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8. Isometries, translations, geodesics and conjugate points

8.1. Nearby conjugate points.

Prove the following Lemma.

Suppose v: [0,1] — M is a geodesic and ¢y € (0,1) is such that () is conjugate to v(0)
along . Then there exists € > 0 so that the following holds: if ¢: [0, 1] — M is a geodesic
with d(v(t),c(t)) < e for all t € [0, 1], then there exists t; € (0,1) so that ¢(¢;) is conjugate
to ¢(0) along c.

8.2. Locally symmetric spaces.
Let M be a connected m-dimensional Riemannian manifold. Then M is called locally
symmetric if for all p € M there is a normal neighborhood B(p,r) such that the local

geodesic reflection o, := exp,o(—id) o exp;lz B(p,r) — B(p,r) is an isometry.

1. Show that if M is locally symmetric, then DR = 0.
Hint: Use that d(o,), = —id on T'M,,.

2. Suppose that DR = 0. Show that if ¢: [—1,1] — M is a geodesic and {E;}, is a

parallel orthonormal frame along ¢, then R(E;, ) = S5, r¥*E), for constants r¥.

3. Show that if DR = 0, then M is locally symmetric.
Hint: Let ¢ € B(p,r),q # p, and v € T'M,. To show that |d(c,),(v)| = |v|, consider
the geodesic ¢: [—1,1] — B(p,r) with ¢(0) = p,c¢(1) = ¢, and a Jacobi field Y along
c with Y(0) =0 and Y(1) = v. Use 2..

8.3. Poincaré models of hyperbolic space.

Let us introduce the following two well-known models of the hyperbolic space:

46;;
Unit ball {|z| < 1} C R" equipped with metric g;; = m
— |z
and 0
Half space {z" > 0} C R" equipped with metric g;; = ( ij)2‘
'ITL

1. Show that composing the transformations y = z + (3 — 22")e,, and z = e, + (y —

€e,)|y — e,|? give an isometry between the two previous Riemannian manifolds

2. Show that, for the second model, circular arcs at {z" = 0} are geodesics.
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3. Show that given any given point all geodesic rays x(t), t > 0 emanating from it are
minimizing up to arbitrarily large values of ¢ > 0 (note that this is stronger than

geodesic completeness).

4. Show that the sectional curvatures are constantly equal to —1.

8.4. Translations.
Suppose that I" is a group of translations of R that acts freely and properly discontinuously

on R™.

1. Show that there exist linearly independent vectors vy, ..., v, € R™ such that

k
F:{xr—>a:—|—z,zivi:(zl,...,zk)EZk}:Zk.
i=1

2. Let [ denote the infimum of the lengths of all closed curves in R™/T" that are not
null-homotopic. Show that [ equals the length of the shortest non-zero vector of the

form Zle z;v; with z; € Z as above.
8. Solutions

Solution of 8.1:Recall that for a (constant speed) geodesic v : [0,1] — M, there exists
0 < t. < 1 such that (¢,) is conjugate to v(0) along v if and only if the second variation
of length is negative along some variation vector field which vanishes near the endpoints.
Indeed, if such a point exists, then the proof of Theorem 6.12 exhibits such a vector field;
on the other hand, suppose that there are no conjugate points in (0,1). Then, given a
variation vector field X that vanishes for t > 1 — 24, with some d > 0, since there are no
conjugate points of v in the interval (0,1 — §], by Theorem 6.8 v is locally minimizing
there, and in particular the second variation of the proper variation vector field X is

nonnegative.

With this observation in hand, the exercise is about making precise that this condition is
“open”. More precisely, since v has a conjugate point (o) with 0 < ¢y < 1, there exists a
piecewise smooth vector field X along v, vanishing near 0 and 1, with negative second
variation. Let us consider a small contractible neighborhood U; of (p,v) = (7(0),+/(0)) in
TM, let ¢ : Uy x [0, 1] be the geodesic flow on this set (that is, ¢(q, w,-) is the geodesic
with initial data (¢,w)), and extend X to a piecewise smooth vector field X along ¢

assignment: April 19, 2024 due: April 26, 2024 2/7



D-MATH Differential Geometry II ETH Ziirich
P. Hintz, M. Gianocca Exercise Sheet 8 FS 2024

vanishing near U; x {0,1} (we can do this by choosing a frame of TM along ¢ and

extending componentwise). Since ¢ is piecewise smooth, the function
—_—~— —~— 1 — —~— —~
(4:0) € U Lo (.5 = [ 10 = RX, 810,000, %) at
0

is continuous, and since it is negative at (p,v) it must also be negative in a neighborhood
U of (p,v).

Finally we need to show that for this neighborhood U C T'M of the initial data (p,v) € TM
there exists € > 0 such that, if a geodesic ¢ : [0, 1] — M satisfies d(v(t),c(t)) < € for all
t € [0, 1], then the initial data (c(0),'(0)) lies in U. We do this by contradiction: suppose

that no such e exists, thus we can find a sequence of geodesics ¢; : [0,1] — M such that
d(v(t), ¢;(t)) < ' but (¢;(0),¢}(0)) ¢ U.

First we need to show that the lengths of the curves are controlled. For that, let a > 0
be small enough so that every geodesic contained in B,(p) is length-minimizing. Then
let t = 577 and choose j > 2 so that 7([0,1]) is contained in Bgys(p) and thus ¢;([0,]) is
contained in B,(p). Then

tc(0)] = L(c;([0,1])) = d(c;(0), ¢;(t))
< d(c;(0),7(0)) + d(+(0),~7()) + d(v(2), ¢;(2))
<241,
J
hence |¢;(0)] < [v|+ % is bounded independently of j. Note also that d(c(0),p) < j~1, so

¢j(0) — p. Hence, after taking a subsequence, (c;(0),c}(0)) — (p, w) for some w € T, M.
If 4 denotes the geodesic with 4(0) = p and 7/(0) = w, then by the theorem of smooth
dependence on initial data for ODEs, we have that ¢; — ¥ uniformly. But also ¢; —
uniformly, hence v = 7, which implies that (p,v) = (p,w) = lim;_,..(¢;(0), ¢;(0)) and thus
(¢;(0),c5(0)) € U for j large enough.

Solution of 8.2: (a) Suppose that M is locally symmetric, let p € M and w, x,y, 2 € TM,,.
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Then, since o, is an isometry and d(o,), = —id on T'M,, we have

—(DwR)(x,y)z = d(0p)p(DuR)(7,y)2
= (Dd(ap)pw)(d(ap)va d(op)py)d(0p)p2
= (D-wR)(—z,—y) — 2
= (DuR)(z,y)z,
50 (DyR)(z,y)z = 0.

b) Recall that for X, Y, Z, W € I'(TM)

Dw(R(X,Y)Z) =R(X,Y)Dw(Z) + R(DwX,Y)
+ R(X,DwY)Z + (DwR)(X,Y)Z.

Now, write R(E;,c')c = S0, fFE), for some functions fF: [~1,1] — R. Since E; and ¢
are parallel vector fields, the above relation implies that
0= (Da/atR)(Ei, C’)CI
= Dojor(R(Ei, ))

= i Dajor(fI Ex)

k=1

ol
—_

f: (ffEk; + fz‘kDa/@tEk>
)3

wk
fi Eka
k=1

hence the fF are constant.

c) Let ¢ € B(p,r), ¢ # p and v € TM,. We must show that |d(o,),(v)| = |v|. Let
c: [-1,1] — M be the geodesic with ¢(0) = p and ¢(1) = ¢. Let Y be the Jacobi
field along ¢ with Y (0) = 0 and Y (1) = v. Since o, reverts geodesics it follows that
d(0p),Y (1) = Y(—1), so it remains to show that |Y(1)| = |Y(—1)|. Write Y = Y>1*, h'E;
for some functions h’: [—1,1] — R then the Jacobi equation implies that

RS h =0,

i=1

with h'(0) = 0, for k = 1,...,m. It follows that h'(—t) = —h'(t) for all t € [-1,1]. In
particular |Y(—1)] = |Y(1)].
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Solution of 8.3: a) We have
dz = (y — ey — e, 2dy — 2|y — e,| (y — €,) - dy(y — €,),
dz|” = |y — e,|*|dy|?

1— 2P =(1—2y")|y — en] >

Hence, using |dy| = |dx| and 2y™ — 1 = —22™ we obtain

dldz> Aldyl? |dx)?
L=1])?  (@X=2ym)2  (am)?

b) In order to compute the geodesic equation we let x(t) := x(t) + £(t), where both ¢
are function from (a,b) to {z" > 0}, £ vanishing at a and b. We have

b / / /
_d _d e+ & &
0= d‘:oL(x) - d‘o/a xn+§n / |2/| (z) N xn)2£ dt.

After integrating by parts and using that & is arbitrary we find

B x ,_ |2’ . _
(\xwwn)) TR

Also, z(t) is parametrized by the arc length iff (|§;((?)|)22 = 1.

Hence, we obtain
@YY g 1,2 1 YL L
= or a = con— — =
(xn)2 ’ ’ (LU”)Q n

Take now z(t) = Rcosf(t)e; + Rsin0(t)e,, for some R > 0, with 6(t) satisfying ¢’ = sin 6.
() —sin 06"\’ 1 /
= = — 1 =
((m”)Q RsinZ0 ) T Rsind ( /R)

(™) /+i_ cos 06’ /+ 1
()2 zn  \ Rsin?6 Rsin 6

_(cotan@)’+ = N 1
n R Rsinf  Rsin?’6  Rsin6

We have:

and

=0.
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Hence (using that the metric is invariant under translations and rotation in the first n — 1
variables, we have shown that half circular arcs with centers on {z" = 0} are geodesics.
Since for any point p € {z™ > 0} and for any unit vector v € S*~! there is a (unique) half

circular arc with center on {z" = 0} through p and tangent to v, these are all geodesics.

c¢) The geodesic completeness follows from the fact that () above (satisfying 6’ = sin 0)
is the arc length and ff % — +oo if a | 0 or b1 w. Also, since given any two points
in{z™ > 0} there is a unique half circular arc with center on {#™ = 0} through them, this
must be the minimizing geodesic joining them. As a consequence, any geodesic joining

any two points is minimizing.

d) By Koszul’s formula, for o, =1,2,...,n — 1 we have
V.05 = (") 160500, Vo,00 = (") 100, Va,0, = (z")710,

Hence,
VaﬁVaaag = —(:c”)Qéag&B, V%Vaﬁaﬁ’ = —(1:”)7286,.

This implies
R(ag, 6a)85 = —(x”)zﬁa.

Similarly,
R(0y,04)0, = —(2")?0,.

This implies that the sectional curvatures are constantly equal to —1.

Solution of 8.4: a) For each g € I there is some v, € R™ such that gz = = + v, for all
x € R™ and since I' acts freely, we have v, # 0 for g # id. We denote V := {v, € R™ :
g € T'}. Note that, as T" acts properly discontinuously, V' N B,.(0) is finite for all » > 0 and

thus each subset of V' has an element of minimal length.

We now do induction on m. For m = 1, choose g € I' \ {id} such that |v,| is of minimal
length. If there is some v € V' with v = \v,, A ¢ Z, we also have w := v —[A]v, € V'\ {0}

with |w| < |v,|, a contradiction to minimality.

For m > 2, let v, € V \ {0} be of minimal length and let V' := span(v,) N V. By the

same argument as above, we get V' = Zuv,.
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Then we have R™ = R™™! @ Ru, with projection map m: R™ — R™ ! and I := I'/gZ
acts by translations on R™! via [h]lz = = + 7(vy,). As for h ¢ gZ we have 7 (vy,) # 0,
this action is free. We claim that it is properly discontinuous as well. If not, there are
(hn)nen € ' with m(vy,,) # 7(vp,,) and |7(vp, )| < r for some 7 > 0. But then, there are
l, € Z such that |vy, — 7(vs,) — lovg| < |vg], i.e. (Uh,—1,9)nen is an infinite subset of

V' N By 4y, (0), contradicting that I' acts properly discontinuously.

By our induction hypothesis, there are ho, ..., hy € I' such that
(V) =Zn(vp,) ® ... D Zr(vs,)

and consequently V' = Zv, ® Zvp, © ... O Ly,

b) Let m: R™ — R™/T" denote the covering map and let c: [0,1] — R™/I" be a closed
curve in R™/T. Then for p € 771(c(0)), there exists a unique lift ¢: [0, 1] — R™ of ¢ with
¢(0) = p. Furthermore, if ¢ is not null-homotopic, we have ¢ := ¢(1) # ¢(0) and therefore

L(c) = L(e) > d(p,q) =

Y

k
Z ZiU;
=1

for some (21,...,2) € Z*\ {0}.

Finally, if v = 2% | 2v; # 0 is of minimal length, then c: [0,1] — R™/T, ¢(t) := n(tv),
has length L(c) = |v].
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