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Exercise 10.1

(a)

Let (¢, ¢) be a self-financing investment and consumption pair and

t
W, = tv0,1970 = vy + Z(ﬁj CAXG—cj )
j=1
fort =0,1,...,T the corresponding discounted wealth process. Show that if

W > —a for some constant a, then W is a Q)-supermartingale for any ELMM
Q for X.

Let U : R — R be concave and consider for fixed () € Py, the problem of

maximising Eq[U(Wi" — ¢p)] over all self-financing investment and con-

sumption pairs. Assuming that each U(W@:%¢) is Q-integrable and that

jo := sup Eg[U(W"° — ¢1)] < oo, show that the solution is given by ¥ = 0,
(%,e

)
c=0.

Solution 10.1

(a)

This is just Lemma I1.6.2. Indeed, without loss of generality assume a > 0.
Write C}, := Z?;& ¢;. First note that Wy, 4+ Cy = v + (¥ - X);. By Proposition
C4, W 4 C is a Q-local martingale. Since W > —a and C' > 0, we have
that W + C' > —a is thus a @-supermartingale and @-integrable. So C' =
W+C—-W < W+C+ais Q-integrable. Then W = W +C —C' is Q-integrable

and then a @)-supermartingale like W + C' since C' is increasing.
First we observe as in the lecture that
J7(0,0) = esssupy U(vo — )

and Eq[Jr(0,0)] = supy Eq[U(vo — 1) = EqlU(v)]. On the other hand,
using that W*¥< is Q-supermartingale and U is concave with U(Wvo-?¢) €
LY(Q) yields that U(W¥:?¢ — cp) is a Q-supermartingale for any (9, c) € A.
Thus U(vg) > esssupyr e Eo[U(W" — ¢.)| Fo] and

EqQ[U(vo)] = Eq[J0(0,0)] = Eq[Jr(0,0)] = Eq[U(wo)].

This implies that J(0,0) is a supermartingale with constant expectation jo,
thus a martingale. Therefore, by the Martingale Optimality Principle: ¥ = 0,
c = 0 is optimal.
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Exercise 10.2 (Mean-variance hedging). Let (2, F, P) be a probability space with
a filtration F = (F;)i—0 1. 7. Suppose that the discounted price process X satisfies
Eq[(AX})?|Fi—1] < oo P-a.s. for all t. Define

-----

Let c € R and H € L*(Fr, P). Consider the problem

%&?E [(H— c— (19-X)T)2

The goal of this exercise is to construct a candidate for an optimal strategy using
the MOP. For ¢ € A, we set

At(’l?) = {19/ € ./4, : ’19; = 19]' fOI'j S t},
A=A (0) ={d e A:9; =0 for j <t}
For v; € L*(F;), we define

T 2
Ft('Ut,'lsl/) = E|:<H — Ut — Z ﬁ;AX]>

j=t+1
Yi(vi) := essinfycy, Ti(ve, 9').

Ft],

(a) Show that for each ¢ and each v; € L?(F;), the collection of random variables
At(”t) = {Ft(?]t,ﬁ/) . 19, € At}
is closed under taking minima.

(b) Show that for fixed ¥ € A, x € R, the process (Y;(z + (¥ - X))o
submartingale.

(c) Show that 9* € A is optimal if and only if the process (Yi(c+ (0% - X)¢))k—o,..1
is a martingale.
(d) Show that (Y;(x)) satisfies the recursion
Yio1(x) = essinfyeq, , E[Yi(z + 90X | Fiq]
with Yr(z) = (H — x)2
Solution 10.2

(a) Let 9, 9% € A;. Define
193 = 191[A + 192[Ac,
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where A := {T(vx,0") < Ti(vx,9?)}. This gives 93 = 0 for j < k. Using that
(V- X), € L? fori € {1,2} and (92 X),, = I4(0* - X),, + L4c(9? - X),,, we have
(¥ - X),, € L*(F,) for each n. Thus

T T
Heu= 3 00X = L(H-u- Y 0)AX)
j=k+1 j=k+1

T
‘I’]Ac(H—?Jk— Z 19]2AX]>

j=k+1

is also in L2. Finally, since A € F,, we obtain

T 2
Ty (vp, 9%) = E{(H—vk— 3 ﬁj?AXj)

Jj=k+1
= [AFk(Uk; 791) + [ACFk<Uk; 792)
= min{Ty (v, 9), Ti(vg, 9%)}.

g

Fix k < ¢. We apply part (a) with vy =z + (9 - X) € L*(Fy). So Corollary
E.2 yields

Yg(x—i— (9 - X)g) = essinfycq, Pg(l’ + (V- X)g,ﬁ’)

l T 2
—! lim E[(H Y 00X~ Y ﬁ;A)@)

n—00 ‘ )
j=1 Jj=0+1

7

for a sequence (9")neny € Ar C Ay Note that all Ty(z + (9 - X),, 97) are in L
due to the definitions of 9, (9"),en. Then using monotone convergence and the
tower property, we have

4 T 2
E[Yi(w + (0 X)o)|Fe] = E[JL%EKH —r =Y AKX - Y ﬁ?AXJ) ]-"4
j=1 j=t+1
¢ T 2
:JE&E[EKH—x— S OAX - Y ﬁ?AX]) fg]
Jj=1 j=f+1
k T 2
_ TLILI&E{(H—I‘ AKX - Y 0;%)9) fk}
j=1 j=k+1

T 2
2. ﬁ;AXj)

j=k+1

k
Z essinfﬁzeAk E|:(H — T — Z’L%AX] —
j=1

and so we have the submartingale property. The integrability then follows from

V(e +@0-X)g) = (H—2—(0-X)7) L.
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(c)

“=" Let 9* € A be optimal. Clearly (Yi(z 4+ (9* - X)))r=0
show that it is a martingale, we only need to show that

r is adapted. To

.....

E[Yr(c+ (0" X)r)] = E[Yo(c)].

By the optimality of 1¥*, we have as in the lecture
i 2
E[Yy(c)] = E[ess infye, E[(H—c— (- X)r) \fOH
. 2
:éggE[(H—c— (19-X)T) }

= B[(H—c— (- X)7) | = E[Yz(c+(@- X)r)]-

This gives the desired equality.

“<=” Suppose that (Yi(z + (9* - X)g))k—o..r is a martingale. Then using
Yr(c+ (0" - X)r) = (H —c— (9% - X)7)? gives

inf B[(H—c—(0"X)r)"] = BYo(e)] = B[Ve(c+(0"X)r)| = B[(H—c—(0"X)r)"].

which shows that ¥* is optimal.

By part (b), we have for every fixed 9" € Aj_; that the process Y.(z + (¢ - X).)
is a submartingale. Because (0" - X)i—1 = 0 and (¢ - X); = U}, AX}, this gives

kal(l‘) = Yk,1 (13+<79/X>k,1) < E{Yk (S(,’—F(??/X)k) ‘./—'.kfl} = E[Yk(l’—i‘ﬁ;{AXk”]:k,l]
Taking the essinf yields
Vio1(z) <essinfyea, , E[Yi(z + 9, AX5) | Fr1].

To show “>", we fix ¥ € Ai_; and then compute

EYi(z + DX Fen] < B [E[(H AKX - Y ﬁjAXj)z

j=k+1

g

-

T 2
:E{(H—ZL‘—ZQ%AXJ) .Fk_1 .

Jj=k

Taking the essinf on both sides, we get

€SS iIlflgeAki1 E[Yk(I + ﬁkAXk) |./T"k_1]

T 2
< essinfyes, | EKH ey ﬁjaxj) ]-"k_l} — Y (2).
j=k
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Exercise 10.3 Consider a general arbitrage-free single-period market with F trivial.
Fix z and let U : (0,00) — R be a concave, increasing, continuously differentiable
(utility) function such that

sup E[U(z+ 17 - AXy)] < oo, (1)
e A(x)
with
Alz) ={9 eR*: 2 4+9-AX; >0 P-as., Uz +9-AX,) € L'}
Furthermore, assume that the supremum is attained in an interior point 9* of A(x).
Show that we have the first order condition

EU (x+9" - AX;)AX:] = 0.
Hint: You may use that due to concavity,

Uly) —U(z
g T ZUE) 0,000\ 12)
y—z
is nonincreasing. By optimality, ©* is better than ¢*+en for any n # 0 and 0 < ¢ < 1;
so take the difference of the corresponding utilities, divide by € and look at £ 0.

Exploit the hint to see that this quantity is monotonic in e.

Solution 10.3
Let n be any non-zero vector. Then by the assumption that ¢* is an interior
point, ¥* 4+ en € A(x) for all 0 < ¢ < 1. Define

Ulx + (0 +en) - AXy) = Uz +9* - AXy)

Y

AT =
€ €

for small € as above. On {n- AX; =0}, A? =0, and on {n- AX; # 0},

U+ (0" +en) - AXy) — Uz +9" - AXy)
E?’]'AXl ’

AT = AX,

so A7 is monotonicallyﬂ increasing to n - AX U/ (x + 9% - AXy) as € \( 0.
Note that all A7 € L'(P), so that we can use monotone convergence. Moreover,
by optimality, F[A”] <0 and therefore, by monotone convergence,

—o00 < E[A"] < E[U'(z + 0" - AX))n- AX] = lim B[N <0.

Replacing n by —n gives also > 0; so E[U'(z + 9* - AX1)n - AX;] = 0. Finally, since
n can be chosen arbitrary, we can take n = e’ for i = 1, ...,d to get

IThis is easily seen by splitting into two cases depending on the sign of 1 - AX].
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