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7. Curvature, conjugate points

7.1. Codazzi equation.
Let M C M be a submanifold of the Riemannian manifold (M,g). For the second

fundamental form K of M, we define
(DxE)(Y,W) := (Dx(K(Y.W))* = K(DxY, W) — K(Y, DxW),
where W, XY € T'(T'M). Show that the Codazzi equation
(RECY)W) = (DEE)(Y, W) — (DEK) (X, W)

holds for all W, X, Y € I'(T'M).

7.2. Sectional curvature of submanifolds.
Let (M, ) be a Riemannian manifold with sectional curvature K. Let p € M and

L C TMp an m-dimensional linear subspace.

1. Prove that there is some 7 > 0 such that for the open ball B,(0) C T'M,, the set
M = exp, (L N B,(0)) is an m-dimensional submanifold of M.

2. Let g be the induced metric on M and let K be the sectional curvature of M. Show
that for £ C TM,, we have K,(E) = K,(E) and if L is a 2-dimensional subspace,
then K < K on M.

7.3. Small balls and scalar curvature.
Let p be a point in the m-dimensional Riemannian manifold (M, g). The goal is to prove

the following Taylor expansion of the volume of the ball B,.(p) as a function of r:

1

vol(B,(p)) = Qpur™ (1 T Gmt2)

scal(p)r? + 0(7“3)) .

1. Let v € TM, with |[v| = 1, define the geodesic c(t) := exp,(tv) and let e; =
v,€g,...,6n € T'M, be an orthonormal basis. Consider the Jacobi fields Y; along
¢ with Y;(0) = 0 and Y;(0) = ¢; for i = 2,...m. Show that the volume distortion

factor of exp,, at tv is given by

J(v,t) = \/det ((Twei, Thvey)) =t det (Y3, Y5)),
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where Ty, = (dexp,)w.

2. Let Es,..., E,, be parallel vector fields along ¢ with E;(0) = e;. Then the Taylor

expansion of Y; is

m t3
Yz(t) = tEZ - Z <6R(627 U, €k, U) + O(t4>> Ek
k=2
3. Conclude that J(v,t) = 1 — £ Ric(v,v) + O(tY).

Hint: Use det(I,, + €A) = 1 + etrace(A) + O(e?).

4. Prove the above formula for vol(B,(p)).

7. Solutions

Solution of 7.1: As D;W = D,W + h(Z,W) for W, Z € T'(T M), we get

R(X,Y)W = DxDyW — Dy DxW — Dixy,W

= Dx(DyW + h(Y,W)) — Dy (DxW + h(X,W))
— (Dix W + h([X,Y],W))

= DxDyW + h(X, DyW) + Dx(h(Y, W))
— Dy DxW — h(Y,DxW) — Dy (h(X,W))
— DixyW — h(DxY — Dy X, W)

= R(X, Y)W
+ Dx(h(Y,W)) — h(DxY, W) — h(Y, DxW)
— Dy (h(X,W)) + h(Dy X, W) + h(X, DyW).

Note that we used that D is torsion free, i.e. [X,Y] = DxY — Dy X. Now, taking the

normal part, we conclude that the Codazzi equation
_ L
(ROX,Y)W)™ = (Dxh)(Y, W) — (Dyh)(X, W)

holds.

Solution of 7.2:
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1. First, we know that there is some r > 0 such that the restriction of the exponential
map to B,(0), i.e. exp,|p,): B(0) = exp,(B5,(0)), is a diffeomorphism. Further-
more, note that L N B,(0) is an m-dimensional submanifold of B,(0) and hence
M = exp, (L N B,.(0)) is an m-dimensional submanifold of exp,(B,(0)). Finally, as
exp,(B,(0)) is open in M, it follows that M is a submanifold of M as well.

2. Let u,v € E be an orthonormal basis of £ C T'M,,. Then we have

Rp(u: 0, u,0) + Gp(hy(u, u), hyp(v,v)) = gp(hy(u, v), hy(u,v))
KP(E> + Gp(hp(u, u), hy(v,v)) = gp(hp(u, v), hy(u, v))

We now prove that h,(u,u) = hy(v,v) = hy(u,v) = 0. Extend u, v to an orthonormal
basis e; = u,es = v,e3,...,¢e5 of TMP. Then this basis induces normal coordinates
on M. Hence, we have % (p) = 0 and thus (D.,e), = 0 for all i,j. In particular
this implies that h,(u, u) = hy(v,v) = hy(u,v) =0 as claimed.

Assume now that L C T'M, is 2-dimensional and let ¢ := exp,(r) € M for x €
LN B,(0). By the above, we may assume that x # 0.

Define w := 5, € TM, and let ¢,, be the unique geodesic with c(0) = p and ¢(0) = w.
Then we have ¢ = ¢, (|z|) and u := ¢é,(|z|) € TM, with |u| = 1. Furthermore, by

the Lemma proven in exercise 6.2, we get

5 L
hy(u,u) = (dtéw ) = 0.
t=|z|

To compute the sectional curvature of £ = T'M,, we extend u to an orthonormal

basis u, v of E and get
K,(E) = Ry(u,v,u,v) = Ry(u,v,u,v) — |hy(u,v)|* < K, (F)

as desired.

Solution of 7.3:

1. The Jacobi fields Y; are given as variation vector fields along c of ay(s, t) := exp, (t(v+
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se;)), i.e.
Vi) = 5| au(s.t) = Tulte)
i\t) = - Qi(S, 1) = Lp(l€4
ds|,_, !

and therefore T}, e; = %Y;(t).

Furthermore, we have (Ty,v, Ty,e;) = (v,e;) = 0 by the Gauss Lemma. Then the

volume distortion is given by

J(v,t) = \/det ((Twes, Twes) ) =t~ fdet ((v;,Y)).
2. We check that the derivatives coincide. Clearly, we have Y;(0) = 0, ¥;(0) = ¢; and
Y;(0) = —R(Y;(0),¢(0))é(0) = 0. Furthermore,
Y'5(0) = —(D:R)(Yi(0), ¢(0))é(0) — R(Yi(0),¢(0))é(0)

m

= —R(e;,v)v == (R(e;,v)v,ex)ex = Z R(eg, v, e;,v

k=2
3. With the above, we get

(Y3, Y;) = t*(E;, Ej) —%Z (€i,v, ek, v) (Ey, Ej)

15 1g

Z (ej,v, e, v) (E;, Ey,) + O(t°)

c»\“

= tZ(Sij - %R(ei, v, €y, 'U) + O(t5)

and thus

J(v,t) \/det i — & R(ei,v,e5,v )+O(t3))

= 1 - 2(R(ei,v,¢5,0)) + O(t?)
=1-2(v,0) +O(t%).

4. First, we use polar coordinates:

vol(B,(p)) :/,@ J(v,t)l...m:/or/SMI 1 g 1) 57
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Then, using exercise 2 and the above, we get
vol(B,(p)) = / / "1 — %(v,v) +O(#)) vol*"
0 Jgm—

_ /0 pm=1 <voz(sm‘1>—'§ /S L) SM1+O<t3>>

r e m+3
= EQO — mscal(p)ﬁm + O(T )
2
_ m . 3
= Q7 (1 Gm2) 2)sca1(p) +O(r )) :
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