))

with inverse

G1 x Ga = Gy x Ga, x = (91 = x(g1,1)); (92 —= x(1, g2))-

Any finite abelian group can be written as a product of cyclic groups thus we can assume F
cyclic by the first step. In this case, F' = F is proven in Example 7.6 (ii).

2. For each a € R, define the additive character x,(t) := e?™ for t € R. Prove that the map
U:R— I@, a— Xa

is an isomorphism of topological groups.

Solution: We define
A-x(z) = x(Ax)
forall A € R, x € R and 2 € R. This action turns R into a real, topological vector space.

Note that it is complete because it is locally compact. Applying the local compactness again
implies that R is finite-dimensional.

Consider a non-trivial character y € R. Because R is simply-connected, there exists a unique,
continuous logarithm
P: R— R

such that 1(0) = 0 and €27 (*) = y(z). For each y € R, note that

f(@) = () +4(y)

is a continuous logarithm of x — x(x + y) with f(0) = ¢ (z). This determines f(z) uniquely
and hence

b +y) = fz) =P(x) +P(y)
for all z € R. Thus v is additive and continuous. This implies 9 is R-linear. Hence there is
a € R such that
P(z) = ax
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for all x € R. Thus ¥ is surjective. Note that U is injective because
X5, (0) = 27ia.
The map ¥ is R-linear because
U(ab)(x) = xap(x) = 27T = 270D =y, (ba) = (b~ xa)(@).

Thus ¥ is an isomorphism of complete vector spaces. The Hahn-Banach theorem implies
that is a homeomorphism.

We give a second proof. Let V' be a finite-dimensional R vector space. Then V is a finite-
dimensional R-vector space with the definition

Ax(v) := x(Av)
for all A € R and v € V. The Pontryagin duality map D: V — X/A} is R-linear because
D(av)(x) = x(av) = (a- x)(v) = D(v)(a-x) = (a- D(v))(x)-
Let R =~ R". The Pontryagin duality theorem implies that we have R-linear isomorphisms
R=R=R".
Thus n? = 1 and hence n = 1. Note that ¥ is R-linear because
W(ab)(z) = xap(x) = ¥ = 200 =\, (bx).
Furthermore, the map is non-zero, so it is an isomorphism.

3. Deduce T = 7 from Exercise 2.

Solution: Let H < G be a closed subgroup in a LCA group G. The mapping property of
the quotient G/H says that a continuous group morphism ¢: G — T factors continuously
through G/H if and only if H C ker(yp).

We have T = R/Z, so we get a continuous bijection
To{xeR:x1)=1}~%Z

where the space on the right is equipped with the subspace topology. The space T is discrete
because T is compact. Thus the above map is an isomorphism of topological groups.

4. Let F,, be a finite abelian group for all n > 1 and put G := H¢>1 F,, with the product
topology. Show that
G=PF.,

n>1

as topological groups where the group on the right is equipped with the discrete topology.
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Hint: Prove that there is a neighborhood 1 € V. C T of the identity such that any closed
subgroup H < T with H C V satisfies H = {1}.

Solution: Let x € T and consider the closed subgroup generated by = in T. If x has finite
order, then this subgroup is finite. Suppose = does not have finite order and let ¢ > 0. By
the pigeonhole principle, there are n,m € Z such that nz — mz = k + ¢ for some k € Z and
0 < € < e. This implies ¢ € T. Therefore, H is dense in T and thus H = T.

Therefore any closed subgroup in T is either finite or T. Define V := {z € T : Re(z) > 0}.
Any closed subgroup H C V is finite. Moreover, if H is not a trivial subgroup, it has an
element of order > 5. But this is not possible, because the powers of any element of order
> 5 have an element in each quadrant of the complex plane.

Let x: G — T be a continuous character. Then x~*(V) is open and non-empty. This implies
that there is a finite subset J C N with
W={(z,) €GIVj € J:2; =1} C x (V).

The subset W is a compact subgroup of G, hence x(W) C V is a closed subgroup. This
implies x(W) = 1. Deinfe x;(z) := x(1,...,1,2,1,...) for all j € J and = € F;. Then

X((zn)n) = H X ().
JjeJ

This implies that the multiplication map
PF. G
n>1

is bijective. Proposition 7.3 says that the group on the right is discrete, so this map is an
isomorphism of topological groups.

Here is a second argument to prove this claim. Let H <G be a closed subgroup in a topological
group G with finite index. Then

G-H= |J gH
geG/H
g¢H
is a finite union of closed sets. Thus G — H is closed in G which says that H is open.

Consider two distinct elements (x,,), (yn) € G. There exists m > 1 such that x,, # y,,. The
subset
Z:={(2n) €G: 2z =2Tp}

is compact, has compact complement, and satisfies (z,,) € Z and (y,) ¢ Z. In particular,
Xx(Z) is clopen. This implies that x(G) is totally disconnected. Since x(G) is a closed
subgroup of T, the image is finite (because T is connected the image cannot be T). Define
for each finite set J C N the set

Wy ={(zn) e GVj € J :z; =1}
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The W; form a neighborhood basis for G at 1. Since the image of x is finite, the kernel is
an open subgroup because it has finite index. Thus there is a finite subset J C N such that
Wy C ker(x). In other words, we get x(x) =1 for all z € W;. The same argument as before
proves that the map is an isomorphism.

5. Let x: @, — T be the continuous character constructed in the lecture (with ker(x) = Z,).
For each a € Qp, define x,(t) := x(at) for each t € Q,. Show that the map

V:Qp — Qp, a— Xa

is an isomorphism of topological groups.

Hint: Prove that for each character v € G there is n € Z such that y(p"x) =1 for allx € Zy,.
Thus (x) = vy(p™z) factors through Q,/Z,. Define the subgroups

A_, ={x€Q,/Z,:p"x =0}
forn > 1. Determine the group @, by noting that the diagram
R 4 A—(n—l) — A_, — A—(n+1) — e

dualizes to

o~ ~ o~

e Aoy« An = A(nyy o
under the Pontryagin dual.

Solution: The group Q,/Z, is discrete, so any character is continuous. Denote by i,: A_, —
A_(n41) the inclusion. Note that we have an isomorphism

A_, = Z/p"Z, a — p"a.
Under this isomorphism, we have i,,(a) = pa. We have another isomorphism
Z]p"7 — m, a s (t s e2miat/P"),
Under this isomorphism, the dual of 7, is given by
in(a) =a

i.e. it is the reduction modulo p™ map. Since Q,/Z, is the union of the subgroups A_,,, the
above isomorphisms compose to

QP/ZP — {(Xn) € H g—n P Xn41 0 tn = Xn} = l'&nZ/p"Z = Zyp.

n>1

Since any character is continuous, this map is a bijection. The composition of this bijection
with a projection is given by

Qp/Zp —A_,, x— X|A—n'
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This map is continuous. Thus the above map is a bijection of compact Hausdorff spaces and
hence a homomorphism.

For each z € Z, and x € Q/p/\Zp define z - x(a) := x(xza). Note that the morphism

V: Qp/Zy — Ly
satisfies
z-p(x) =@ - x).
Thus for every pair v1,7v2 € Q/p\/Zp there is € Z, such that z -y, =2 or 11 =2 - 2.

For each z € Q, and x € @; define = - x(a) := x(xza). Let vy € @;. The image of the
restriction |z, is compact and totally disconnected hence it is finite (see the second proof of
the previous exercise). Thus the kernel of 7|z, is an open subgroup of Z,. A neighborhood
basis of Z,, is given by p"Z, for n > 0, thus there is n > 0 such that p"Z, C ker(y). This
implies that p™ - v factors through Q,/Z,.

The above implies that for every pair 71,72 € @; there is x € Q, such that x - y; = 2. The
morphism ¥ is Q,-linear because x, = a - x for all a € Q,. The space Q, is one-dimensional
and ¥ is a surjection onto a non-zero vector space, so ¥ is a bijection.

Define U := {x € @ : X|z, = 1}. I claim that this is an open subgroup of @,. The first step
says that for every x € Q, there is n > 1 such that p™ - x € U. Thus

@ = U p~"U.
n=0

The Baire category theorem implies that U has to contain an open subset V' C U. This
implies that U is an open subgroup because

U= Juv
uwelU

We have
V(Z,) =U

because the kernel of x is Z,. Thus we get
V(p"Zy) = p"U.

The subsets p"Z, form a neighborhood basis of the identity. Therefore ¥ is open and hence
a homomorphism.

6. Let K; < G; be a compact subgroup in a LCH group G; indexed by j € J. Show that the
restricted product H;E ; G is a locally compact Hausdorff space.
Solution: Let X1,..., X, belocally compact spaces and consider (z1,...,2,) € X1 X---xXX,,.
For each 1 < i < n, there is a compact neighborhood z; € C; C X;. Then

reCyix...xC, C Xy X+ xX,
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is a compact neighbourhood of x. Thus X; x --- X, is locally compact space.
Let (z;) € H;‘eJ G;. There exists a finite subset I C J such that z; € K; for all j ¢ I. This
implies
x € H Hj =U
jeJ
where H; = G if j € I and H; = K otherwise. By definition, U is an open subset of the

restricted product. Moreover, Tchynoff’s theorem implies that U is a finite product of locally
comapct spaces. Thus the restricted product is LCH.

Consider distinct elements (z;), (y;) € H;GJ G;. There exists i € J such that z; # y;. Let
Uy,Us; C G; be two disjoint neighbourhoods of x; and y; respectively. Then the subsets

/
V= {(1‘]) S H Gj T € Vl}
JjeJ
!
‘/2;:{(;%-)6 H Gjlﬁie‘/g}
jeJ
are disjoint open neighbourhoods of z and y in the restricted product. Thus the restricted

product is Hausdorff.

7. Define the adeles ,
Ag =R x H Q,
p

to be the product of R with the restricted restricted product over all primes p € N, where
we take the product with respect to the subgroups Z, C Q,.
(a) Prove that the multiplication map Ag X Ag — Ag, (z,y) — zy is continuous.

(b) Consider the diagonal map A: Q — Ag, x — (z,z). Prove that the image of A is a
discrete, closed subgroup of Ag.

(c) Prove that the quotient Ag/A(Q) is compact.
Solution:

(a) Consider a set of continuous maps f;: X; — Y; indexed by ¢ € I and consider the
product of these maps

[ HXi - HYi, f(@i) = (fi(z)).
il il

We have m; o f(x;) = fi(z;) = fi(mi(x)), so the map f is continuous by the universal
property of the product.
For each finite set of primes S, define

Af = {(To0,7p) €AV ¢ S 12y €Z,} =R x H Qp X HZP.
peS p&S
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The open subsets AJ x A§ cover Ag x Aq thus it suffices to prove that the multiplication
map
s s s
Ag X Ag = Ag
is continuous. In this case, it can be written as a product of the multiplication maps
and it follows from the first step of the argument.

Consider the open subset
U:={(2,2p) € Ag: |Tx0| < 1,2, € Z,}.

Let 2 € UNA(Q) and suppose x # 0. Then « = n/m for co-prime n,m € Z and m > 1.
There is a prime p with p|m. Then |n/m/|, = |m|,' > 1. This is a contradiction. Thus
UnA(@Q) = {o}.

This implies that the set {0} C A(Q) is open. Therefore {z} C A(Q) is open because
we can translate {0} to {} with a homeomorphism of A(Q). Hence A(Q) is discrete.

We provide two proofs for the closeness of A(Q) inside the adeles. Let € Rand N > 1.
There exists an open neighborhood z € U C R such that each y € U NQ satisfies either
y =2x or y = m/n with m,n co-prime, m # 0, and n > N. Indeed, consider the set

Z:={m/N:meZ}CQ.

For any point = € R there exists an open neighborhood U C R such that U N Z C {x}.
The open subset U satisfies the assumptions of the claim.

Consider an adele © = (o0, zp) € Ag — A(Q). Let U be an open subset as above with
T = Ts and N large enough. Define the open subset

V= {(Yoor Yp) Yoo € Usnss Yp € 2pLp}.

Let y € VN A(Q). There are n,m € Z co-prime with m > N such that y = A(n/m).
Let M := max{p: z, ¢ Z,}. Note that all the prime factors p|m satisfy p < M because
Tp € Ly for all p > M. Write m = [, p°», then we have

Z eplog(p) > log(NV).
p<SM

Thus there is a prime ¢ < M such that

log(N
eqlog(q) > Z\(4 )
and hence
log(N)
€q > ———~.
Mlog(q)
Note that M is independent of N, so if we pick IV large enough we can ensure
log(NV)
———— > max{v,(z,) : p < M}.
Mlog(p) { P( P) }
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for all primes p < M. This implies

eq > vq(7q),

which is a contradiction to y € V.

The second proof is based on the following general fact: Let I' C G be a subgroup of a
Hausdorff group G such that I is discrete with the subspace topology. Then I is closed.

Because I' is discrete, there is an open neighborhood U C G of the identity such that
UNT = {e}. Because G is a topological group, we can find an open neighborhood
of the identity V C U that VV~! C U. Let x € G — T and put W := zV. Consider
Y1,72 € I'MW. Then there are vy, vy € V such that v; = xvy and 5 = xv,. This implies

’)/2’)/1_1 :vlvgl eUNT.

Thus v1 = 72, hence |IWNT| < 1. If there exists v € WNT then the Hausdorff property
implies that there is an open neighborhood W’ C G such that z € W’ and v ¢ W'.
Thus W’ N'W does not intersect I', contains x, and is open.

(c) Consider the subset
W= {(To0, ®p) € Ag : |Too| < 1/2,2, € Z}.

Let y € Ag. I claim that there is a € Q such that y — a € W. Indeed, there is a finite
set of primes S such that y, € Z, for all p ¢ S. If p € S, there are z,,z, € Z such that

Yp — ;:p € Zp.

Define 7 := 3 g 2,/p®, then there is b € Z such that |y —r — b] < 1/2. Thus
y—r—beW.

This implies that the map
W = Ag/A(Q)

is a continuous surjection from a compact space. Thus the quotient is compact.

8. Show that for every x € Q, there exist unique a,, € {0,...,p — 1} for n > v,(z) such that

T = Z anp”.

n2v, ()

Solution: Let n > 1 and « € Z/p"Z. There exist unique ag,...,a,—1 € {0,...,p — 1} such
that z = Zf:_ol a;p’. Indeed, consider the map

n—1
{0,....p=1}" = Z/p"Z, (ao,...,an-1) Z aip'.
=0
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To prove the claim is equivalent to proving that this map is bijective. The target and the
source of this map have the same cardinality, so it suffices to prove that the map is injective.

Suppose
p—1 n—1
Zaipi = Z b;p' mod p"
i=0 i=0

for a;,b; € {0,...,p — 1}. Then
n—1
Z(ai —b)p' =0 mod p".
i=0

Suppose there is an index 0 < ¢ < n with a; —b; # 0. Let 0 < j < p be the minimal index
with this property. The above equation implies

P (aj —b;) =0 mod p/*
and hence
aj —b; =0 mod p.
This implies a; — b; = 0. This is a contradiction, hence the map is injective.
Consider = = (x,,) € Z,. Write

n—1

7

Tn = § TniD -
=0

The uniqueness of the power series expansion implies
Tn,i = Tn+1,i
for all n >4 > 0. Put a; := x;11,; for each ¢ > 0, then we get

Tn = Z a'ipi

i>0

Tr = Zaipi.

i>0

and hence

The a; are unique because they are unique modulo p**!.

Let x € Q. Then pvr(®) g Z, admits a unique power series expansion. This implies
admits a unique power series expansion.

9. Using Exercise 8, we define the fractional part of a p-adic number x € Q,, to be
{z} = Z anp” € Q.
0>n>vp,(x)
where z = Zn%p(x) anp™. Define the map x: Ag — T by

X(-Too, l‘p) = e27'ri{Ioo} H 62771'{11)}-
p
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(a) Prove that x is a continuous character on Ag.

(b) Define the character x,(z) := x(az) for all a,z € Ag. Show that the map
Ag — 1&&7 4 Xa
is an isomorphism of topological groups.

Solution:

(a) Let S be a finite set of primes, then it is sufficient to prove that the restriction of x to
A(g is continuous. For each x € A%, we get

X(CUoo,pr) — eZm’{a:oo} H eQm’{xp}
peS

Thus the restriction factors as

A-Rx [[Q—=Tx][[T—T
peES peES

where the second map is the ”product” of the local characters z — e2™{#} The first map
is continuous because the projections from the adeles to any of the factors is continuous.
The second map is continuous because of the first step in Exercise 6. The last map is
the addition map, so it is continuous because T is a topological group.
(b) Let x € &\@ Define
Xp(z) :==x(0,0,...,0,2,0,...)
for all z € Q, and
Xoo(®) := x(x,0,...)
for all z € R. These are characters, so Exercise 5 implies that there is oy, € Q, with
Xp(z) = e*™ % and Exercise 2 implies that there is an, € R with xoo(z) = 2T,
Consider the restriction

Xp: HZP =T, (xp) — x(0,z,).
3

This is a continuous character. Note that its image is closed and totally disconnected,
so it is finite. This implies that the kernel is open and therefore there is a finite subset
S of the primes such that

{(zp) € HZPWp €Sz, =1} Cker(xp).

This implies «, € Z, for all p ¢ S. Thus (@0, ®p) € Ag. This implies that the map is
surjective. Note that x is uniquely determined by the x, and x. Thus Exercise 2 and
5 imply that the map is bijective.

10
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Consider the subset U := {x € 1&7@ : Xplz, = 1}. The argument at the end of exercise 5

implies
Ra- U (T1e) o
(np)penp N p
np#0 for only finitely many primes p

The group on the left is locally compact and the union is countable. Thus Baire’s
category theorem implies that U contains an open subset. Since it is a subgroup, it is
an open subset. Consider n,, € N indexed by the primes such that only finitely many

are non-zero. The set (Hp p”P) - U is precisely the image of the open subset

Rx [[p ™2, C Ag

p

under the map in the exercise. Since these sets form a neighborhood basis of the identity,
this implies that ¥ is open and hence a homeomorphism.

11



