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Exercise 4.1
Consider a model (with a numéraire) with d = 1 traded risky asset X, with
Xo=1and

AXt = T, t= 1,2,3,
where the n; are i.i.d. 7, ~ N(0,1)-distributed.
(a) Suppose that a trader decides at time ¢ = 0 to buy 2 shares, to sell 3 shares at
t = 1 and then to buy 1 share at time ¢ = 2. Denote by G; his cumulative gain

from the corresponding self-financing trading strategy. Find the distribution of
Gs.

(b) Suppose that F; = o (S, ...,S;) for t = 1,2,3. Show that there is no arbitrage
in this model.

Solution 4.1

(a) Recall the following property of the Gaussian distribution: if Y ~ N (a,b),
Z ~ N(c,d) and Y,Z are independent, then for any a, € R, we have
aY +B7Z ~ N(aa+fe, a®b+3%d). Thus Gz = 2AX;—3AXo+A X3 ~ N (0, 14).

(b) From the definition of the model, we have E[(X; — X;_1)|Fi—1] = 0, = so that
X is a martingale. Hence by Proposition I1.2.3, there is no arbitrage.
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Exercise 4.2

Consider a market with trading dates t =0,...,T, with N traded assets on the
probability space (2, F, P) and a filtration F = (F;);—o..._7, i.e., a general multiperiod
market.

-----

=VU,...,

Ci(1) == Vi(9h) = Gu(¥)).
The process C' is called the cost process for 1.

(a) Show that -
A0t+1("¢f) = Athyy1 - S,
fort=1,...,T — 1.

(b) Show that % is self-financing if and only if
Ci(1h) = Co(¥)

fort=1,...,T.

Hint: Be careful with definitions at the first time point.
Solution 4.2

(a) We need to show that A‘N/Hl(w) — Aét+1(¢) = Aty - Spfort=1,...,7T — 1.
By the definitions,

AVi1(¥) = AGra () = o1 - Sepr — U+ Sp — g1 - ASipa
= =t - S+ g1 - S
- Awt-i—l . St'

(b) The property Cy(1)) = Co(t) for t = 1,..., T is equivalent to

Aétﬂ(?/f) =0

fort=0,...,7 — 1.

As we can see from (a), this condition is stronger than ¢ being self-financing.
However, we claim that AC| (1) = 0 always holds. Indeed,

Ci(¢) = Vi) = Gr(e) = 4 - Sy = - ASy =1y - So = Vo(v)) = Co(¥)-
Combining this observation with (a), the definition of ¢ being self-financing is

equivalent to Aét+1(w) =0fort=0,...,7 — 1, which in turn is equivalent to
Ct(z/}) = Co(lp> for t = 1, . ,T.
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Exercise 4.3 Consider the standard model for a financial market in finite discrete
time with a numéraire S°.

(a) Show that a strategy ¢ is self-financing for S if and only if it is self-financing
for S/S°.

(b) Show that S satisfies NA if and only if S/S° satisfies NA.
Solution 4.3
(a) Notice that for k=1,...,7 -1

(Vr41 — ¥) Sk = 0 if and only if (g1 — 77Z)k)sk/82 = 0.

That means that a strategy v is self-financing for S if and only if it is self-
financing for S/5°.

(b) We know that for a numéraire S° > 0 we have V(1)) = V(¢)/S°, so that
{~Vo(1) > 0 as., Vp(1) > 0as.} if and only if {=Vy(¥) > 0 as., Vp(v) >
0 a.s.} Thus we conclude that existence of (generalized) arbitrage for S is
equivalent to the existence of arbitrage for S/S°.

Claim. NA for S & NA’ for S.

Clear that NA’ for S/S° = NA for S/S°. To show the converse, we will use
the following strategy: NA for S/S° = NA for S = NA’ for S = NA’ for
S/S8Y. The only implication here to prove is "NA for S/S° = NA for S".

Suppose that NA for S/S° holds. Consider the construction in "4) = 5)" of P
I1.2.1. This constructs 1, self-financing, with Vo(¥) = 0 P-a.s, Vp(y) € LI\{0},

and V(1) > 0i.e. an arbitrage opportunity of first kind for S/S° which is
0-admissible for S/S°.

Multiplying everywhere by S° > 0 gives Vy(¢)) = 0 P-a.s., Vp(¢)) € L9\ {0}
and V() > 0, i.e., an arbitrage of first kind for S which is 0-admissible for S.
This is exactly what we want.
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